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Chapter 1. Vectors 
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1 a=vector([1, 2, -3, 41) 
2 b=vector([-2, 4, 1, 

3 print "a=", a 

4 print "bz" 

S|print 


B print "atb=", 
f print 4 
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Chapter 7. Dimension and Structure 
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BAAS 028% ANSY HAUS 086A, 

RAM ME x, “ (1, 2, 3), x, =(-1,0,2), x, =(3,1,1)0 HOO} {x,,x,x, )£- Y 
^ zl ls Soldpojet. 


1 xi=vector([1, 2, 31) 

2 x2-vector([-1, ü, 21) 

3 x3-vector (İ3, 1, 11) E é 

4 Aecolumn matrix([xi, x2, x31) Hi, x2, x32 HE Sto UR oM 
5 print "Az" 

5 print A 

7 print S 8 

8 print "det (A) =", A,det() # HS ag HE 
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Chapter [][] (Vectors) 


& spero 


zem] [000 DUDU 0000] 


m HE x, yol aga ke] qiero] = WES] əb x+ yol ko] Ost x 9] AZA kx 
$3) Zo] AAR 


(1) x* yx x, yol Sore] ESET aları °S] ALE A sj aoe. 


(2) kx E k > 0o] x} Yao] Zona Dole kasia YE HO], k <0 
sid x9} Yo] solaa Zo} |k| iaia Sopa gel E b?) 0o]9 kxt 
delt 0 91 gel) 


Ax gx 
Z A 2X YA l l 


X 


n “sum R= CR Lo )| Tis tE R) AA HAS A) ZA Oe Sto hi 


ail BA] 9] 
sl 7129 gato) AZA 21299 HEHE 3712) gato) 22H 114499] HAH] Stat 
SU mea Zaang (gor AIS YY dades zs o) 


FSA) ui | 
4 HEE 034 YE AY, 
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Chapter [][] (Vectors) 


sa 
P'a gig x=, EIN əl AZT} kol data = selə) SE x+ yA} kol pt x 
°] äich kx & ziz? 09834 Zo] “lələk, 


ques ka 
(i) xty=| 1 A 1 


2 i kx = 


kx, 


a dala dd xe Ro] diala 


x+0=x, x+(—1)x=0 


ANTES AA LA ach PW (— 1)x =— x & elei] — x x °] espera. 


Qi 000 00000 
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ma 


1 —9 : --. 
Règ ma x- İLİ, y-İ” [el daia x+y, x-y, (- 2)x8 Patol, 
° http://matrix.skku.ac. kr/RPG English/1-VT-sum-multi. html 


http://sage. skku. eduolA] eki) HE Habib Hoja AS 


a-vector([1, 2]) # HE IA GAL a=vector( dE, ^H) 


b=vector([-2, 4) 

print "a+b=", atb # BE] Goetz 

print a-b=, a-b # ae] mp7] 

print '-2*a-', -2*a # WES ageh, 32] (xm eor $r 
atb-(-1, 6) 

a-b=(8, -2) 

et qui =d) m 


e AZI m 17: Lon; pell dy, La, WA ERAS ul E 


Aİ) APEA FAZ (21, Yo, 24) E ED E (vector in space)=} SLY 


= UEP, ola] Ade si, 15, 2338 (SD l8] x 9] JF(component)9] k1 


e, 
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Chapter [][] (Vectors) 


“gel (001 


41 Vi 
R° °] WE x —İlzəl, y — gəl el) jo 2, = yi, To = Yo, zs = y S| x = yer e, 
L3 Y3 


èn 0000 000 00 000 00 00 


P(z,24,24)& AZIR Qi, Yo; Y3) = mom ZL 93H49. OM zt 


G Tout 


= Ho], PQ= OQ = =D) da ds 


Sigi A P,(0, —4,2), P(-3,1,0), Q(2,3,4), Q: (2, —1,6), 
Q,(—1.4,4)9] Hate] OQ, PO. P,Q, & o BAS. 
OQ= (2.354), P,Q,= OQ,— OP,= (2, — 1, 6) — (0, x: 
P,Q,= OQ,— OP, (—1,4,4)—(—3,1,0) = (2,3,4)o] B 


— 


P, IQ, Y P, Q, += SURE YE, 


3-1 


4.2 
40.1 


23.1 


DA 


22 An 


22 


R? o) ele) 
LI Yi 
x= [bo], Y —|U2 
L3 Y3 


9 ziet ko] diela E AA E x + yO} ko] get x °] Asha ix 8 227 eks L 
ol goleka 


MTU ka 
(i) X+ y=|%2 T Yo (ii) kx =| kx» 
T3 + ya kaz 


Et Ro] BE ARO] 09] AYE que EL olah aku 022 Yelo, 228 
jeje] AE] x< Rol dela 


x+0=x, x+(-1)x=0 


o| JABS BA LPGA NM (— 1)x =— x 3954 — x & x 9] Seje etu. 


E 59 Ye] AAA VEL n FAI BW n" SE JEN. a 


R"= 10: Lo) ... , Ep) T¿E Hi = 14:2; ... nl 


n?yel APA ME, o ... En) € nf ME nm —dimensional vector)= SL 
Tı 
T 
x CAR ,2,) IEE x = i 
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a [00] 


R” °] YE] 
Tı Yi 
Le 
La Yo 


oll Hopf x, =y; G = 1, 2, ..,n)o HA X = yz ao, 


“m 
R” °] YE 
Tı Yi 
x 
A Yn 


9) “zek kol) TA = AYAYAY x+ y2 ko] JH x 9] AA kx Z: 22 ED 


Zu + Yi ka 
gor ka 
()x-y-2 ” (ii) kx —| ." 
Ca kt, 


Fè RO] RE Aşel 091 BES qup EE Ugo ska 0232 gen. II 


— O 


a 9919 ule] xe Rol] Topa 
x+0=x, xt(-1)x-0 


ol dee GAS — UM WIN (- 1)x =— x= 3904 -x& x 9] 2498/07 st 
Ct, 
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1 = 
2 4 E a pas 
RS dle x— 5], yc) [ASA x+y, xy, (- 2)x& Toe 
4 0 
° http://matrix.skku.ac. kr/RPG English/1-VT-sum-multi-3.html 


http://sage.skku.eduol^] eki) BYA]Z mabibo Hoja AS 


a-vector([1, 2, -3, 41) # HE AM GL a=vector(( UE AE) 
b-vector([-2, 4, 1, 0) HAE sp) A 

print 'atb-', atb # BIE] dò] 

print "a-b=", a-b # BE] Mİ) 

print “2” =274 HAAA AZA, FU ZE eor Y 


atb=(-1, 6, -2, 4) 
a-b=(3, —2, —4, 4) 
—2*a=(—2, —4, 6, -8) = 


mam| 1.1.1 
R" o) dd x, y, ZY AVAN, kel) delal digo] Agar 


( x+y=y+x 

(2) x+y)+z=x+l(y+z) 
(3 x+0=x=O+x 

(4) x+(=x)=0=[(-x)+x 
(5) k(x + y) = kx+ ky 

(6) (h + k)x= hx+ kx 

(7) (hk)x= h(kx) 

(8 1X—X 
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Iz. 


R" o) YE xol ABA ko] sto] 120] deich, 


— 0 
— 0 
(— 1)x=— x 
Vi, A Ek Je S| uilElolu, AIF C1; Co; ...) cı AI 9) uj 


x— Ci Vi + CoVə ++ “7 + Cr Vj. 


E vp və)... v, 9] AZFAIFKI inear combination)°]=} Stet. 


http://sage.skku.eduol^] of BYA]Z Expo] Hoja AS 


a-vector([1, 2, —3, 41) 

b-vector([-2, 4, 1, OJ) 

c-vector([5, -2, 3, —7]) 

print 2 ai tes", 2 a-3"bte # Jara 


2"a-3*bfoest13, 10, “6. D m 


"U U U UL 


ə SO 394 hitp://youtu.be/g55dfkmITHE 
ə AIS ALO[E: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-1-Sec-1-2.html 


ol eq R" yel giel zir), A, ABLE gl BWI Aorthogonality) 
ol dal SSSI. 


R" °] BE] X= (Dz wo By) AI Car 
Ixl = yz? +r EE] 
x x9] 1# (norm, length, magnitude)?|zt ett 


YA AAAA [x E LIA AY Pisi, nə, ...,x,) A IE ARE AIG aul 


a "old RA“ E YA x= (rn £o, oz), Y= Din, Yo Y) HEA 
Ix-ylE FA Plz; aş, o 2) Q(y Yor o Yn) PII AAE AS & 


Ix-yl = VG, -n) Gs y ++ yu 


ID EH 


| PAN 
; i f N A d ' 
; MAL 
à ^ 3 r 1! X / `~ : Si İ 
A | kos cr “ə 
Ixl.<14 | WIKIMEDIA 
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Chapter 1 [][] (Vectors) 


ua) R*9] HE x= YA m m. yo (3:2, 1, — 4)el opa zo] “Bera, 


e http://matrix.skku.ac.kr/RPG English/1-Bl-norm-distance. html 


Ix l= f2?+ (1)? +3?4+2?= /441+944=3/2 
ll yl — 4/3? +27 +1°+4 (—4)? 
= /94+44+1+16= /30 
|x—yl = (2-3) 4+ (1-2) + (3-1) + (2- (C4)? = V50 
—5V2 m 


http://sage.skku.eduol^] ei) BYA]Z Habiba Bolu AS 


a-vector([2, —1, 3, 21) 
b-vector([3, 2, 1, —4]) 


print a.norm() pm AKE 342 a.nörmü 
print b. norm Hum nd 

print (a-b).normü # 7e AJAH 

3*sqrt(2) ik sqrt(2) E V2 = uj3H], 
sqrt(30) 

5*sqrt(2) m 


R” 9) HE] X= (zi £o, 24), Y5 (Yo y» n) A dele] AF 


Pati X999 +--+ Xy, 
2 x 9 yg ulal(Euclidean inner product, dot product)ölek SHI ze y= Ue} 
drk < 
Xə y”zıy t LoYo Kwen Yn 
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exe x= xl 


2 mé). MEL x, yA dete] xe y£ Tae. 
: 


Xə y=2:3+(-1):2+3:1+2: (-4)=6-2+3-8=-1 
O 


http://sage.skku.eduol^] eki) BYA]Z sajspo] Eoj AS 


a-vector([2, —1, 3, 2) 
b-vector([3, 2, 1, —4]) 


print a.inner product(b) HUA AKE BAL a.inner product(b) 
—1 m 
e| 1.2.1 


RY WE] x, y, 22 AZA kol dispo] Sol alm, 


(D xe x> 0, ze x=0 o x=0 
xy yox 

(3) (x+y) e Z= x * Z+ y ° Z 

(4) (kx) « ye x s (ky) = k(x + y) 


SSL 1.2.2/00-0000 000] 
R" 9| AAA YA x, yel daia 05 540] gare 


bed apo os o ewe 


Chapter [][] (Vectors) 


ei 
je 


RY 9) YA x, yo] Tora 


Xə y= İl x İl İl yll cos, 0 € 9 x z 


q] 0E xY y7} oJF= ZHangle, AID) O] Ji, 


Or 00000 


Xə y=09 uj] x SF y= A= A .. 
ADs Al ke] sto] x= kyº] Alo] x= yol BB 
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SE) 
Ze 2] 


R" o) MA x of) qfəlel 2 So] 191 HH, E 


İİ x İl =] 
öl uj 4AE (unit vector)= ölk, ES R”) de) x, y7} NE ADs 
o) MYEL A n/(orthogonal) MH Eo el, x, yy As 2 A mülelolulal zt T+ 


əlslelolsi YAA aorthonormal) YA Solah girl, 


1.12 “Lu 
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me) RA = ME x= (1,0,1,1), y= (C 1,0,0,1)2- NE 3132 Ha 


e  http://matrix.skku.ac. kr/ RPG. English/1-TF-inner- product, html 


Xə y=1:(-1)+0:0+1:0+1:1=0 " 


http://sage. skku,eduolW ola) Bo BA] gəlir AS. 
a=vector([1, O, 1, 1) 
b-vector([-1, 0, 0, 11) 


print a.inner product(b) 


0 # Ave m 


gel 123000 00 000001 
R" 9] ale) x, yo] daia eks 2540] Mark 


lı ese xn xe | 


ub SSE x, y £ ölü?) HE AS k > 009 mul aşım, 


Il = |keyil < Ix ze 
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un) DA qu ye x, yol dala 422500] UR SIS 


x=(2,—1,3,2)y=(3,2,1, — 4)o)m 

| x ll = v4+1+9+4= V18—3V2, 

| yl = /9+44+14+16= V30 sx, 

x+ y= (2, —1,3,2)+ (8, 2,1, —4) = (5,1, 4, — 2) q4 
| x--yll = /254+14164+4= 446 ou 


uaa lx+ yll = 4/46 < V18 + v 30 =|Ixll+ [yi = 
"e 21 
919]9] ute] x (4 0) oll dè 1 
“xl É 


rir 


“opor 29 SUE SoA] ELS nº] He 
e, = (1,0,0,...,0), e, = (0,1,0,...,0), € = (0,0,0,...,1) 
= EU e (standard unit vector, EEE) =| SH. 


@ x” (21, Zo, o Zn) & R" 9| Yoo] Bele} Sr mj FASES 418319] 237 Zo] YAA + siut. 


X MC re em Ə: 


e Ro} R^ pq RIOR e, e, e, dalli, j, k= ASP IE etc 
ZA 


1 (0, 0, 1) 
(0, 1) 
| k 
j j a 
| - x A? (0 š 1, U) 
O i (1,0) Za, 0, 0) 


ak 
EM l = 2 
Xu 143. Slot) € R 
X= zit zoj + zk, x” (Tj, £o, Pal € R’ 


«rom 000, 0000000 (30), ISBN 978- 89- 6105- 195- 8,0 0 0 (2009)> 
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LU U U pou UU LI 
1.3 


gu 58%: http://youtu.be/YB976T1wOkE 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-1-Sec-1-3. html 


ol AWE BES 01839] RA JAA FA BAY qar 
TS all WAA ZAS Yo 


HOU 200: D 0 D (0 0 0 D 10 uu 


Rš oA or A Pi (%9,40.20) = Auta 0 eRd BE] a= ait bj + ckol| BA JAL HE at 
P,P7 BA € PP=ta (ERE USL 4 P(z,y,z) AAA dS) Ie 
ə HlElİ”3 21: p= po ta, (p= OP, py = OP.) 


ə WAYS]: x= zo tta, y=y t+ tb, z= zotte, 
(=o pe) 


£ — $ — ao Be 
LZ do = (=t), (a, b, c = 0) 
a b C 


ə JAYAN: 


8 PO, —1,3)£ AVI AE a= (—3,2.4) 0] BR 249] HAL he aj 
FAZ UEFA + stu. 


t=2- a 
(D3y=-—1+2t Lon «t € oo) 
yc 


(2) zi + yj -zk-2i-— j - 3k  (—3i - 2j + 4k)t 


y+1 BO 


x 
— — U m 


== 2 
— 3 2 4 


(3) 
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mé) Fa P(-1,2,4), QL,0,-1)8 AYE AAA phan ala” nakoda), 


ak dur daa sir]. maja] akatah SKE ape aie 


dne E E 


de] YRS PSP SAE 73214 SHE 349] majè JEI AAS AYE 


p—— 1-po7 no F = = 51 (—c € Xd 00) 


vou DOU: DOUDO 0 L 


.. + A Py(zo Yo = xIEH 0 end ue 
= (4,B,C)(HAME] normal vector) FAA As 


o) JE BA T E 


ne P,P = (A,B,C) ° (x tele ees Jet 


Sase 4 Plcy 2) AS] de gu. 
(point-normal HES Al 


0000 pou 000 


A WA x Y WA Bast ME AH 
7L opd = BE] v al vz APA, o] BA WE SENHA we 
MAIL LAP] BWA Je 


rr 


X= Xə FEV T £v, (— co big ty € 00) 


e THAR A: Xo — pd): à A = (Gode: Vo = (a5, bosên) 


T = Ly tat tasto, Y= yg t bit, F bota, z = Zo t Citi + Coto 
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mê 


NE röja. 


° http://matrix.skku.ac.kr/RPG English/1-BN-11. html 


X — (x, Y, a), Xo = (4; m 1), A (6, 
Ki ^ Xp = PQ — — 1,6) 


1H x— x = AJ + 


(a, o Pi O: —1, 6) Hz, (— 3, 5, 1) 
= (4 + 2t, — 3ta, — 3 — t, T 5t, 12-66, +t) £ WAJAN 


1558] IgA £L = 4 "1:00 U = =) I ti tòto, = cem 1+ 6t, + to 219. 
2 
O sare] A se ad AS AME BUS 9494) 


e http://matrix.skku.ac. kr/2012—LAwithSage/interact/1/vec8, html 


Le ur 
vit 1 A Q fi : 
Chet 1 P Q a Hə — 


| Py AP Ra 


>-—dr+iyriti+15=0 


wim 


10 8.0 


AA P(4,— 3,1), Q(6,—4,7), R(1,2,2)2 AE BAS] MENA NA 


25 


—4, 7), Ko = (1, 2, Set 
Xə — Xo — PR = 5, 5. 1). 
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U U U 


ə HE x= OQS y= OPA RA YA, x= 08 sist, 22d al PAJ OQA WE TAY 
as Sel öl d. BE] p= OSS x AZA ye] BAlA(projection)ol@} SH proj y = YA 
ir. elmi BE] w= SPE xo] AAS yo] HH AE (vector component)olak st}, tk} 
^| yaz FHS] $F y= p+ w= yaq. 


O p” Dro A x Q 


Qa 000 0000000) 


e http://matrix. skku. ac.kr/2012-LAwithSage/interact/1/vec3. html 


Tal 131000] 
R? ol ale) x (= 0), yo] data crgo] AUF 


(y + x) 
POR OX 
ly ° xl 
| x | 


(1) proj,y= tx= X 


(2) D= | proj,y || = 
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MBE) x o s), yo 11.2) daa x size] ye] BAB proi yet xol 4 
` ei yo) ... wi —əko]əl. 


Y - x= I5olHE 
(y: x) MN TL E 15 E 


proj, y — 


ix? 14 7” MM 
| 15 15 45 15 1 17 
w= y— proj, y= (4 —1,2) - "LT "^io mi 


LI 
http://sage.skku, edu% 9H TRAS SAA Soli 2! 


zi» 


a-vector([2, —1, 31) 
b-vector([4, —1, 2]) 
ab-a.inner product(b) 
aa=a.inner product(a) 
p=ab/aa“a;w=b-p 
print "p=", p 

print "w=", w 


p= (15/7, -15/14, 45/14) 
w= (13/7, 1/14, -17/14) " 


=| 1320000000 00] 
Al 000 0 Zİ WH r:ar+by+cz+d=0 4019 zil DE c ES AN. 
ú [an Xü O | 


75 dee 


n= (a. b. c] | 
Pal, Uka žal 


p “fn” prolav , 
Da || pi 


f:arthyteztd=0 
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38 


A P(3,—1,2)e]4] BA 1+3y-22-6=09] olam Az] DE Topa 


http://matrix, skku, ac. kr/ RPG English/1-Bl-point-plane-distance. html 


ven 
p-—proJ,v—ín- ^ 


n olu, 
37141 n= (1, 3, — 2), v= (3, — 1,2), 4 —— 6o|2 =. 
İ38-3(-1)-202)-61 — 10 


2 
i / 13 3? - (- 2) vas 7 


http://sage.skku.eduelA] 9H FANS Etè] olu AS 
n-vector([1, 3, —2]) 
v=vector([3, —1, 2);d=-6 
vn=v. inner product(n) 
nn=n, norm() 
Dist=abs(vn+d)/nn 
print Dist 
10 2 
S/T" sarti) # 21 7 v 14 m 


¿e SEOUL 
oi ICM 
4 2014 


12014 MS MAPS HS! http://www.icm2014.0rg/kr 


Chapter 1 j" a j" a 


http://matrix.skku. ac. kr/LA-Lab/index. htm 


http://matrix. skku. ac.kr/knou-knowls/cla-sage-reference. htm 


CH 939 koz + 8 za pol JA gels YA P PE Soo 
5— 2... f=), A.D) 


e 00 2 “mol B(—1,-—1,2)91 HE x= (1, 1, 3)9] AJA 8" 


RS EE u, v, ve Uu Zo] 4932 Y 459 Hes 59. 
u— Ee 1; 2, 4, 4), v= (4, 0, O, 1. Jé W — (6, x.” —4, 3, —5) 


(2u— 7w) — (8v+ u) 
AMAR zo] u, v, wH FARS Gs AS ao YE xE q 
akojah, 


2u— VT x= 7x+ W 


= Mel x— (—1, —2, 3), y— (3, -2, —1) Abol 22 gəl e q 
cos m Loto}. 


CITO + 3 241,20, Q(- 3, —4, 5) A9] AJE Fòrofak 
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e HU 8 T Al Pi, 1, 2) Q (2, — - XI 1219] Cia on A 
CHED 4010 BS -= -7r+y+4 499 ames oret. 


CHED 449] x- (2, aa y— (4, -1,2)2 mj, yol «FA ANG pot y 
9| xo] AZI HENE wa Fofo 


CD [= =] 3719} 330 22 22 Mee Bane 22 used. e 
Y Stad 7187/7; Ge = AY YE AMS IDEAR oj 


WAQA] EESE. 


2 f 2 
a a 


3L vi, Vo, V37F ATAA Ue AP HA HE vs TAH. 


ee! v, = (2, 1 


3 ? 


- 2n A AZI LG wo) 


Lal + ap 


(1957E Si AH) 
160 GG) CHE} ura] FIZXKEAZ http://matrix.skku.ac.kr/2012-e-Books/index.htm 
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D 


(884419104 Apolo] eko! MAP É Fer) 


L. 


http://www. hpm2012. org/Proceeding/Exhibition/E2. pdf 


È 


KİL... 
Y ANN eng BUCO IMS ERE 
42487 25] seg SER Yo 


(o| azi) http://matrix.skku.ac.kr/2009-Album/MathBook-SuRi. screen. html 
(01448) http://matrix.skku.ac.kr/2011-Album/2011-KoreanMath-SangSeolLEE,htm 


(Ssh Selah OA 52571 SBS ZAG OIF See "SBA, 


KHE 
http://scholar. WE ela I dan = TANG 109649109141 


EA S SPU YA, anu AY 0 


a 
t So, BA Me) EE mA W]e, 94488 Lm Due 


AGE zh AAS ZAN] : 
moo WHA ue. ATH SE, zs Zo] EE ZYE JIYE Aga məlu 


AGUS AGAR sp ABEL 0] 23 Gauss OH?) AA elu: BAAS oL gat yao 
= 2800, 2394 43941949 spas “rək sp] 71514 ANE DES aral AJAPYAN 
ol 230] ato] Sop İti, 


U U U U U L 


ZO 3294: http://youtu.be/AAUQvdjQ—qk 
£ AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-2-Sec-2-1.html 


de ZAFE zi Aal dia YA] BY FE gaps}, as 


Lë Ta Ru 
BA det 91444394 uepdu. ATARI] AT JUL 09 


Ju o£ oft ol 


E 
esla I ELF SAO] e| AYE op BAY açıq 
34 mulo] som, 2 ds SKS YA dl FA Au 
slal qra) Loke, 


a (00000) 


VM — 


DAE zı, xə, ..., r,9] Y NEGA A (linear equation)= hat AF a, aş, ...» 4, 


o) ASA wj, He Ze moje] gäe, 


5, Aure. 0199 stéet 191 JR EO o] zo pl WEA e 


J 
r 
O 
O 
O 
al 


SIN 21,302 0 l— Zi, L =2(V5-2x,)- x4 Sof 2, — 32, =— 1, 
Ze T zy + z = 2 /5 9] 22 Be YEN 2 sese Bh ert JA 


E 
221 mn SH — Li To) Lo NE Ə a= 1 , Li + SIDA E 0= Mie Adesso | OTEL 


“4 (0000000) 


JUR, DAS zi, zə, 23 7,9] Bt Set AS] APA mol 
Q4 441 + doə ++ elc Aintn = b, 
(51431 + 49919 +: ecl Qon A = bə 


dur petto s 


= AGARIAA (system of linear equations)olehi Str WA l-ə 


bi, bo, ..., Da Ol ME 09 498 swadaya homogeneous system of 
linear equations, SHATI ANZA HA. 
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Chapter 2 0000000 


el (00000000 DI 
Aa el abı 2191 AL zi, z)... 2,97 AB P sys. se TA 495) 
as Y 7 43440] EF APS (s1, 55, ..,5,) 4 ol Asegura sj 
(solution)eti AF, JE Sol AGAN 

Ag, — Lo + 323 =— ] 

(1) 

IL + Lo + 923 — a 
9| a, ə, m o| 44 1,2 -1S aga X $440] m= Agee 
(1, 2, —1)- AJ vl q nis 21 WA sj. dg as 1 3) vl dn? 2191 sit 
göte ATE consistentt+ sx HAN] MA ESA SE ALE 
inconsistente? öl, 

e “2196113 A HAS NAS 419 as 41“) Ar H solution set) lek shy, SA 

SF Ages Pe = A OSSA Allequivalent) aL FA. 


ez pon onon 200 0000000) 


Tı + La = 3 22, — Ly = 
= 2 — 
Li SES Lo — 1 wi E SÉ 
L2 
Vi 


la” i FA la 


h, la 


òt (one and only) 


U 


şi 


(Ix + ( - 2iy = (3) 
(Ux + (Dy “ (- 5) 


€ “lı 00000 00 nou 00000 ou ou on: 


http://www. geogebratube. org/student/b121550 
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Chapter 2 0000000 


0002 us 49 47 BE SA AMADA R? AA ARA LE ASAS 
ME 


AJ 488349 ANAL Ges 374) 2- $ SUAS "Jetetgog AZAR AN 
+ + gu. JE TAY] ugui BAS 44 A, Ay, Hc SA. 
O H4 ¿unique solution) ë Hap. 
ES 1543 29] 37º] BA) et BA Wee APAGA ap. 
[a] c+ y+22=-3 
x +2y+ 3z =—4 
pr AMIZE DO 


Q) aS H44 ano solution). öl AL FAR AJAA 


A2 “inconsistent” sb etc 


[d] Q) 2+y+2=1 (2) rtytz= 
T axem zrurmz—2 
d =3 2P U EE 3 
ETRE TE z = 1 (4): Ca qa Zak 
Cee 2 2x +2y+2z=2 


257-29-F222—93 


IPs YL ölünfinitely many solutions) Rgp. 
(6110) Z+ yr z=1 (. wr or 21 O IT yt SI 
277207 ES 25-1 2912992 ap 2y 229-2 


x+2y+22=4 22+ y+3z=4 ox t+ 3y t3z=3 
Hi, H: 


hi Hi, Ho, H3 
/ 
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2572012707 00” Tr = Ü 
$4— 9%, + 2%, = 1 
“nu” 

ES auras 12129] 1% 57) 4949 Ae 323 ganz ojal 

o 

= 


ALAE 2749] Ye malak] UA] UPE ROSE upuoit EU zF 04 
2 


X,-FXx3-c39x4-—229 FA 
23—9z24—1-—2z, 


L4 = 2— T; 


AA 2749] MAS z, 254 ANA m=s, ap =i (s, tè YAA AS) 


LA = 2— T; = 2 

pa = 1—2z,T752,—1-—2t - 5(2—1) — 11- 7t 

Pu = 29 + Z; Lg 34 = 28 +t —(11— 7t) —3(2-t) 
==] 28s LE 


qa FAA SHAS s 
a, ——17-T2s-cllt, z4— 5, zs —1l1— Tt, z,—2—1t, sot 
(s, te HJA A>). 


ZEE 


S= (io Ta £) =(—17+2s+ 11t, s, 11-7t,2-1, t)|s, LER kolik, 


WIKIMEDIA 
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Chapter 2 0000000 


2) [00] 


AREE BANE dëi Lol J478 mopol di EE dä AS YA 
(matrix)oleb of, 1449 FE 3849 PH(entry) ya ete, 
dj diş din 
da 21 da Dan (2) 
Ami m2 Amn 
dd AAN [om Qjo a;,(1 € ? x m)& AS] iW(i-th row of A)o]z 
SHE, 
dÉ 
do 


Jl (1x xn) 


Z AX j8(j-th column of 4 )oleku ett E mAY JA n7]9] ES Ae BS 
AS (size)? mxnA JAg sp, Sò m-—no|u nas ANA 
(square matrix)o|zu SHU. 


ə AE AJ iylə a ADE AS ¡ua e Alò, dol 


2 £ dn ge 49 i, ¡E Mi aya AA (5j) NEC sto nA 
AY BÈ ana» . nè FAZAN (main diagonal 


= 
entries)] 312 et YE (QE i,j) ABS NA Sak Zo] ztekel Ue 


50 


1 1 | =, 
C=l-Il ele O ik Z= [2], fe |=1 0 3] 
Ə p=] 2 
x ASE 2x3 BABS dua =— 1, aş, = 3olrk E BE 2x2 %@=lo]u b =1, 
bo, =— 3 olm G, D, E, FE 22 3x1, 3x3, IKI, 1x3 yao D m 
ZANTE, 47% duu = 1, də = 0, ds, = 2019, EY ZS 1x1 uc “səl 
50 
m 
“e 0 D 0 D 0 D 0 D 00000 00001 
nA] AGE FE MAA LABIAL AA AGAR 
0117 T 04535 ae WANA = b, 
Asi Li + Ugo +. oe + də L y, = bo (3) 
a. 0 re o. | 
oll Jota 
Aji diş din Tı b 
A — Bope og —” b b; 
Am1 En? mn Ly, D. 
let spa AGAR (De JAA BS Jg dë zo] dəə) & 
A 9] ut 
T AA. 


od YA AS AGAR 


(3)9] AFI (coefficient matrix)e|et st 


day Aja le Qin | Di 


[4 : p]=]| “21 72277 Pan : b 


Ami O23 *** Amn $ bm 


= AJAJAJA (3)9 217V5) F (augmented matrix)o] ek FẸ. 
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Chapter 2 0000000 


kel ugar. 


ö 


ajo 
ER 


5743179722 
267A 37 — 1 


0 


əz + Oy — 52 


http://mathlab. knou. ac. kr: 8080 


L 
= 


http://sage. skku. edu 


Sage] [| 


matrix(3, 3, [1,1,2,2,4,-3,3,6,-5]) 


vector([9,1,0]) 
print A.augment(b) 


À 
b 


uq 
e 


oH 
O 


# uo 


[3 6-5 0] 
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Gauss [0O00 Gauss- Jordan [I [I [I 


Eu 58%: http://youtu.be/HSm69YigRr4 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-2-Sec-2-2. html 


ol Medi MBAHAS EU AR 20 LABS Apre) TE 
WA əldə dm Y, o| VHS a 9445533191 met 
E] Na ARE moro) YES ASYE ze. Faz AZAY 
3399 <ABS NS dA Aja dad Use dadan 


ZEE AMIS o] gb 


m 2 ul. 1 
z— 2y—4 2x Au 8 (y=—T 
- mw b us ə 4 - [e= 
yo y == y => 1 

© YA AYNA dei dak: ATIVAS PAS UFA hex} 

(1) = AS wast} ER o R, 

(2) $t Ajo] 0 opd AAS Bete} ER, 

(3) + Ao] Ootd Ses otoi YE AA E eect. k R,+ Ro R, 

o|z 2/58 AAHERO, Elementary Row Operations)olel ett 


um oras) ase aguas z 
T YAAA 3989 wise Jed Ao] 

x z + yt2z2=9 11 2:9 

2x + 4y— 3z =1 24-3: 1 

3 55:0 


3x + 6y—5z = 0 


et yt2z= 9 (—2)R, +R, 11 2: 9 
— IN 


3x t+b6y—5z= U 


A od FAN] —3 Fèk) Ap BA oral ələl dad 
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z+ y+r 22= 9 (—3)R, + R. 11 2 : 9 
2)— 7Tz-—17 H dr 
s... 0 3—11: —27 
= gd gay “Co of 1/22 zeg 
gy =9I 2 11 2: 9 
7 17 0 1 7 : aA. 
gm 2 2 
Ü wo = Lİ — o 
Əy llz—— 27 
F WA 3340] —3 FAS A] HA Bs 49] Cora 
z+ +2z= 9 Lt 25 9 
7 17 (-3)R,+ R. 0 q Le 1 
J a 2 2 
1, 3 
1 3 TY ee ake 
M NE 2 2 
2 2 
NI HA FINA —2xE weld 
20000: 9 11 2 9 
TOM (UR, c A Li 
? 2 2 2 
z= 3 00 1 Ə 
Wes 2=3 
NEP 
270700 
L=I-y-2z=1 


239 m OOOO (REPO DO ñ 000 (RREF)) 


xn qd EN oS usse USS Y, Y Au E(row echelon form, REF)O] A 


dn mm a go] Ea 2 de BEA A ofA AXL. 
+ 00] opd ¿== 1014. JM ol 1521 989] ARI 


— 


ena .İÜ”?) sich. 

(3) (aa ((+1)Y wo] AAE] EXMA (+ 1996] AYILL ¿Sol apum 
wu QEZA 9]2]ëlri. 
= su AN a aR dë 995 was LS ASA Y 022 
(reduced row echelon form, RREF)o|a] x. st 

(4) JB Bo] MYYRS ARTE eo] FE YRS B= Gell 


a q 


94 


El 
o 
E, 
= 
A 
ir 
v 


A 299 ga (1), 


EA 
Te 


mé)»: 4c 


a) 0.5 aas == Praia 


mi 


RREFO]EKo]A] *= 9199 


ga 


| $889] REFS} IA uj 


HLS) o 
T TI L 


o] 
= 
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“eg [000 nD (ERO) 


mm YA AA wet YE AAS AB el2Helementary row operation, ERO) 


ol stu. 
El: A9] = Bias jae NE upEu. R; > R; 
E2: AS] i Bo] 00] olu JR kE Fòk). KR, 

ES: A9] ¿32 kul spo] jàWol cera. kin 


o JEI GAL E FOI HAL REFS] RREFz BALE eiate|u. 


“21 (0001 


JE 49 7728 WAS NMA Sze VAS Be Fa Asp BE VE 
Al(row equivalent) ötri, 


DO) uz sue 25 953010, 


4- [s 4] 27 li ah C= [o-a) P7 [oak Schall 


000 REF] RREF OOO 


00 -20 7 12 
ə A=|2 4-106 12 ai ota 71238 AS 48-510] REFS} RREFS TEA 
24 -56-5- 
[Et] 1] 
MO -20 7 12 
Alo] WE 0o] opa zk 4292 zen 2 4 —10 6 12 28 
M 4 —5 6—5-1 


to] BEL 00] od bg 434 
(ol qış A wa} elt. 
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[EA] 2] 


YA Lid 22 BA 7p8 AA siz BE] 
09] iez 1 AA ANTE 4523 09] 
old EE TATE YA 18 wee. 
CFESA 1, -1 BE 2 59] JELE FA.) 


[EA] 3] 


199 AYPES 12 UE] As 13396 


JA LLE vus. 


[Eta] 4] 


199) qalda: <del si 
BRECK), 


= AGS 00% 


[Eb] 5] 


00-20 7 12 


[ 4—10 6 12 É 
24 —5 6-5 —1 


18 2YS mèr, 
(ol BPE 189 23420] dol aA.) 


1 2-5 3 6 14 
00-20 7 12 
24-5 Gra ~] 


18% 22 UPRO, 


LYS — 28) epo] 389] ARA. 


182 Ye Yala] Heol] TA 19141 YA] 4x AZI, 


1 238313 6 14 
U 0-20 T 12 
00 50-17 —29 
12-53 6 14 
0 0 10-2 —6 
00 5 0 —17 —29 
12753 6 14 
7 
0 0 1075 76 
1 
00 00 3 1 


WA LYS jeter JE F7} 00) 
GE 


di eg 


135 AYSE 09] of 4o] S] 9.8 AA 
399. 


18 AJI op 


HRO me (og un, 
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[HA] 6] 
18334 232 AS vp] 429 TA 194 YA 35 ASI, 


1 2-5 30802 14 
001 0-5 —6 1335) 232 AYI 42 257) 00] ob Y 
1 ön, 
00 00 — 1 
2 
12—53 6 14 
TUN 1, 292 datz 00] opa 23:20] Vous TH 
2 3 PW, 
000 1 2 
de] q nm 42 A ol REFS MET, 
12-53 6 14 
7 
24... 
00 00 1 2 
AS REFS tes do] Mülli RREFE dn. 
1 2—5 3 6 14 7 
NOTADO d RS ze 3519 2ö)lell ALEA, 
00 001 2 " 
1:2—95 02 
00 1001 AA] SH — 6S 3519 1380] AASP 
00 0012 
L30307 
001001 25H09] 5S Foto) 1WA AAE, 
000012 
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° 


11 4 4 
ə 4 9 16 
03 —7 Jl 


mas) P aa Ad RREFS 25 


229 27|7F 347 Jo ¿9 202 2572 930. ax 
Sages 01839 SA. 


LI 
° http://matrix.skku. ac. kr/RPG English/2-MA-RREF html 
| 
sage] U ` http://sage.skku.edu E  http://mathlab.knou.ac.kr:8080 
A=matrix(3, 5, [1,1,1,4,4,2,3,4,9,16,-2,0,3,-7,11]) # 3x5 olu ola 
print A.rref() # A9] RREF 
L1 Ú D 2-1) 
LO 1 0. 3 2] 
Lİ. ü Let 3l 
m 
mel 2.2.1 
47e Sol SAI = AJAAVIFIYL SAS, əl dol «up. 


o Gauss LAH: AG ARTES VIAS REFS Aga To WHOM. 


p = 


Gauss =Z] S E dom. 
x+2y+3z = 9 
2550: — 6 


1 2 : 
El deeds del x xuda dé 
Ə 0—1: 3 
L 2 3 I 
sto} REFS pare} lo 1 1 : 2 00 cheba o| as BASE PEA 
0 0 1 3 
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Chapter 2 0000000 


Po d 


L 


p 


cheap 


yTtz—2 


Mer 
2=3 


z=3 
olam 3y=2-2=-1 
EE 


ac]. x= 2, y=- 1, z=3. 


^ Gauss-Jordan TAR: 416) qu 4191 DEL RREFZ AZ JA 


= Gauss-Jordan $7|'H9z 09), 


» r 


Bi + Is 25. + 22, = 0 
22, +6%,—52%3,— PT Aps 32,=—- 1 
Das + 102, Tl5rg— 5 

235 + Üz, To8r,cTdrQTl8T6— 6 


9] FIE 3% ololma AM Sage& o|gslo] Exp 


http://matrix. skku. ac. kr/RPG English/2-VT-Gauss-Jordan, html 


IIS — http://sage.skku.edu SEE http://mathlab. knou. ac.kr:8080 


L 9 9 


A-matrix([[1,3, —2,0,2,0],[2,6, -5,-2,4,-31,10,0,5,10,0,151, [2,6,0,8,4,18]]) 


b-vector([0, —1,5,6]) 


print A. augment(b).rref() 


L d X 
LO Ü 
| 0 O 
| 0 0 
JEF o) 
sid. 


0 4 2 0 0] 
L 2 0 0 0] 
O 0 0 1 1/3] 
0 0 0 0 Ol 
"uie rin de Xi ər 

Li Dözə +4z, + 22; 0 

DELE) 0 

— 

Uy =r, rq s, T5 = tlr, s, te YAA APA FLO Poe We 
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, H H H H 


=— dp ds 2t, dy £3 =— 2s, 1,9) A; DI ra = 1/3. 


@ 99 My meas caa Wo] ste] Blow ERAS VU (ri, s, LER) 


7 a : —3r) [-4s] [-2 : -3] LA [-2 
L 
el por [lo lololol |O lol l-al. to 
= s =|0|+ +| “+ =|0|+rln İsi 4 [f 
a t 0 0 S 0 0 0 1 0 
e : : 0 0 ] i 0 0 1 
D m E 0 0 0 E 0 0 0 
€3 AT Gauss [O00 Gauss-Jordan OO 
ERO ERO 
A REF(A) RREF (A) 


Gauss +A ti 
Gauss-Jordan 4-2] El 


SE» 0000, 0000 RREFHL 00 


usa a ku 
| (Leading Variable) (Free Variable) 
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Chapter 2 0000000 


MO (homogeneous) DO DD 


01194 T aiala TT Ay Ën 


daf T 059325 T*** + lg Ly 


— 0 


— 0 


aniti Quota tt Quanta = Ü 


bj F IWs= 225 


GME) causs-sordan +z] o = He AAA JE dum 


+ DE; 


=0 


22, + Öz, — 5x, — 2x, +42, — BA = 0 


925 + 10x, + 15x, =0 
2x, + öz, + 87, +47, + 182%, =0 
13—2 02 0 0 1 
x = 2 0—5-—2 4-3 0 0 
7£d7LoH =a Q RES 
EN FEL loo 510015 : ol PREF |, 
26 0 84 18 0 0 
c OX zi, Ta, see QUA] 


=t, zs = 0. 


Li o — 47, 275, L3 = 213 Te — 0 
MA ARTE AA z, mr, zí =s, nts AZA 
Z, =—3r—As—2t, Lo r, £3 =— 28, x, 8, L 
^| oa [4 [-2 
o 1 0 0 
Tal | U — 0 
e, ="| 0 ts 1 +t 0 
D 0 0 1 
» 0 0 0 
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"al 


E 1(leadin 


O Er jou 00000 


[143 SAH http://www. geogebratube. org/student/b73259#material/28831 


Pow?) (044) Fiere 219 Wai 


İt ñ -1 1 2 si L SCHER 2--1 
a o 6-2-2 2] [oO ödül f -1 
omg a T T Tİ lü oO n 7 T =Í 
Bü ta ty 10.0 * 1 T. 1 


ga 
= ili 
de 
A 
rir 
Ja 
LE 
e 
mi o 
o 
rlo 

= 

| 

S 
— 
Jo 

M 
5 
Jo 
rE 
+ 
d 
SE 
rir 
ag) 


m 


Enter As (ft, 1. 41. 1, 2, 11 FO 2. Ok (11-13, 1. “Tül, (0,0, 1) 1, ai 


Set the neza nes an thee Liar riqbibiunnal coher 


A nn D 


€ G 34 P Sp de ub d = 


a 
2 E 
== R h Sh. MU E eG. 


n =s Z Z s ma E p = 


+29 Hees Sase 42, 

eo] Stee MEXI 3517] mzolri 

dei OI 1903-1957 

12438, 348, ABE, BRE JH... 
Crest Soho ez ME EM Ez 


va DIXIFE de SAVED Goto SE RREF?T 1719 AH 
Z 
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Chapter 2 Mum 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix.skku.ac.kr/knou-knowls/cla-sage-reference.htm 


e 11 121 43022829 daka] we = 


21, FIX şo 
Lik h ass = 


(3) 7194 stole. 


«ol Soret. 


OBD 2712120) 022 22 48939342 saida 


(DAIS m, və 12,2% Mol.) 
1 1 3 —3 0 
0 2 Zë 3 
1 0 2 =] = 


21, + 42, — Öz, — ÖT; = 2 


m... (i= | 
DU — 


ANNE 0 = Z REF9P RREFO! AS Am, RREF7] old AL RREF= Y 
SAMA. 


Gauss AHH O€ Edu 


2q Ide “200 —İ 
ər 2u-Pz—010—2 
E FY =2=w0=->1 
or. 22 sus 


CHD «2 932342 Gauss-Jordan 471822 Zola, 


xq 2y—3z=4 
z+ +z=11 
2t -5g-—4z = 13 
2x + 6y + 2z = 22 
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Chapter 2 Mp 


e PIERCE 


A] 


L= 


= 


48 II m79] 


n 7H] u|z]4- 


Ayit] T duaa TT Ay, Ly = 


daf T 09925 TT day Ly 


dalı Oye le E ns 


3913112821 
bi 
= b, 
Tn = bm 


o] SIE ol AJA viel ASI WERE dağıla AR opos 
BE} AF935429] BPA “nal aA ake jolo] BAS natah aall 
AMIA SS duoc Z= AS At THA 392 0041 SINTA 

VIAS su pto 

Ti 1 = 2 Sn 

Lo 0 1 0 

= A L OlOlOl AIA 
eal! oO 0 1 


He Apo (1,4), 1,6), 0,92 AYE BEA 
É8|7] Ya A] EL AVA 37]9] ABYANL AM su. Jão 
2 AJA Al Ax=bS WS] AA a, b, ch alla ölə) 
ul eb 07142 zu up 19 Aeg 749 Y 
ölolal 
(a) ə HQ] mal o] FZ əllər 
(b) = AA ulx]a-& 0209141 əllə 


em 
SAGES Ymir 


KE 


[rs with Sage AIEE 01&(App)] 
https://play.google.com/store/apps/details?id-la.sage 


EM 


1863 = 1949 


¿auna Bee 


mera van AE 


Ta eg -aryr = 2. 


e 
k 
2 
e 


agis ZIN 2 
yo. DIET au 
fia elu 


E Tc | 


(əni SHE) SASH (Shu kk, 23H Sr, mA 
http://www.youtube.com/watch?vzYqJX7T9Shok 
http://ko.wikipedia.org/wiki/2H SHE 
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Chapter 3 


3.2 Ya 
77: 


(Special matrices) 


Ga 
D 
“jm 
Epi 


Bun ii 


E 


9 Apol] si 


a 


seni?) un. 


Alo) o) TIA] 


oa 


Wu. olulel 


aklè 


= 


al 


gag Ae 


m 


= °| 


o] dalea alam 2 


E 


LU U U U 


S SAA http://youtu.be/JdNnHGdJBrQ 
$ ANPI 


E: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-3-Sec-3-1.html 


ES ol ome 
A 


do ox 
(x 
lo 
ds 
+ 
re 
[7 
E 
12. 
EH 
E 
A 
H 


Lu 


ea (000 001 


Se KK A= lem, b= Dial asa Te 2, jo Usb Ui = DS H zo ME 
AtHequa)X Stu A= B x YE, 


o AKE e 


Sol GAIA = BASA 3717) derer sch 


DÓ = «= gw W xs 
A=|2 -3 4. B=|2 x 4 
0 —4 5 y —4 z 


25—545:5- 


BE a- pop) q age 


= “ol Mk Po jus (4, Ui =b) 
w= 1, c=—3, y=0, z 5014. 


e [000 0000000] 


= gA A= layla x. B= b|, A AF kel) AA AM BA sum A+ BA 
A °| 2=Helul|(scalar multiple) kA =. 423 Zo] JAA. 


m xn 


ə lü Flo FAA F YEN 3717) elek SL. 
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Chapter 3 OO DODO 


014 
J 1 


| c=} ls Uu. A+B, 2A, (—1)CE? 


cf 120 2+1 —4+4] [ 130 
LE 4+B=| 179, 143 SLE 4 al 


[21 22 IS 2 4 = 
r 2:1 2:3 1-42 6 
m Miu NIT `: E 
m. 2: (enr oed =2 É 
e http://matrix.skku,ac. kr/RPG English/3-MA-operation. html 
° http://matrix.skku, ac. kr/RPG English/3-MA-operation-1, html 
sage] U | http://sage.skku.edu Ez http://mathlab.knou. ac. kr: 8080 


A-matrix(QQ,[[1,2, 4], [-2,1,3]]) 
Bematrix(QQ, 110, 1,4], [-1,3,1]]) 
Cematrix(QQ, [[1,1],[2,2]]) 


print A+B # SAA uw 

print 

print 2*A # YAO) LAA 

print 

pring (-D*C # JAA 2427 

Ll 5 Ul 12 4-8] I=L <1] 

[-3 4 4] [4 2 6] kd m 


32) [D00 00] 
mu A= [m xp, B= [b;;],, x y A Hoo] 49 BA product) ABS ai Zo 
AB= a | 


m KN 


D 
o12]X], Cij = aj bij + dizə) AA Di = KH (1 <q x m, i. 7 = n) 
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Gaz pou po 0000 ou on 


^" 


Am prio mx) 
LJ 


SE 39 718 23 


es 0000 00 


A= layla xp B= bil, x set SL, AS ¿94 3 
ASA. 132 


o% 
(ilo 
Gm 
Gë 
Jo 
SS, 
[E 
A 
8 
lo 
L 
E. 
EH 


A 
a) a) 0) (n) 
A 4.“ da 
: (1) (n) 
Am) Am) B AB oos 


D 


- A 
0 E oll Hobo 
2: 


° http://matrix. skku. ac.kr/RPG English/8-MA-operation-1-multiply.html 
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Chapter 3 BUN: 


Sage] Il x http://sage.skku.edu E= http://mathlab.knou.ac.kr:8080 


A-matrix(QQ,[1,2, ^1], 13,1,01) 
B-matrix(QQ,[[-2,1], [0, —3], 12.11) 


print A*B # Tək 715. (*) MHZ er = 
İz $] 
501 a 


0117 + 019) ++ elc Gin Tp — b, 


(5131 + ERD +: ecl Q5 4X n — b, 


Gi So L b“ =. 


Tı bi 
- b E 
dai AZA OAs, PRBS AZ Aal, x= 2|. b — | 2 ole sta 
YA bm 


Gea Zo] UTA 2 dd 


Ax — b e rA +r A Dicta A ËM 


dddugae eua qa AGAR AA qa 
Und FU t ante V a, " dı, b, 
(ordu... creo a em b, UN m, Es +2, E Tem, ES = Pan 
Ami Am2 Amn Don 


Amd F Amplo e l SE OQ rmn? n = D. 
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aa A, B, CE zr Mo] FYAB 4 JE spat DAY FUN, a, b?l ADGA uj, He 


( 
(ab) C— a(bC) 
9) a( BC) = (aB)C= B(aC) 


(1) A+ B= B+A (Gio) 13H A]) 
LAMBO) (ABC ıı a naa) 
(3) A(BC) — (AB)C (5419 Arial) 
(4) A(B+ O) = AB+ A C(£ulM31) 

(5) (B+ C)A = BA + CA (Su 4) 

(6) a(B+ C) - aBt- aC A(B+ O) = AB+ AC 

(7) (a+b)C=aC+bcC 

(8) 

(9) 


mdi qad dako] Zei Vè APAAL HAHAE. 
1 
9 


2 
_ [4 3 [mo 
d eh i cl j 
1.2 8 5 8 5 18 15 
EB AB—13 d > ie > 13} 0| E = (AB)C- 120 à E 3|= E » 
0 1 2 1 2 1 4 3 
2 18 15 
x, sc-[15][2]- lass a 
i Ə 
0 1 4 3 
(AB)C= A(BC) m 


ə JUANA AL PA olm) Y YE APA GANHA FAI Ao] uu. 
e SS): BU A, BA diste] AB= BAN ANA o EE AUS YE 


0045 +: A, B, C, D, EJ yz We BD SA 


10 1 U 1 0 
vlt, Asch? 2 2}, ech A 
ə 0 —1 3 2. 1 
ubi a mE 
p-İ, al B= [a 1 


ow ABE AJA BAL yoda sem, ACE 2x2 Jao CAL 
3x3 sloja = AC = CAoley m DEY ED = m= IKI Jan o 
A ob aol DESH EDA. 


pe» 


pE-İ 4 


| ave]. 
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Chapter 3 BUN: 


@ 000 00000 
[389 x] (Subs o.z whale] HS Fen.) 
http://www.geogebratube.org/student/m12831 


Fu EH UNE TER 


(RKR X to A E UNS E 
Ro A | q ol?) 43 AB x 


dä ir BA x 


el [000] 

dS YH (zero matrix)2 “Hol Hie ON GEE O(ES O,.,)5 ut uu. 
0.0 0 

m o : | 00007 


0 
0 
, [0] --- 
0 0 000 0000 : 
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232] 3.1.2 
299 ağa AR SYS O el Horo] ux] UAM, 


(l) A+0=0+4=A 
(2) A-A=O 

(3 O-A=- 

(4 AO=OA=O 


ə FA: AB=OJANT A z O, B= O9 = YA. 
AB AC, A x OA Bz CY FE AP, 


SES) q a-i 2- [1 0-23) o- rj o Bize 
| olu A= OANT Bz Cold. EM AD- OJA A Z O, DA Ok 
m 


“a [0000] 


75074420] EF lola YA GEL EF od nA] 34438 qas QUA 

(identity matrix)ölek sti Laos YENU. 
10 
01 


© 


ə 47 mxn JAA A, FAJE L, La dere] Sol da AA ISF im, 


L A=A= AI, 


4-23 4 —2 = f4 -2 3 


3 10 
oll A = °] = = 
— HERLLET FIF o 2) İb de AS, 


100 
_ [4-2 3 [4-2 3] 
AK = [s DER RE o əl” 499. 


OMS http://sage.skku.edu JEE http://mathlab. knou. ac.kr:8080 
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A=matrix(QQ, [[4,-2,31, [5,0,2]]) 

I2=identity matrix(2) 4 USNS identity matrix(n), nº Jd] a7] 
I3-identity matrix(3) 

O2=zero_matrix(3, 2) q BWA zero matrix(m, n), m, ne JBA a7] 
print I2*A 

print 

print A*I3 

print 

print A*O2 


kİ 
[5 0 2] 


[4-2 3] 
[5-0 2] 


LO 0] 
LO 0] 


se] (000 0000] 


A7F nate] SAE uj, A9] ASAS 41 Zo] JAZ. 
ATL. A”— AA-- Ak) 


mel 3.1.3 


A7 AA Rola r, sz] 20] old BHA d. creo] Ha 
ATAS= A AE 


E) vo A= |Ë 2] e] ato] 42, 4º, A^ Faa (APAE kelak, 


Sage] ` http://sage.skku.edu E= http://mathlab. knou. ac. kr: 8080 


A=matrix(QQ, [[4,-21, [5, 011) 
print A 2 # SABA mau JANE AY mut 48 
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print 

rub? # 199 ASAS 22 YA 
print 

print A70 # 2157109 WE use as 
print 

(A72) 3==AN 6 # ATUA BH Sel 


[ 6 -8] 
Leo 10] 


[-16 —12] 
[ 30 -401 


[1 0] 
LO 1] 


True m 


= (a+b) =a'+ab+ba+b”=a”+ab+ab+b” — a? L 2ab “b” olu, 13 
SAF A= JAA Ho] AAU ləbi eH op Sum 


(A+ BY = Aº+ AB+ BA + B? 
ca AB= BAY ASA (A+B) =A°+2AB+ Bo] NH. 


Sel [00001 


YA A= laz usen diela AA ANY transpose)3 4 ^ E GERAD a} 2 
o) gelak, 


79 


Chapter 3 OO DODO 


1 4 1 3 0 
3 0 xd O 3 
3 
D*=l0|, £f=[2 0 -3]. " 
1 


Sagel] [] http://sage. skku. edu E= http://mathlab. knou. ac. kr: 8080 


A=matrix(QQ, [11,-2,31, 14,5,01) 

Cematrix(QQ, 115, 4], 1-3,21, [2,11D 

D-matrix(QQ, [[3,0,1]]) 

print A.transpose() # do] AAJA A transposet) 
print 

print C.transpose() 

print 

print D.transposeO 


[1 4] [5-8 2] [3] 

50 [4 2 1 [0] 

[3 0] [1] m 
TI 3.1.4 


= Ba A, BY PI ADA kol Toto Tão] dao. 
| 9e 


DA 


|. 5-1 | fol daka, A BA 3149 (9)0] AURS 


7 12 
mE e ME X T. 
=| 1 E 1 aes 7 AREE (AB) = 47 | 
12 7 12 
məh BTAT= hi E 1 d :. (AB)” = BİA? m 
34 15 26 
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9 (0001 


Wa A = layil, sen 9] AZRKtrace)2 tr(A) = ayı + azs H+ apn = ao 1H, 
1= 1 


mB] 3.1.5 


A, BA EL 379 JAHJA), CE RJ 


235 Coen 
J=tr(A)+tr(8) 
A — B) ^ tr(A) - tr(B) 


=|; E! B=| 3 ME Hoo], A AA 3.1.59] (5)7H GAS 


Sagel] U x http://sage.skku.edu E= http://mathlab.knou.ac.kr:8080 


A-matrix(QQ,[[1,—2], [4,5]]) 

B=matrix(QQ,[[5,4], [-3,211) 

print (A”B).trace() # Ze. SAL A.trace0 
print 

print (B*A).traceQ 


37 


37 = 
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Chapter 3 00 OO00 


# 5AN: a //youtu.be/yeCUPdRx7Bk 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-3-Sec-3-2.html 


oa d poe EP ye Adel dasi 
sik SAP, ASP FE FLE so] E Zoe 


se] (00000 O00! 


nate] Add A oll dere] JES həb YE LA Zeg AS 7}A(invertible, 
nonsingular)o al JO, 
AB- I, = BA 


olul BS AS] eisbs(inverse matrix)o] Yn st, o]e]et B7} ANSI OB A 
u|7r9el(noninvertible, singular)oleh ŞİT, 


| ge (paj AA ap [Li sil zl loti 


UI Aeins BE Ag Hao. s 


E 38º] 3320] BF 00232 9499 3x3 YA 


bi Oy bj 
p= |b 


oll diete] ABS] 392 eu [0 0 ojog. BAY AB = Iq 


21 bo; bos 


31 ba) ba 


B} AB OUR Ace. 
sagel 0 x http://sage.skku,edu EE http://mathlab.knou.ac.kr:8080 


A=matrix(QQ, [[1,4,8],[2,5,6],[0,0,0]]) 
A.is invertible() + YAO] ABAZ] Stol A is invertibleO 


False 
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e] 3.2.1 
n?lol BAYS ATAR A ol slaydın PU, 
oo | dd B. C7} ut A9] Saoer A 


AB— BAL, AC- CA - I, 


n 


o| Z 


El 
2 ad — bc zou, ol AL 
d — b 
a. d | E ad — be. ad — be 
— ad —be 1—c aj —— a 
ad — bc ad — bc 
d —b 
id. As |^ Ple | "7770 ris gera diaas ES YA EAF 
ad — bc ad — be 
= Sla. m 
ZE] 3.22 
nz9] BARS A, B7 790] k7 09] epa SAS Y, 20] AJI. 
(1) 4712 tool, (A! t= A q9. 
(2) Au AOS, (AB) =F 4 olm 
(3) kA FAO], (kA)! = 471 Oey. 
(a) AW ii = tes (oup m 
ERE (-W zx 27 zs JATO ge d RAS gr . 
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Chapter 000 0000 


mB] 3.2.3 


HA AZI AAAA, A ^ 719880] So] JJ. 
35.7: 


| B= 22101 geret (AB)! = p A7! e atole, 


a D PIS - 
6-51-—1 3 =] l° 


sell A Pla sl 


7-61-2 1| 1-2 1 
olma 595 IF 255 PES məl 
DEIER EG 
Ls c s 13 | | 5 35 | - 


° http://matrix.skku.ac.kr/RPG English/3-SO-MA-inverse. html 


alli. http://sage.skku.edu JE http://mathlab.knou. ac, kr:8080 


AzmatrixiZZ, 2, 2. | 
B=matrixiZZ.. 2; 2. [l, 
AB-A*B # AB AJAH 

print AB.inverse() # ABJ dd, SAL A inverse() 
print 

print B.inverse()*A.inverse() X B^(-1)*A^(-1) 


[17 —44] 
[-5 13] 


[17 —44] 
| —5- 18] m 
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Eu EM http://youtu.be/oQ2m6SSSquc 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-3-Sec-3-3.html 


| AA) 344389 SAS JAM. °| BWA HESSE Z| 


“di [00000 0000) 


LA 75238 Zh elementary row operation, ERO)£ Y oi ALAN Ae WAS 7] sys 
(elementary matrices)°]@} òf, 11 x/?Hpermutation) FEL /, 9 JES 11259 Ao) 
Al Jaod. 


mé) E RA z| Espere] GSE aze Gea iu 

: 100 
0011: 9$ meet R, OR, 
010 
100 
210|: % YA a 94 JAE ay ge gd dai kR +R, 
00 1 
100 
03 0|: € Boy Y epa AEE ao kR, 
00 1 


Sage | http://sage.skku.edu (F9!! Sage9] index 04] AZRIA.) 


El=elementary matrix(4, rowl=1, row2=2) # 7| E988 r2 (-— r3 

# elementary matrix(n, rowl=i, row2-j) ill jBS ws 

E2=elementary matrix(4, rowl=2, scale--3) # 713) (-3)”r3 

# elementary matrix(n, rowl=i, scale=m) il] m FT. 
E3=elementary_matrix(4, rowl=0, row2=3, scale=7) # 7| £988 7*r4 + r1 

# elementary matrix(n, rowl=i, row2=j, scale=m) jo] m& 3519 ¡Yo AY 
print El 

print E2 

print HƏ 
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[1 0 0 0] [10 0 0] [10 0 7] 
[0 0 1 0] [01 0 0] [010 0] 
[0 1 0 0] LO 0-3 0] [0 0 1 0] 
[0 O O 1] [0 0 0 1] [0 0 O 1] = 


123] gen [12 3 1401141 2-80] 16:27 
111 013 po d E o eho 1 7 
013 111 010/013] [11 I 
123] 2R +R, [12 3 1001112331 [123 
jx d 2:57 HIE E E ER 
013 013 001/1013] 1013 
123] ag, 1123 100111 23] 1127 
111|— |3 33 030o||iii|=|3 3 3 
013 013 001/013] [013 
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A=matrix(QQ, 3,3, [1,2,3,1,1,1,0,1,3]) 


, 9 9 9 H 3 L L 


El=elementary matrix(3, rowl=1, row2-2) 4 "Leier (-— r3 
E2-elementary matrix(8, rowl=1, row2=0, scale-2) + 7]E3NYY 2*r1 + r2 
E3-elementary matrix(3, rowl=1, scale=3) # 79d 3*r2 
print E1*A 
print 
print E2*A 
print 
print E3*A 
1193 [12 3] [128] 
[013] BERTA ERREI 
[111] [013] 013] Hi 
e += 00000 0000 000000 
100][100] 1100 100" [100 
E IË MET 0|9JH e ET | - İs 1 
010/1101 0 001 010 010 
100111 0 0 100 100117 fi 0 0 
E k TF 1/k dal 10 o| u= [ k | SE 1/k | 
00 1/10 O 1 001 0 0 1 0 0 1 
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100111 0 0 100 10011 1 0 0 
010llo 1 O|=|0 1 01o/Em |010 =|0 1 0 
0 c 1110 —c 1 U 0 1 O c 1 H —c 1 
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El=elementary_matrix(3, rowl=1, row2-2) A 7| LYS r2 <-->) r3 
E2-elementary matrix(8, rowl=2, row2=1, scale-4) #7838 4*r2 + r3 
E3-elementary matrix(3, rowl=1, scale=3) # 73E 3”r2 


print El.inverseQ 
print 
print E2.inverse( 
print 
print E3.inverse( 


[1 0 0] [1 0 O| [1 0 O| 
10 O 1] IO dj | 0 1/3 0] 
[0 1 0] [D 1 LO O Il 


ROE Hun SELLE 


JA ALBAL GA AIPA] daya Pope 
A FAJAH SAM BAIL Ges CHER THA 


“amal 3.3.1(100000 000 00] 
ASS] nf BABS A ol) dispo] ch SAO]. 


(1) A= 7} A (invertible) 3 o] Y. 

(2) AF ral SNG AJ(row equivalent)o|C}. (5, RREF(A) = JZ) 
(3) A= 7| £EsHS(elementary matrix)$2] xo & A Jq. 
(4) Ax= 02 20154 (trivial solution) 082 71214. 


@ us AJ yo] sara Ax=00]8= AA x=00 438% HS 24 Ya. 
vi YA Ai EROS q] Edessa UAVS v + uu. AN FAB 
dy ISLE AA att HAWS] EROA ARE FHAA 124389 dol Expo) 
A A. 
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Chapter 3 OO DODO 


RRFFIA) 


E, saa E;E,A-I, — At = E, paa EEn 


| 


Gauss-Jordan 4-71 ES 013510] 
— a) L ÇA, ol CH 


z| 3.3.21000 00] 


IA: L|] > İH A 


RRFF(A) 


Tig: A a 


RA 1] SIA BA Ao] wed 1,2 deo nx2n aa [A : 7,] Et, 
[HA 2] WA 194 TE JA [A : 1,]9 RREFS FU 
[HA 3] HA 294 AAA RREFE [C : Djaka spa geo] JA, 

() C= kolu D—A lot, 

(2) C= LAA A= taolin A'S eas su. 
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o|z, öl 3989] RREFS Fò 


123 : 100 1 2 3 
253 : 010 ~ (0 1-3 
108 : 001 0-2 6 
12 3 : 100 1526 d 
> VOM -— ee: 0 ==). `T =o 
00—1 402] 00 1 9 
120 :-—14 6 3 100 
=> Iİ: bU : dao > [0 10 
001 : 5—— 1 001 


li. C=LIJPE D= A Tol, 


ohh CA polu ATE Sep] m. 
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E e 2 
=1 Ü 2 
—6 411 


http://matrix. skku. ac.kr/RPG English/3-MA-Inverse by RREF.html 
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A=matrix(QQ, 3, 3, [1, -1, 2, -1, 0, 2, -6, 4, 11) 
[identity matrix(3) 
A.augment(I).echelon. form() 4 Mota [A : 1191 echelon form 


L d 0 O | 8/15 -19/15 2/15) 
[ U 1 O | 1/15 -23/15 4/15] 
[ U 0 1 | 4/15-2/15 1/15] 


m5 
olm 475 1 —23 4|. m 
4 —21 


+88 YA Becher 
zag uyg OKE-CHE a 
zxs oe + Se 


TPIS! 1018-1068 | 


SIR. ARS 2H San olEolal g EO xis 
QED SARS? |S SF) ae 
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U U U U U U 00 U 


eh SAN: 77 //youtu.be/UTTUg6JUFQM 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-4-Sec-3-4. html 


ol dela RS PLAY £ = ZF AAS Us 
AZZH, span, AZEH, Ola elk =L, 


o] H Haake 


“Gi [0000] 


ser W (= @) ? R"e] RENTE sl, ol US = sız AZA WE R” 


H u L. 
Bir} di(subspace)olET. 


O 


(1) x, ye W > x-yc€W (Had Sa alt 
(2) x€ W, kcR > kx€ W (Lda de JO.) 


BÉD oa R"= R" ol EEE AAM 0= (0, 0, ..., 0)8 Ego] I 


m). - i; SR |y=2), 2 WM y= z AA 459 BS qəl = 248 US 
| sue Ro] vez L = (ay) ER ly=z+1), = 4^ 
ələl AEA VHL okeh Zo] ZA (NS AE] BOS K'A] 2232710] 97, 


(0, 1), (1, 2) € LAR (0, 1)+(1,2)= (5,3) € A m 


$ spiel. 
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o 
dr 
de 
E oh 
° 
E 
SP 

on 
E 
EI 
' FI 


Ò 
HE AS olio] ARANDAS det aS edo 


Chapter 3 00 OO00 


"dr 
143 xu line 
AS xi Mm 


0054 ES W= ((0, a, b, c, d, 0)| a, b, c, d € R) e RA xad Boje} 


Lin | HO] x= (0, ay, bi, ci, di, 0), y= (0, aş, ba, cy, dy, 0) € W, KERA 
Deko ão] BA, 

(1) x+ y = (0, a, + as, b, + boa, & + cə, d, + da, 0) € W, 

(2) kx= (0, kay, kb, keş, kd), 0) € W 


maja] 390] Jòj] WE RIS) Pezo: E 


GENG) +: A = [aj], ol dall gr W= (x e R"| Ax = 0) & Wegah R" ol məş 
| ZH)& Heko WE Ax = 09] SRZZKMsolution space) HE 49 9Mnull 
space)oleb step. 


Hum SA A0 = QüolHa 0 € Wok mehi W # Zon, 
old x, y E WA ke Rol dete] Ax = 0, Ay = 0o9| zz 
A(x+ y) = Ax + Ay — 0700-0, 
A (kx) = k(Ax) = k0 = 0 
“ xtyeW, tx € HW 
qe WERO ult. El 


294 [0000300000 000 00000 0000.) 


PY BENS (x, X ..., Xp} ol ol, YA x € R”? 
X= AX PER € Ə EA 
H 22 BIH, xi MB x, x, ..., x, 9] LA HS Y (linear combination)oler:: SIT. 
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GENG) z Ye x, = (1, —2, —1), x, = (3, — 5, 4)o] Hae] x (2, -6,3)& 


Xj, XY ALATO HANS F YE}? 


ED J ss aa x= oxı cons RESE 34 e el SAE 
AA JAM ARAG. HEA YA JOSE A dës ar 


Ac MS c 


Sagel] 11 - http://sage.skku.edu Ex http://mathlab. knou. ac.kr:8080 


> > 


(Saez mu) 

1 
—2 
=] 


“FÈ; 


A=matrix(3, 3, 11, 3, 2, -2, -5, -6, -1, 4, 3) + 7272 
print A.rref() 


[1 0 0] 
[O 1 0] 
[O O 1] 


S SSL NA cy eşik SHS] gone We] x= x, x, Y 
AMOS gələ) A giri, E 


um) :: "e| BEAT 9 = {Xp xs ...) xi) A daia Sep Je boy Meso] ase a 
|| ale] ei € yy 15100 E e A S 


Jr 


BEM x yew, ke Re aa 18 ed ER (i=1,2, ..., HAA 
sho 


X = GK FOX ton Feu, Y= dixi + dəX, o + d 
eh 2 4 dans 
x Ey — (ce, + dı)lx, + (e + d,)x, + --- + (cp d,)x, 
kx = (ka )x, + (ke, )x, + + + (ka )x;,. 
e XX We ds W 


qu We R” S] esto. E 


@ A məğ). WE SH 9394 I4HA(spanned) Ra RETA e 
3 


4. AY SE WE JNA (spang ölü, SE WA AJAN spanning 
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Chapter 3 OO DODO 


set)öluku sey z] $ #>— den Zo] vendo. 
W= span (S) EE W= <S > 


RA Ye HA YEN SA AE kA gel DARA AF SE RS A 


AH, = A = < 5 = L5 "E Co Ko EX 255 + CX). | CA; Co; NOI. 


“Se [0000 000) 


A= [a] E MA EE BS AV AP... A 2] AY spar) 


< AU) AP, o AV? E CAA) 


RS sel. JE YE AY Ssrkcolumn space)ole} gc}. 22 aaa A9] JE 
< Ann, Aço... Am) > FE Row(A) 


2 R"9 Sx zzlo|r. oyz shel A9] 327 Krow space)olel Sich. 


me) ; lo ue] x, = (1, 0, 1), x, = (-3,1,1), xy = (72, 1, 2)əl dela 


S = 15: Xə, x, E RºE 5 


PIER ea dala ari x = (z, y, JAVA 


Te xx: To S A) 


BUSI ei, ey, cS 7E YEAS BE BAST, 


LI 


TO + Ca 


0 1 
1 1 


Z 


Sage] | http://sage. skku. edu  http://mathlab. knou. ac. kr:8080 


Ashe 


A=matrix(3, 3, [1, -3, -2, 0, 1, 1, 1, 1, 2) HAB 
print A.rref() 
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[10 1] 
[O 1 1] 
10 0 0] 
HER] Cy, Co, cs SUA HS Wer] Zo Spent Ste Aog. mehi 0] Y 
AL HE GIP AP + JE 297 sirk . 
a (00000 00001 
5 = EZ X>, ...» X, J c R” oll oa 
(0060: ne: T m ua = ey = = G, = U 
old, WE] x, xə, ..,x,UEc 8% SE @%FF=a(lnearly independent)olefal e] “E 
Xi, Xə, ..., X (ES BÈ SV} SAS 


calo] oh Jp! JAZ linearly dependent)olekr. zb) 


e HF SA AASSOA cx tox, + e +0x=02 BSE BEL del ol 
u gore C1; Co, sep AN Ste}, 


ej dete] S = fer, e, seje AASB, Mss 


CE, Gent YA Tree = Ü 


22150.” 
=> (rer e, )= (0, 0, (60) 
> cp = = 


017) kal, 
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Chapter 3 OO DODO 


SÉ 


m) >: = el x, = (2-1), x, = (1,3)9l daia S= (x, x }= WAGAWE mol 


E ASS cy, c, ERA] dieto 
eX, T GARA = 0 c, (2, —1) H e (1, 3) = (0,0) 
=> da +c =Ü, —e+36=0 
Du cy = c, = 00182 SE YE 0. El 


JS RO me Xi; Xə, X3 71) AA olm Xi, X, TX, X t Xo + X37} AH 
HAS 29. 


"un asc o ceras 
eX, + e (X, + x4) + e (X, + X, + X) = 0 
=> lò todo) Nas cem = O 
IAH] x, Xə, X37 UA Eon 
C Tey te =Ü, Ca te = 0, c= U => ce G = G, = 


Cep] xı, XQ Xə, X + Xə + X; = WASH. 


b) P AP xi = (1, 0, —1), xx= (1, 1, 0), x, — (0,1, 1)9) daka 
) 
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i — E Xə, Xə — AZFÈYE Holz}. 


D AAA c, c9, c4 € RA ta ex, + cx, + C3X3 = 0 =l epa 


1 1 0 0 1 1 909 0 
Cy 0 + Co 1 + C3 1 — 0 — 0 1 1 Cə — 0 m 
-1 0 ıl Lo -10 1]le| Lo 


http://sage. skku, edu = http://mathlab.knou.ac.kr:8080 


A=matrix(3, 3, [1, 1, 0, 0, 1, 1, -1, 0, 1) # Aes 
print A.rref() 


T 
[O 1 1 
LO 0 0] 


ol RARAS OAE zt AVL] die) “səri sro us pep] Fe sip EM 


WI. 2 FA AYE e =1, eş “—1, e = lol mp BEL go] opi Age) 


“TU 
Cı, Co, C3 7] AIS S + LABS, m 


342] 3.4.1 


əb S = (x, xə, ..., xi) € R"ol deia, crgo] GYIN 


u 
(1) SÈ 571 ARIEL ELE 50] Go YE ua] ez LA EROS HA] 


Ze) 
2) dei SA UES ERR S = USA 
(3) HE So] Seger < 


ol REGA SE WALT, 57] REHA SE AAJEYIA: 


L US BEL Yo] opd AWA ci, es, au out SA, WHS WA Qa de 
c, x Üoleb epi 
C C = - 
25—.88:15155 
1 1 
an 


X, = GXT +0QX, 


EX, FOK “O O 


ə 5, AA dab svp AASE JE SAY YA y= GE elo) 
gaga BAD ^ gl, PA E dat ESO 


ə 192, RAR ASAI duke NAN noe] AAEE RAR YO. 


22] 3.42(Q00 70 00 7.1.20 00) 
RFA m ( > an) NA HE = JI Sabá]. 
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an 125% ae} x, = (1, 0, 0), x, = (1, 1, 0), x, = (1, 1, 1), x, = (0, 1, DA dial 


öl S = İxi, xə, Xy xi] E Be] 3.4.20] JH ASAS YA Y - Ath e 


€ 4 pou 0000000 0000) 


(U YA vəl AAS < v >= İtv | £€ RS quis viet: AE 
{Xo TW] t€ R) zwë ARE vo BRA gelt Z AN x= X tive x= IVÈ xu 
= Bolsa aer 
(2 Zu Vi, Va)... HI 9 ABEJ]A BA x= x, thv +t 1, (¿ERE GAL AGE 
BES (ën) x tw + T tv < xə Tht Bos HE] qalım ol. 


[0%] http://matrix.skku.ac.kr/2011—Album/2011-KoreanMath-SangHyukLEE. htm 
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U U U U U U U 0 U 0 UU utl 


stu sels: 77 //youtu.be/OOTPCpKW_eY 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-4-Sec-3-5.html 


o) AE TE YE AA sp ajojo] WAZ Jojwn E 
ARRAY MAR dalal Aaa 


n “bol BARBA AF AAA bt R'A AAA d. AVY Ax=bE $ 


—b vd pose 
Z, +2 4-31, = 1 


22, FIX 132%, = 3 


Ly Tor ec 
123 Ly 1 
A=|253|,x=|%|,b=| 3/2} sq, YS AE 7[eilo|x, 
108 TA = | 
— 40 16 9 
A '=| 13-5-3|904, maja] 99 elo] 909 eiue] ME 
00 
—40 16 9 1 E 
x-A İb =| 13-5-3 a E: 
D eT] =] 0 
olunm Z Li p 1, Lo — 1, L3 — U OIC, E] 


sage] | http://sage. skku. edu E= http://mathlab, knou. ac. kr: 8080 


A=matrix(3, 3, [1, 2, 3, 2, 5, 3, 1, 0, 8) # A38 
b-vector([1, 3, -1)) 

Ai-A.inverse() # Sa AJAH 

print "x=", Ai*b 

print 

print "xe", A.solve right(b) HAS = SE S. 
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Chapter 3 00 OO00 


O E 000000000 


0111 + 0199 Tec iaa — 0 


EIB == (59439 +- eof də L = 0 
aiti Fapta 0 


411 012 *** Qin Li 0 
dəy dəə == a T _ 
A= a sa N x= i .0— . olel òt IN Ax— 00% EPA A gg, 


Ami dna a L 0 


old x= 001 5/2 kèt öllftrivial solution), x= 091 ais. ASA] 22 (nontrivial 
solution)e] sit}. SAMA di ee NH oS Vos one] = zF] ELE 


zu. 
(1) Last du AEE. 
(2) LES ue JE ACHE MESA ges Je Ber) 


“el 3520000000000 0000 00 00 NO 001 


nA OAS HE mA PIAL ORAR xal çalar man 
ia. (& 03149 HAE YAA MARE BOM) AUS] OO ds Ze 


ch. 


100 


apt: q wg. y SO 
r z,-—0 
Js Za us =0 
9| 279233 19 RREF AZA 47, 


sage U x http://sage. skku. edu E= http://mathlab.knou.ac.kr:8080 


A-matrix(3, 5, [1, 1, 1, 1, 0, 1, 0, 0, 1, 0, 1, 2, 1, 0, 0D. 4 37/33 
print "A=" 

print A 

print 

print "RREF(A)=" 

print A.rref() # RREF 


A- 

[1111 0] 
10010] 
12100] 


RREF(A)= 
[10010] 


OJEZ Z = p (r: IIS 44)o|e Sod 49914 LT 19) qe 
Ly == TP, Gg Ey, Z, =—T, Z) T (r ER) 


ch) dM r = 0 opel 388 ai sl, r = 0 opa 4385] GL spp dc a 


se] (000000000) 


HEAD Ax bo] uel] Ax-0& Ax=b9 Salau associated 


homogeneous system of linear equations) lek. $1}. 
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Chapter 3 OO DODO 


w 
= T 
A S 
: o 
3 - 
o LO = = 
= e ls LO 
= 
Ra e ; o o 
K g o l 9 j 
; e 
“ zin Š E IS 
" = | à B |e 
M leo SI j 
U a | OD = | 
pre — = = - Ac Ss o = . 
T <~ = a 
—— 5. y G ⁄ mn d I = I 
AN | To S E T E^ ls 
y ° fJ 3 E Ss ii 
— Mo O = L o .. - 
7... ell 8 S T HO M dX o p T XT TE & iG 
EE osas lm E | x " 3 |. 
TE ME. o E Slot zo | | E. mük 
esa m xm” m - z ~ 
s... P ANE 
-— el CH o 10 O El =. b n Wa T EE E E = lc ay d ez 
Tq m e o. "EE ls | Nou 
E CY a a "o m a nm eh o cO di 
NOOO me — A x ar o Oe - S SS & & SS S Sr YA s 
— NON BA ° an EN NT = = = = oo = Sr m | 
— gi vk m SC Los ae e a A | 
| N o — | x 
h Ww S — YA L kə CN 
Ulo M ou x Eis x | Lo š | 
: M E 
4H oy S = 2 g E 
mili o ` c — o O lé 8 i 
Si PI m css | yo E 
X TO — NE = oo — o a m — E 
Ko Eh ST mu el 8 JE = E 
a mo CH = . eae es A a E 
> = < MED ^H : 
nı gi A mus E m... D ja n 
ka ngo ER Er mr ` C o 
LO 
o xd «a 
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0, 2, 6, O, 8, 4, 18, 01) # wes 
print B.rref() # RREF 


1004200] 
[0100000] 
[0012000] 
[0000010] 


BR z, = r, zs — sep Sp ol SUSANA de cep gü 


SRP e a 2 


ae xi 00000 2 


(AZA ol x= S$ôl(particular solution)e} eju], olm 2199099929 AO) Mo 
r=s=02 daa FY + ach) 


€ a 00000000 0000000000 HER 000 00 


Ax=0, Ax, =bò]H A(x+x,)= 4x+4x,=0+b=b]2Z AAA 
Ax bel apt aer WE Ax” 09) FA Y A, xol) Ax— bg WHE 
el olo) AFA xo + W= x; x |x € WE Ax- bə) sistens. 


“dx =b que 


o “Ax =0 9) s 
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Chapter 3 Msg 


ə Ax=b2] AH x, + WA 75:94 n= 4x=09 AS WA 4Ax=b9 = 
+o (particular solution) x, £ At TIO ggo YAS 4 Acq. meyə 


= 
+WE desde zpqez step x 


e] 3.5.3100000 0000] 


id AFF naba) 32 ZE 0], ojal SAl](equivalent)°]C. 

1) RREF( AL) — Y 

2 İl ə aa 

As EE. 

Ax— 02 425] OS zie. 
cj 


rel, 
rn 
m 


eue ge. YE BO]. 


o) 
ol sep zə das or, 


— a m ES GETS an 2 
— D 
< e — — > — NT 


nA uz, RAAS ALA MAA AESA 


t Ò 


"du 
(SAA A “o ATI) AE VE AJ MA quse opa 


Aq) Aq) * X 0 

Ao) | 140) X 0 

Am) Zee P 
olH HY x7} AK= 09) Bea A(-x-0 (1xizxm)o|u. =, Ax= 09) 
2159 wm m= YE 49 4AA YE EA] apm(orthogonal?$l 
eso, 
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© 2151 Hyperplane(H 00) 


(1) 2y BA JA: AGUA] aya + any b, (aya) = (0,0) AY AZI 
(2) 2y- 349 BA: ASR] aya + ay T daz =b, (aaa) = (0,0,0)9] AZI 
(3) R" WA hyperplane( 23H Fm): azı Taşa + aaz, =b, Ja, #09] 
ua 

(47141 b= 091 BPS HE Aux hyperplane) 


a - x= 0, (az 0) 


--íxeR"|a-:x-0j& a9] orthogonal complement(2] m 3z62+ FFA. 


n= (a. b. c) 
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Chapter 3 00 OO00 


[uH (Special matrices) 


SO 394 http://youtu.be/jLh77sZOaM8 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-4-Sec-3-6. html 


SA] 389 etel uper ASA SPS BA, e| dolab AR OMB ERE 
= 9ez(special matrices)? He 1 Fo] ZE Fa AAS AF 


lanp 


e DIZAY (diagonal matrix): FAJE 0199 BE SEO] 091 FAZIA 


FAZAH] ou, ao . Onn "zba ala diag(a dos, .. dan) 
Hut 
diag (ay), a5 "> dan) = 
Ann 
e 499 (identity matrix): SUZANNE] mx 191 YE L 
ə >44 3A (scalar matrix): ki, 
1 k 
n=[ 0 , Hl C 
1 k 


—3 00 
25515...) 
0 01 001 
m G, HE G=diag(2, —1), H = diag(—3, —2, 1)9} dol YAA SE şirk, 


Sagel] U http://sage. skku. edu TE http://mathlab. knou. ac. kr: 8080 


G=diagonal matrix([2, —1]) # dada ag 

H-diagonal matrix([-3, —2, 1) # diagonal matrix([al, a2, a3]) 
print G 

print H 
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[2 0] -3 0.9] 
[O -1] [0-2 0] 
[0 0 1] m 


100 Uu di diş Q41 049 diş 
D=|0-—30|0]1L A= |an day aşı | oH DA= |— 349, —3a5, — 3493 OG. 


= edel ge A = [a;;], sen ol dieta DAE AY Z BA DA ASS FAV 
22 FIE ANY 23, ADE AS So] DA ASS FAZANEL Fèt Ano du. 


E] UV} oe] du tis. 
1 0 0 1 0 0 
ol 1 0 0 "PET 
pc i 3 i s — 243 dn y 243 0 
1 0 0 32 1 
0 0 2 0 0 EDT 


A, dente] ASEO ZUR 5 ASAS apgpsssetu 27 


Sage] | http://sage. skku. edu = http://mathlab. knou. ac. kr: 8080 


D-diagonal matrix([1, —3, 21) 4414338 YA 
print "D (-1)-" 
print D`(-1) 


print 

print "D^5=" 
print D^5 
D'(-D- 

[1 O Oo 
[a Y 
[ 0 O 1/2] 
D`5= 

[1 O Oo 
| 0-243 Ol 
I 0 0 32] a 
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Chapter 000 0000 


Se (0000 5000001 


JAAA A7 A/=AS WHA AS OA (symmetric matrix) Sp, 
A*=-— A 050 ulilzlsya(skev-symmetric matrix)olekm She. 


m 


1293 0 1—2 
246 —1 0 3 
356 2—3 0 


° http://matrix. skku. ac. kr/ RPG. English/3-SO-Symmetric-M, html 


es 38 394 A, LE IZIN, Be WAZ] 
1 
0 


A= : B= A L= 


Sage] 0 | http://sage. skku. edu TE http://mathlab. knou. ac. kr:8080 


A=matrix(3, 3, O, 2, 3, 2, 4, 5, 3, 5, 6) 
B=matrix(3, 3, [0, 1, -2, -1, 0, 3, 2, -3, OD 


print bool(A==A, transpose()) # A7 AIA] Sel 
print bool(-B--B.transpose() # B7| Roi SIA] sl 
True 

True " 


an) 


AZ YAYA AAA up Le molah, 
(D) A A^ aaa 
(2) A— A ! == ululzlayaolui, 
ETIN (AFA) AHA ATLA A+ATo|EE A+ATE MAMBO] 
th x(4—A7)7- A7-(A7)7 — 4% A — (A — A7) o]uz A- ATE uluzlayadolrl, 
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un oe ap 40] halo] 44.47% Ao A — ATU yaon 
ADA 


4-773 2 


ə NAAA (lower triangular matrix): FAZA 99 EE SEO] 09] ZAZA 
YE 
Akakzial (upper triangular matrix): FAZA epe me AHO] 091 FA 


“yaya 


ti 
UE 
lo 
oft! 
Mu) 
H 
+ 


DÊ)... 4x4 JAIAL mg 


DEENEN a, 0 0 U 
Ü daa dog day 


() () ə. NA E = 


RH 
Az3 034 I da Gan Gy Ü 5777 


U Ü Ü a, da) 045 043 Hu 


SSI 3.6.100000 DD] 


A, BE ok (lower triangular matrix)o jet ot. 

(1) ABE SAIZ HA (lower triangular matrix)o |E}. 

(2) gig) A71 7leXinvertible)sgelo]et A” ! = spreto] 

(3) VA BE ¿9 dela a, = Lo A "ol Sedan 25 Lol 


m) ANZA A oll dl Af= O HE ore] BA ko] EAR] AS nilpotentz E 
=r) U— A He 4838011, (1-4) IAA t+ At Toll, oi 


(= 3) Taj dass AY 1—7 


JE Ze uper HA Selo] eac, - 
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Chapter 3 Misit 


0000 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


A L a x 258 
x — — 


Sapo) er. 
A(BC) = (AB)C 


1 U 
ub... 
3 2 


m Ws 
0 3191 d. AB-ACe| 


aa a=] Via "ələl 995 Ao. 


3A°—2A°+5A-—AL 


BA AJ olaya ol Boe 132 (47) = (AT TIS elso 


SÉ 
İT: 2 1 
A=|2 4 -3|,B=|-1 11-7 
5002 un. “0 


AM HU 47— Aolu (—24A)— (7-24) 14 


CHAN +e 789929 339m 3x3 BAAS 7592. 
(1) RB oR, 
(2) 2, o R 
(3) —2R, in fi 


100 
elis zar 1:0 1oleb ax AS JS 3x39 Soler sra. 
Ə 


01 
(1) EA?) JH JAI AP JAA YA ALA gue MARA 
SEES 
(2) AER JH seo] AP JUS dəl ABA JFS MACA 
SEES 


GHD +e 330 229 32321438 2339 ep 
Wa = (xr, zo) | 2,17 = 0) 


© UO oe so] RI FEZANNE 23597. 


ll 


We = İzi, La, zə) | dy = Lg — Lg) 


Je 


Je 
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Chapter 3 BMHS 


(a) v, == (A. — 4, 2). vos (== 5; 5, T) 
(b) Vi zu 5, >k 4, 2), yoo 2: 0, 1, =f) 


9 SYS] dei Popo] PS sede 


E ae 


əz => pe 
or 402 = 
on 00 22— 


Q [||| b 2 dd 47) SCA Sea (skew-symmetric matrix)] Y 4 olu 


a,b,c, dax FAL. 
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0 2a 3a — 3b 
A —2 0 20) Ae 
—6—5 d 
a a E 
AZI HİL aşı 4091 2x2 BAM M, a=o zeu AL 
091 Ago 411 
ces Zo] E YEN Foe BARS Hoje 
Ë Ü ki 012 
al 0 b 


AALS Ad tato Ago] Y JAJEA ABA. 
(1) Az gail E AMA 0A BY AS PA, AL HAS] 
d. 
(2) AF EZL go| e$ FAB, A 
(3) FIY Y xi dol JE Y EL dol JAME Bada AL 
ul 7S} o] d 


o 


RED Azı nxn 3443880]. oll AB= AC — p= CL Sepa olm 
ZA] ESTA eese 


LAM os “ESE 2x2 YH A, BE Fòm 7) 2AAA(ERO)HI] x 
AS Ajy. 
| lab _ dc 
d pe — E 
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Chapter 000 0000 


AMIA) el 4709] AZ SEA oHAZJIE Yue, 
v, — (4, m 2, 6), W s= xm 15:3). v == 6, — 3, 9), 
A, =k 5, 6) 


ANNA Ax— bel Ax=c7} ölü HAB Ax=btc= AHS FAS SUA 
SÉ 


CHIN AS o9) nadam RIS gb ad vob AY BE dad + 


Sela vè EQN}? eS mo] Ashes. 


AUS 1143830] 19433891 dağıdı AJE BE 00] za 
m 5 


A7 Laal aaa, 4 != YAYANG Epa 


16TH CONFERENCE OF THE A 
INTERNATIONAL LINEAR 
ALGEBRA SOCIETY 


PISA, ITALY. JUNE 21-25, 2010 


[International Linear Algebra Society] http://www.ilasic.org/ 
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[RUAN] SIZA AF] ASIBIZIKSAH(1904:2, Tasen) 


http://matrix.skku.ac.kr/Series-E/2009/2009-SE-3-LeeSeolHam. pdf 


[OH] BIIZKArthur L. Becker)] SIZO = 212891 us (FS) AZ Gde ceu AM SES(19152) 


http://100.daum.net/encyclopedia/view.do?docid-b09b2368a 


[2014 MS MASIA HS] TAH) http://www. icm2014.org/kr 
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Chapter 4 


41 3949 399 71233 
4.2 AAR AAA VEA] 


oat 


H4 (determinan) 2 däint) FA 1508 He] AZ] AGLZ şeh 1008 elt FEAS ol Solo] AY 
42 Zo Sn 19417] Puro] HAO, Sylvestero] sto] Bel(Matrix)2] MA) SAAI AU 
= 


y 
012830] 9942 EL Ho] YA AU, Pele. Fao] ZAE LEE SE BY 
A 


oL 
oA 


rut, 
(ilo 


ies 
== 
O 
= 


q, Het 3842 wap FA, AA BUS VIA, YAS red] 53H, Melo) 7|erer4 elhe 

= Tao] UG 

ol SAE Azi SEIS Boal GAS enge x-ejeta ANS | KN a aeu WE a 

an. sa PSS egere] Alois All oS FE Vl Cramer] FAS We AGUA. 

gua ZF SRS Ma Z SZZ BAS] VA (Eigenvalue»t VAAYE(Eigenvector) YU Y, A 

A JES ZE 949 49 M FA JAS RES Re AS GE, sun j = SAT En 
^ Gis o JEAN AAA BE el 


(o; 
2, 
ES 
au) 
8 
V yi 
° 
o 
qo 
Jo, 
ol 
o 
[ut 
Jo, 
Ki 
al 
= 
TH 
tio 
4 
US 
= 
Jo 
A 
h HU 
ON 
A E 
2, 
8 


olo 
ofo 
ui 
Se 
m 
2, 
oA 
= 
A 
A 
(ux 
— 
E 
rir 
E 
do 
EX 
(ilo 
o% 
(usi, 
15 
tio 
2, 
op 
E) 
a 


U U U U DUU DOUD 


dal ze 
A 
[=] 


At http://youtu.be/Vf8LIKKKHgg http://youtu.be/_3WRIWDUUY9Y 
A[0|E: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-5-Sec-4-1.html 


o) AoE YAA ABA Aal delal opa aly AIS 
a S Es] SAT TUA PP Bajo] AR AA. GUAM she 


Jp Hero] TA ASHES Veto] Stol u Baal JrEo] = 
Jade Wal gor 


84 nn] 


Rar Wet S= 11, 2, ..., nj9] A]¥(permutation, WA SAJ Soo AQAA 


= 
Sold 


= 


e 922 392 xke] o = (c (1) 0(2) e o(n)= (i, iş += in) & YER, AB: ot YY 
T 15, .... in yè l, WA ... nel SAR BE uj etel Alo] AN] Lİ, ue] 
S =41,2 nal ABS men! oleh, AF S ej RE AS BBS S, o = Hrs}, 


(1 2 3), (2 3 1), (3 1 2), (1 3 2), (213), (321) 


(1 2 3 4), (1,2,4,3), a , (4,3,2,1), (4 3 2 1) 
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Chapter 4 Bululu 


€ sn DO (inversion) 


AS (j, ja w 2, ) MA HAlinversio)]4 = AAS AL Ade gd AZA 
Wap usui 423 ws JE So] 0 199 as (1 4 2 3)e]l4 4= 227 
d JE gous (4 DJAM HA] INAC Jade (4 3JAJ= HÃO] JA 


1003 


ə jA uet BAS] AS: KA = 7,014] gael geld Bo j um Ae SBA k+ TRA olu L 
dat <°] WSS ol: det RAS med, sje dad 49] det RARE Zelt AZI 
(j. jac ja) A TALE ZA j, o] dét MASS BE ləl Zelt, 


se] (0000 000) 


2120] 7p BEAMS] = AP #=o] ol NFL A]ZKEven permutation), $-79]u SA ZKodd 


permutation) jakal SH. 


mé) S Xi o = (5 1 2 4 3) 9] urge] SES Melo] 418414 SABA 4331017, 
Lu) 5S "Jeng ələl urge] PRE 4 12 722 5H 07], 25 7102 ep m 
ÖZİ, 4m 7222 oW vm 32 M EY door, cue ANY FE hel] de 
4+0+0+1+0 = 59/82 Schlo: LI 
° http://matrix,skku.ac.kr/RPG English/4-TF-Permutation,html 


Sage | [| http://sage. skku. edu TE http://mathlab. knou. ac. kr: 8080 


Permutation([5, 1, 2,4. 8]).inversions() # HAO] Boyt xm 
HEH 10, 2), 10. Sh ry 41. 13. 4] # $91! index” 054] AJAH 
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Permutation([5,1,2,4, 3]. number of inversions) # 8&9] HP 


B 
Permutation([5,1,2,4,3]).is event) # SAIS) sel 
False j 


“S21 (000 001 


SA 7 ABS +1 Be loe 4e] Geshe SSS signature function) sgn ` 


© AUNAR SA} uid R.S: stach 
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Chapter 4 Bululu 


ml 411 


AB o ete] Yoo] E 


3» 
d 
E, 
Kë 
A 
a 
de 
4 
du 
ol 
7 
rm 
SE 
ojo 
E 
oz 
LE 
E 
Ja 


“a [0001 [Leibniz formula] 


o% 
rut 
(ug. 
m 
x. 
Jo 
o% 
rut 
J> 


2 det (A) m |4l2 utemur 


8 A = [a] 7} nate] Bare 
O 
tm 


b 
ap Zo] Zo. 


dèt (A je Y> sgnİc ) a4, (1), (2) DESS 


no (n) 


e JAAA 2 Y san (car, (aos (2) “ Anon) E. BA A9] YA SHAY SB o] JA 


°] det(A)S sröler ak, 


AS 3717} 2x29|22 $, = Taj, dake 10 2), 2 1))010,. st 
sgn(o,)— 1, senlo,) =-1082 


det(A) = sgn (04 Jä (1)%o5, (2) + Sgn(09)a15,(1)4as, (2) = 041059 — 01909] 


Ay, Or 
My, Ay) 
T 


e + 
Sarrus Ft 
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Ajo 413 
gon 053|9] det(A)S Topa. 
Ugo 033 


AS) 377) 3x 30|\2= 
Sa = (Ti O55 C4. Os Oey Oe b= 11.73. (2 3 1): (31 2), 
132 E E 1) “İL. 


fst sgn(o, ) — 1, sgn(o;) 2 1, sgn(oc4) € 1, sgn(o,) —— 1. sgn(o,) —— 1, 
sgn(o;)——1 082 


142 YAYA 399) MUSA, 


det(A) = sgn(o, Doro (1) 420, (2) 430, (3) + sgn(os)a;, (1)025,(2)035, (3) 
+ + Pepalang Jaja (1)025, (2)035, (3) 


= 011099033 T 04205303; F 0,309,033 — 011093039 — 045051033 — 013099031 


P 
pe = 


Edi E 
a 
ati 
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Chapter 4 Mal 


e http://matrix. skku. ac. kr/ RPG English/4-Bl-Det-matrix. html 


B-matrix(QQ, 3, 3, [1, 2, 3, -4, 5, 6, 7, -8, 9] 
print B.det() # BEA ARE 


240 m 


© E sarrus DON 40 000 0000 0000 000 0 00. 


debo 43) ope] BZYL zelo] del AKtòfok st, ol AL UN FL ce] Y HSS 245) 
ojok PEKARE 449] AP 4! = 247º] Y, 10309] 39 10! = 3,628,800 le] BS Astor 
W. mek JEM] AAS vix elops us 2 YASS 01830] PAIS PAE Zo] r] Egye 


GE ARE SEL GEL AKE so Srolorcp. 


Hu... 


dra A o) BAAD AJ ARE A 7ol BEAN Be EU. 


pey: 7 
ere] | ol aya BA JAL |B |= 24093, p! =|2 5-8) owe 
3 6 9 
1—4 7 
B |= |2 5-5 |= 15) 06) + (84) (100) (48) (a) man 
3 6 9 
maja] |B| = |B |o : 


Sage] http://sage.skku, edu "= http://mathlab. knou. ac. kr:8080 
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B-matrix(ÇQ, 3, 3, [1, 2, 3, -4, 5, 6, 7, -8, 91) 
print B.transpose().det() 


ZA) m 


e So wet WAS 340] da ARA EF BHI. 


del 4.1.3 


ga rt HAZE 49] E ALUS NE ospuops Loa ağa olayı 
DEED 


ağ). NU — 13 2], Qui 3 dE 
: sas 5) 5- éa] C =wam| ioo ee 
— |B| — |Al ela : 
"e| 4.1.4 
"^e 49 5 5 ARS PH 14] — 09]. 
OO H 123 
= JA A=|-107|9 uj 
123 
123 
Al= 1 —1 0 7İ — (0) HE (14) 4 (— 6) — (0) — (14) — (— 6) = 0 
Er 
http://sage.skku, edu FE http://mathlab, knou. ac. kr: 8080 
A-matrix(QQ, 3, 3, İT, 2, 3, -L 0, 7, 1, 2, 3) I 
print A.det() # ƏNT ARE 


0 R 
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SAAS AS WE Je a Ge AS 2 


9 AS Apa do Su. 


Jr 


ra 


Lal = Qe 


Ol: 


AF198 AS — Wo] Bal 


gta AA Y do kB JE YAP Coto SoA Yas BA əl 
İB) = IAlolET. 
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L 22 


2 —1 3 | °] 292 29Jo]oj 139 elər ASS LA ola 
1 01 
5 09 1+2-2 242(—1) 342-3 
2-1 3|= 2 —1 3 olum 
01 1 0 1 
I 22 Orc] 29 
det(B) 2|2—13| + 2| 2—1 3 | 90 [AL IB|& ZEE ANA 
1 01 1 01 


A|=4=1B] om. 


LA] = 011022 Ann 
2 f-3 8.3 
0=3 Tol 
gro] 339] aiea [0 0 6 7 6 |= (2)(—3)(6)(9)(4) —— 1296 
0 0 098 
0 0 004 


Megas Soro] JA St AS) 00] To] UES RRE). 


[EPA Soy AJ YAS arda BSL Ae] po} — LHE nl vt 


> Z e 
FL AS Me] ques Fok girl, 


asto 


x 
H 
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0 15 3—69 
|42|3-69|——/|0 15 R => R, 
2 61 2 61 
1-23 
=-3|0 15 
2 61 
1-2 3 
=-3|0 1 5 (—2)R, + R, 
0 10 —5 
1-2 3 
—3l0 1 5 101% WA 
0 0—55 
1-2 3 
— (—3)(—55)10 1 5|=(=3)(255)(1) =165 
0001 
332] 4.1.10 


B2) n^[9] 7| Bohs (Elementary matrix)o] eka ofA}. 1434 
dev 2A qe det Ay sl oll 


OE 00000 000 
L EM 1,9] et Bol k (k 4 0)E Bet Ala det E = k 
2. EL, FBS NE uka zlolul det E=- 1 


3. EX I, S] at kui HE do] det old det Z= 1 
4. Ak n naaa Ex Edo IAA, det (ZA) = detE - detA oll, 


o 779849 GALA 


128 


SSI 4.1.12 


= W A, B7| nao FAA M, |ABI — [AI BIo] Bust. 


ek. kk 


-BE ie 


_ 121 en m E e DRE | 43] | 
Al= 12 -—ə, lpl- 1271 2s l4Bl=| 8 3| =-10 
js [AB] =- 10 = LAIR v a 


Sagell 11 - http://sage.skku, edu = http://mathlab. knou. ac. kr: 8080 


A=matrix(QQ, 2, 2, 11, 2, 3, 4) 
B=matrix(QQ, 2, 2, 12, —1, 1, 2) 
C=A*B 

print "det (AB)=", C.det() 

print "det (A) “det(B)=", A. detO*B. det 


det (AB)= —10 

det (A) “det (B)= -10 m 
SSI 41.13 
sje 47 AAA [Al = 00]7, LAT = 9 o) BS 


m ye A |) Za dajal sio] geret leo 


olma JA] 2—2 = 00]. 


=2 d 
EH oom: 
2 2 


E 1 1 
Së A 1 — — = —— 
A == E 
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Chapter 4 Bululu 


http://sage. skku. edu HE http://mathlab. knou. ac. kr: 8080 


A=matrix(QQ, 2, 2, 11, 2, 3, 40) 
Ai=A.inverse() 

print "det(A)-", A.det() 

print "det(A“(-1))-", Ai.det() 


det(A)= — 
det A (-1))z -1/2 m 


[MOA FRANCH Giel OCH 20144 88 6-92)] http://www.ilas2014.0rg/ 


19TH CONFERENCE OF THE — hasil geg Lg y oA 


- A ane 7 — i 1 = E ms e 
E a= — = Y e <= V go ge ade. Moa. 


AKIZE SSA http://matrix.skku.ac.kr/2014—Album/ILAS-2014/ 
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U U U vou aut UD 


SO 5244 http://youtu.be/m6l2my6pSwY 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-5-Sec-4-2.html 


o) ENE PWNS ap AVE d HS o|eapo te SAY 
de QE. ajan ol PYA 2902 daaa AL AL FAS 


ANI 


a [00000 000] 


DPA A = la, ləl cst ¡Ye A RE eaae A lilja stu 29] a: 
M, — det A (ilj) AQ ajo] ma m SAlminoro]egp A. E JA; = 
(— 1)7714 (ilj E (— DM. = 49) del DIST ojolxKcofactor)ëlu SITE. 


mé) 3 1-4 
~ gd A=/2 5 Jo St 4, 49 a diet AVEM ALA TA. 
14 8 


AY an A dist SJAAL M, = detA(1İ1) = 


ol) ular STOLA 


“dl [00001 


mek. A la, 19 FE ao det AME Ay Em Yet [A] SANA 
ulSllel(adjoint matrix)olel st. adj A & uem. 5, 

Az Ass Al [An Ag An]? 

Ain Aon Bos Au A 2 A 
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Chapter 4 Bululu 


adı A = 


— —2 28 
° http://matrix.skku.ac.kr/RPG English/4-MA-adjoint. html 


A=matrix(QQ, 3, 3, [3, —9, 1, 5, 6, 2, 1, 0, -3D) 
print A. adjoint( # cura 


bt «8 -10] 


LAT scht —1] 
[-6 -2 28] m 


000 00 


349] BAYA A dem Zo] AME 4g. 


| 
E 
E 
Ss 
Jo 
o% 
[ut 
I> 
[lo 
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|A| = Gy 1499433 + 012033031 + 013051033 — 013093031 — 013021033 — 041023035 
= ayı (055033 — 53035) + aşı (013037 — 019033 ) + aşı (012093 — 43099) 
= andı + gan Aan + 031 Ás 
(129 AA oto) 


o|zs A9] 140] ahb (Laplace) elah A7 (cofactor expansion)eh stu. 


Q aag AME 999 dəl JAZ AB, AAA Yo HJ RARA 
A410] AB 


Q 299 349 3443898 A=[a,Jo] dispo] ee] AUS. = 
Zon Al, Za 2k Yay 3k 
A - adj A = Zi Au You 2k Zi 3k| — 


http://sage.skku. edu HE http://mathlab. knou. ac. kr: 8080 


A=matrix(QQ, 3, 3, 13, -2, 1, 5, 6, 2, 1, 0, —3)) 
print "det(A)=", A.detQ) 

print "A*adj(A)-" 

print A“A. adjoint() 


det(A)= -94 

A*adj(A)= 

[-94 0 O| 

| 0-94 q 

[ O 0-94] E 


qe] digo] gar 
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SSI 422000 00] 


j nº] BNDES Mi,j (1x £ £ x n)oll Gots HS FBI. 


El pal rio E Ta A, (4 33 ol 213) oJ olx} ^7] 
|A| = 01,41; + 9,4; Hsc de (j So] xrel OTOTAL 71711) 


e JAAA ANS ESA 0-2 wo] ZPE JE MWA ANA AHS Aas] A8. 
SRE 20] 1945. 


o] 


lək AME 01859 FSHA, 


= (— 1) 0+0+3-9+24-0] = —18. 


z= 4.2.2(00000 000 00000 000] 
n^[9] AF298 ATE SE uj, AY AVEL A” = adj AIH, 
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mO me). dal AA dala makalah, 


Sagel] U http://sage.skku.edu Ex http://mathlab.knou.ac.kr:8080 


A=matrix(QQ, 3, 3, 18, -2, 1, 5, 6, 2, 1, 0, -31) 


dA=A. det) H IAY AA 

adjA=A. adjoint() # cura AJAH 

print '(1/dA)*adjA-" 

print (1/dA)*adjA # AWA AJAH 

print 

print "A (De 

print A,inverse() # SIS Ta Saaz} alur 
(1/dA)*adjA= 


İ 9/47 3/47 5/47] 
[-17/04 6/47 1/94] 
L 3/47 1/47 -14/47] 


Ale 

L 9/47 3/47 5/47) 

[-17/94 5/47 1/94] 

[ 3/47 1/47 -14/47] 

[ 3/47 1/47 14/47] m 


A\ugment the 
Teaching of 


İLinear 


Algebra through the use of 
Software 


TPools 


[ATLAST project] http://www1.umassd.edu/SpecialPrograms/Atlast/ 


Chapter 4 Bululu 


U U U Uv 


ə Si 584%: 17 //youtu.be/m2NkOX7gE50 
o AIS ALO[E: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-6-Sec-4-3.html 
ABDAAJVIZYA NE yeke FAS MEA YA) AAR aa ae] 
JAS SAY dae o geo IM n AY ala 7Hl= n AY den 
cz ojfozi ARRIAGA oS “ot sum 2: s rule)& 
ape. 
Q) ass TAL AS 1949 AP FL ABAJVAYJQA dato 4230 
Tal 431000 00] 
“uu dayı Tata TT Ay, Ly, = D 
Ag) Ly F 055324 H F aaa = b, 
At T 0,919 mu. — b, 
Tı bi 
] _ b 3 
°] ASAL AA sta, x= || b= | lalat akal, o] dE, Ax— b = yE 4 
Tu b, 
or, olm, TA] = OO} o) AVWAYL QUE al 
A 14 M MA 
Li = Tal” 227 TI eS ys Ae 
SAL] Aly AI n) AS] j SS b= VE MB]. 
E 141-0022 A= agog. deyil AUYA Ax-bb Sait ə) 
=A 'bE deu ada A T= padi dl ug 420 NH 
A, As Ha 
m Ajo 422 w Ang by 
ə 1 : : : b, 
> | É adj ajb = — Í 
x “lan ! [A] | Au Ay c Ang || 
z, TEE ld, 
Ain Fe. se A 
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b A LT 5,4, +--+, A 


uem xy j 989] HRO r, jm en au 


1/44, 095A; az AQ, IA 


nj nj 


olma 49 ¡EL be wka das 4,2) ələl che drl 
ER 
Tj EI est. Zi 20. m 


Todo fa d 


munu. o 


—2 3-1 1 3-1 
a= 1 2—1 a la 4 2-1|=-4, 
—2—1 1 E 
—2 1-1 2 3 1 
DB I e ZI 1 2 4|=-8 olum 
—2-3 1 —2—1-3 
AI 4 |4l 6 LAT —s 


— 22, + 375—73 = Ü 
(um 
“m Lo +Z. = Ü 


MBE opa Lal — 201. BY A, A, Ayè 25 09 82 xələl dans 
IA, |= |4| = ER = 0, UMA Ael dix z, = z, = zs = 0 
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asi 43200000 000010000000 00) 


A?) nA] BRISA mi, sə SACK TRAB). 


(1) 

(2) nika HE] b oj Clot] gu Ax = b z; Het elle AH 
(3) saada aA Ax= 0 o) — SIRE ZC, 
(4) 

(5) 


LÉ A uu 


Q 99 del SA ANJ] AS olum, SA] 2210] 1007 BE 7.48 JA 


br nt tram) PARDO cf mw ANS and Ta AUS Mr 


SPECIAL SESSIONS 7 Cómbinato 


"m 
Baba MME | ur? 

am aru Li 

erii d 


[Chet=-ets|-O|=-sts| eala] Combinatorial Matrix Theory 
http://matrix.skku.ac.kr/conference/2009-KMS-AMS-CMTSession/ 
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“DOU DOU 


SO 58%: http://youtu.be/KtkOH5M3 Lc 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-6-Sec-4-4.html 


VENA AWS AF Afè AL 16834 9129] M7] YSKTakakazu 
Seki-Kowa)o|u. SEK determinant)Y9 AUS JA FIS PER 
qe SuN FAAL, AA Srs SAIS NE AL 18154 
DAA, ol BAe 3249 po] BL $ $ A a Y 
+4 $-&9] AME amm. 


SAS 03518 doit Nx JAJ FAN 
Həb = A. © Vandermonde Sd BAA 
421 Ha dool 1247 92 ANAS 


(interpolation). 


el 1 d 
AAZA AAA LL or 


a... GE = 9 (epy) (msg) AGE AVA uae Ges 22$ 
ELI 


l +“ wy 
1 Zí Yi |=0 
1 % Yo 


Xi ŞI AS rA yo) Cet UYA. 9] Sol x= x, y=y, Hrt, Y= Ya = 


y 
aka 540] Justa YAL = HS AJE 149] gäe) 


= or 


lire 


> | I Ih =| 


l r, Be m 
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Qi 000 00000 


[A= HE F AS Ate 4419 IA] 
http://www. geogebratube. org/student/m9504 


UH voi duum sw 
a^ nt Mb or As LA a man "ab +) 


NM T 
Ad yy" ( -1.75 3.24 2 Be 
Batay) = ( 7.67 , 589 ) A 
LE HE W E (PAP, LAA ELE i ə” 
| Ea 


-9.13x + 9.42y = -14.54 1/7 


Es 


- ua 1 >. ARANE MS LS A A (x,y 21), (Las Yo» 22), (X Ya» 23) 


= AYE BAY uae des zu. 


. 2 
l z Yi 21 


1 x, Yo Z5 


l z3 Y3 23 


(La, Yu, Za) 


Iz y 2 
I> Y 2|=g 
l z; ys zs 
L za Mu Za) 


(Xs, Ya, 23) 
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Qi 000 00000 


[= 42 A] AS AYE 389 FIA] 
http://www. geogebratube. org/student/m56430 


lA AG |I TA RR: MR LI 


e JA YAA AX BS A € M, < NASA, ANA ¿ia LL AU ep JA 
= 4A 2024 = 10812) ea 
1=1 


Hn — 201 ALT= BARA (parallelogram)9] 1, n> 301 229 
= dus Has AA (parallelepiped) 7} Bt. 


(xo, WE essa 2 


(x1, yi) 

AY qalada ol WAS lem - sin 25 de S EMA Qu. sp 
2.5... elu 
d AA JE gu sit BUS AA əhd asap] PAL det(4)9) a 
das 2. 
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NUES 
A=||1||2]|2 
2111/12 


cl £2 ei 


Or 000 00000 


[BUS HAS) 431] 
http://www. geogebratube. org/student/m57553 


mel 4.4.1 

(1) A7 25T ARROJA |det(A)|= BA AJ | AA SEA] olsaq AJE ayaq 
9] lolo) zicr 

(2) A7} 3X ARO A |det (A)I= YA AAA 19 GAA aieia AAE BSAA] 
gl sla ons 

(3) = NE] u, VER WEL Bao] wol- A = [u :vlel št nj, y detA ^ A old. 
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AA TAAN lu - vi” = ulPlviÉcos?o 2F= APE 0]0] JA Ya. 
E, 9] xem piede] WOE lullvisin09]4. oja] 343418 ARLES, 


u^u uv 
v'u viv 
= İlull”llvlİ” — (vu) (v^u) = ulah — lu - vi? 
= |lull’livil’ — llull llvilécos*e 


= İluli”ilvil” (1 — cos“6)= İlull”ilvil”sin”0 (musk 01 əb Zhe] AD 


detA ^A — det = IlulPllvl? — u^vv^u 


olam u, ve g"7| gre Sp ms wol] Ago] SS YAl E FA = 


A] E] (zi, yi), (zz) yo), (£3 yz) FUE ABS] Woke thea} BS molah, 
Ci Yi l 

det} 75 Y 1 
Tz Yz 1 


ho jm 


= E] (z, — zi, 24 — zil (y — yo Ya — Ya JO] VES BRB] BRI VIZE 
dor aoe Wole Hop] eese Y ^J] SE o 854 Cheap dol HU +> 
or 
AK . 


z Yı 1 Tı Yı 1 
1 Ly — 2 1 — 1 
— | de | 2 1 Ya | — — |det Z) X Yo Yj Ül | =— | det To Yo 1 a 
2 Ca 03193 Wi 2 = = 2 
fa P Hai U X4 Yz 1 


Vandermonde U0 000 


@ zi BA änt NE GE n qol gos lS NA] AS EF AUE 
n—13 4840] HUSA danı JE LILA, 
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a EZ yi): s Yo), 


+= End AS 


5, (Lo Yn) & ay 


BUS a NE GE no elek SA. 
AE n— 12) us 


= 2 mL 
p= 0 TQ IT Ta r Tao 


2 238 Alc, TE nA] qol sola AS ws = 
ag +a 1, ayrı + +a, iz) = Yi 
ag “Faiz, + ayağ + + a, 125 = Yo 
du “Faiz, Ta, d a, Al "st, 

S dezd. ATA a 2,0] NE dans AFYAYE 


Ze Gros n—1 
1 Ly Li Ly 
1 x 2 ... n—l 
? 2 L 
2 140 
2 n—1 
ae Li, T 


ott}. olJ) Vandermonde 


olu: Ale 398 LS nx Vandermonde GSolo 
dd FEAS Aro YRS AHA, ASA n=3el BF, 
1 ze 111 1 1 1 
det = | 1 z, z2 |= det(V¿)=|%1%2T3| =|0 2372) m. 
17. z 125 L3 üm mala) 
= NEU da dy =(g 3 ) (a js ) 1 1 
mn) O Sue ME ` 
= = (2457 23) (2$ 95) 
1<i<j<3 
ə AS ASA BS] nè Vandermonde JA VI] MAMI Gee ue = —- r, s) 49 Y 
git, i< DAS TU, 
1 X1 a eee p 
2 Hnc 
det V, = — E T2 II 150 
: l<i<j<n 
Lã, q) gr! 


) Em 
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http://www.proofwiki.org/wiki/Vandermonde Determinant 


an 3 371 ^] (39, 34), (99, 47), (38, 58)2 zu 1H=S Vandermonde % 
ABI FA 


sagel U http://sage.skku.edu TEZ“ http://mathlab. knou. ac. kr: 8080 


def Vandermonde matrix(x list): # Vandermonde JA AAI 
n-len(x list) 
A-matrix(RDF, n, n, [[z i for i in range(n)] for z in x list]) 
return A 


x list=[39, 99, 38] # x SE 
V=Vandermonde matrix(x list) 

y list=vector([34, 47, 58]) # y A 
print "Ve" 

print V 

print 

print "x=", V.solve right(y list) 


V= 

[ LO 39.0 1521.0] 
| Lü 92.0 98010] 
[ LO 38.0 1444.0] 


x= (1558.34590164, —54.568579235, 0.396994535519) 


p=0.396994535519*x"2 —54.568579235*x + 1558, 34590164 
plot(p, (x, -20, 120)) # spa 137] 
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Or 00000 


[Curve FittingGZ^H:143)] http://www. geogebratube. org/student/m9911 
[BA HG °] voll http://www. geogebratube. org/student/m113 


Proof without words: 
A 2 x 2 determinant is the area of a parallelogram 


(a, b - d) (a+c,b+d) 


(a + c,d) 


| 


A 


[Solomon W. Golomb(Mathematics Magazine, March 1985)] 
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U U U 0 U U 0 (U 
A. 


ahıl me^ http://youtu.be/96BrbkxicQ4 
m |E: http://matrix.skku.ac.kr/knou-knowls/CLA-Week-6-Sec-4-5. html 


nã] BBA AM x € R"ol) Mojo Ax R” ot gedet oll) 
te SOFIA APIBE SRS AE FA YE “4x7 x9 Bao] 
“A SE 9 olu YA x7} Expe” se FAMA, olah 22 z+ 
ape 43ue AZI] EL SRS GAL WA, o] AoE 1798] 
A IRRA dispo] Joker 


se (0000 00001 


Ls 
3 
>l 
— 
Jo, 
KE 


E Are gg o let ep. 0 opd HE] xe g"7F Alder A 
olo) OSS HSJA AE AS] ah W(eigenvalue)o|zt otal, x= Al SS 
9] VOHE(eigenvector)e}ial ett 


rir 
aN 


Ax= Ax 


E 23). ui H i Axel; | bi aj - əlil” en dep] 28216 


sols, x= [1| = səl aigake agao: 


nn 2 PER x€ R"o dato Lx—1xo|nge JEBA Lo 1972 
| o]lz HE Q olu We KER"= 19% 19 Ag 
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Chapter 4 Buff 


Ax= Ax > Al(kx)= 


0000 pou 0000 00 
Ax=Ax € Ax=d 


d 


TH, FLA) — 


S| 4.5.1 


AJ} nx n8880|x.. A7] AZIsfo]Ai chlo] m 


us 


A megol. 


NE dejo Ax— 


D A “ləl ASHE 19888 


dr, +625 =D 
H 1 2 
— — 2x1 tər, = Ü 
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a EY x#0° BS 29 ab (AZ — A )x— 0 
CL 444) FE uk) characteristic equation) AZ — Aİ — 0°] 
(Ar Alt S444] (characteristic polynomial] =} 


21 6%, € Ax, 
qup A 


k(Ax)= k(Ax)— A (kx) 


Lx < (AL, — A)x - 


E 


0 oH aS Ao 
73 s oll OF 
std. 


= 


Jun walo. 


Su d det(AZ, — A) = 09] òt AA. 
JA (AZ, — 4 )x— 0-2 21835] Y 


e 


SHE. KIG 


Axz Wer et e 


(A—5)z, 62, =0 


+(A+2)z, = 0 (1) 


= t 


eb AOE ANA F 


BA. 


27 


Li Lo 


"| = “Lİ (se RX(0)) 


O Ay =2o] des WHYS FARA 
an — azı + 62, — 0 
.N.. 27, + 47, = 0 


ves N = EZ (t€ RN {0} 


Li — 219 = Ü 


e Zİ 000 00000 
[1238 2988 A]zbAp o = Aman] 


http://www. geogebratube. org/student/b73259#material/11114 
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Tal 4.5.20000 0000] 
— Sas Ao EE MA e 
p(x) =a,2" Fa, qu” TH... aaz Faş 
2 Escala pic) =0S SE MZ) To o z = WA 
o 3, n49 PAARA Al n Ao] WERE a APAE YA SAPS L 
Cy, gaq E 2994 AMES ASH ASE S 2140] Sua eB Be Y 


AANE 


och oluolc), 
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EE — http://sage.skku.edu SEE http://mathlab. knou. ac. kr:8080 


(D A9] SUAS 


A=matrix(QQ, 2, 2, 1, -3, -3, 1) #A J3 
print A.charpoly() # A9] BAA) 


x 2 —2”x-8 
O maja RAZE de VA. 


solve(x 2 — 2*x — 8220, x) 
[x == —2, x == 4] 
O Baos ogak m 


SWE ele AE FE YO. 


A.eigenvalues() HAS at 


[4. =>] 


Q) A —— 291 Y rega ANP] Za AL — A)x= 08 =m 
(-2”identity matrix(2)-A).echelon form) + §4}°|H= AFAA vas. 


[1-1] 
[O 0] 
S 1 
Ue rq Pa = 0 => x= [a] (se R N (07) 
© A-49 G IREE AASP] A (AZ — A)x= 08 ER 


(4*identity matrix(2)-A).echelon form) # &4o|uz ASYE vas 


o 0 
mala zi kaş =0 > ell (te RN (0) 


© BAS 0123/94 HES spe ARE SE gu. 


A.eigenvectors right() 


L HL = DLL 3] 
# [ing USES LAOS — UM, SSE] 


| 
Sage | [| http://sage.skku,edu Ex http://mathlab. knou. ac. kr: 8080 
D AS XL” 


A=matrix(QQ, 3, 3, [1, 2, 2, 1, 2, -1, 3, -3, 0D £ A J3 
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print A,charpolyO 4 Asl Enbe) 


x 3 — 3*x^2 — 9”x + 27 


solve(x^3 — 3*x^2 — 9*x + 27==0, x) 


İx == m X == 3l 
O YAS olgəlol DBS ule quet AE YO] 


A.eigenvalues() HAS IFA 
[-8, 8, ai # a EA] 


Q) A —— 39! Y sgg ARP] A (AL — A)x=08 EM 


(-3*identity matrix(3)-A).echelon formO # “xol ASWBB va 


| 1 0 2/3] 

[ 0 1-1/3] 

LO O Ol 
ny +m, 0 — r m 

mes 1 = x e 1| (re RN 107) 
Ta 9% —0 oT Ə 


@ A 361 q ges AMP] A (AL — A)x- 0E EM 


SECH 


(3*identity matrix(3)-A).echelon form) #-3%}°)H= AAA vas. 


Lage 
[O 0 0] 
LO g g 
si 1 1 
MEA] Tu — Zo Pa =Ü > xil s |=s|l|+t|0 
t 0 1 


(Eh, sek t= FAN 02 opd YA) 
O FYAZ olgspo] IPAE VEZ A AE AT 
A.eigenvectors_right() 


SALADA] 
# [31221 ESE LEE + Sep, SEE] a 


Q nã 4798 T= D 
ol 44434 TAY SPAS detA TI = (A—t4)(à — to) (A— thn) 0] E 
= 4498 79 HE J A 
% i. 


2 
X 
“oli 
e 
> 
T 
tè 
AN 
X 
N 
SR 
oz. 
Ho 
lo 
> 
| 

NS 
N 
= 


det(A7— 7) =(A-2(A+1)(A-3)0J4=2 TA PE Dee —1,2,30]u. mi 


“A [0000 (eigenspace)] 


NE AA DERA M, FAA 


=] 
HO 
te AO] OS ett AY BVAazszKeigenspace)o]2ka ŞİT, 


ə 5. Mel SKE A ol RIAL A] YSIS A ol WOME] ANY GEE JA 21 
H 


Soll, ofS ABIZE A” 9] FEB 
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Hr 
TING) o) ao 


DA--39(A5 — A)x- 08 EM 


2 
Tı +23 =Ù m m 
: => x-| r|-r| 1| (ren) 
Lo 375570 or 9 
— 
W=<|1|> 
Ə 
@A=39q (AA — A)x=08 EH 
sri 1 1 
Lı 424—234 =0 > xi s İ—silİTflÜİA (s, t€ R) 
i 0 1 
1 1 
W xili, l0ls B 
0 1 
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4.5 


HAE 


er ZE 


http://matrix.skku.ac.kr/2009—Album/SKKU-Math- 


+ 


Card-F/SKKU-Math-Card-F. html 
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Chapter 4 a j" a a 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


CID — (0 1, 2, 3, 5, 7, 8, 10) 9] ig (20135108 7). ax} 33]2017)2 


che WAS sapo 


(2) detB= 


(1) detA = 


A 7) n 22] JAJJAJ | A | =-49 ül, Ges Höja, 
(1) 14?) 
(2) LAT! 
(3) 124] 


(4) 1(24) 3) 


Yeo] okeh 271 st ad Lë 220] Voto 


102 w20 
seat. SCH = 340 
304 005 


(1) |A1=1A4 “192 melah 
(2) |AB| = |A| | BIJE goa), 
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(3) 1471 — gras sojah, 


ə r “Qa aol adal E $ YE z, y WE? 


ORD 480] ee z2ux Em de 220] mole 


0-1-2 360 
A=|1 4 1İ B= |041 
2 0-4 015 


(W |A|=|A*]Q-2 saa 


(2) |AB| = | AI| Blase 21912 


1 
LA] 


(314 !| 2 —— 92 Boat 


che BAO] US EF Fò 


Lh. 55 
(1) 4=|3-6 9 
2.. 0 2 
13. Bas 
01010 
(Dji B= EE 
01234 
—42—31 5 
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Chapter 4 Mal 


He see sea FAA ANE oläëziei Fofo 


ORD Ex sa aa 49 AAA adi AS Fae 


IVA AME 01230] che Belo] daag Fofo 


101 
(D A= EE 
102 
1 20 
(2) B— iis] 
—1 35 


CEN oz 23994342 aq WAS 019310] 2 aS akal, 


KEY 22 = A 
(1) 40:52:22 
og ay gel 


ary— ztw=l1 


T=Yy=2w=0 
euge 
T0052:0” Al 


22:27 p b 


2512000 
(3) 
21 +21, +32, “9 
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qr ds —4 

do T ds, 

(4) 2 ə 3 m 

Ly Lat p —0 

Ly Lo pe queres 
GHD «+: 


er FAR EAE Vandermonde JEY 


O Alea, (A OB) Bo) E 
a, b, c Pope. 


CHED 442 0128501 +32 T3. 


oğlı 


(1) HAAN E (4.3): (7, 5) & Ae F do x oža qalalı s) Wo] 


(2) A) AS BE] (1, 0, 4), (0, — 2, 2), (3, 1, — 1)9] Slate} used ssepe] MI 


TAER 
1—2 0 

(oy B= 2 i 
—2 2 2 
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Chapter 4 Mar 


COMM oF BS 401 niə) d det A-0214 AB. 


atl a+2 a+3 
a 4 a+5 a+6 
ac T a+8 ak) 


A= 


(WIRD = 344433 A, BA AGA ölü LA use J-P Ins wea 
Al=|B| YE moleh, 


ANIME oa 3249] dist AAA FAS Rope 


(a+ b)” c c 
a” (b+ cy? a” 
b” b” (c+ a) 


—. 


n > 12 nz ANTAS A9] ure US 


det (adi A) = (det A)" ^! 


CMD 47 1x4 179 get d. ak 
20:00 

adiA=| 0 4 3 2 “BL he gol mekala 
0-0-— 05 


(1) det(adj A) & ARFA. ol ato] det(A) SF AA FAN LE 


(2) AS 73013, 
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32H 3H] y = ax? + ba? + cz + d 


= 
— 


CR sa uus 018301 92 as AY 


1), (2, —1), (3, 7) 


(0, 1), (1, 


ES 


ar 


rs] 


TE 


Fel pop, 


25 
SO 


°| 
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Chapter 4 Bululu 


| ol S 3718 
(RR) 1693-1950 həə 1903-1966 


Hat se ES 
http://www. youtube.com/watch?v-A-z5X0KeeUO 
əlsiz xıl id EU gol axe]  -SHAJ19388, X Nortwestern 


[ENE 
http://matrix.skku.ac.kr/2008-Album/KJHM-sglee-070824. htm 
[A212] eir qi 28] SUM 5191 ANS) DEZI 
http://matrix.skku.ac.kr/2011-Album/KiWonChang-v1/KiWonChang-v1.html 


http://matrix.skku.ac.kr/2014—Album/KiVVonChang.pdf 


162 


te) 


*5.] Blackout Game 
"5.3 Az Y ere ER 


xs] BAS sept AL AAS o|gspo Ase AL LA cop SARe yahoo "Läd, o) 
132 Ha kaaa spa, ABS] AL 439 vgl AYI key ideae 

YAS döl, (MATRİX) əl) Hätze $e] FA LEA HA ASA, dE So] aze) FA, YE, sro] 
=, AFAA 59 ORE, AMS, ATERA, TELE, FE GAMA, AX BAS WEE olmu) = 
ol müz A9 0180] 9:30, 

LAS ol FAA AFP] AL Uo] YA 599 FAS AEE ARA ILHAS MARE aa 
E 17 ue USS səkiləri, 


http://matrix.skku,ac,kr/knou—knowls/cla—week—7 pdf 


*Blackout Game 


SO 5294 http://youtu.be/ bS33lfa29s 
6 AlolE: http://matrix.skku.ac.kr/blackwhite2/blackwhite.html 
http://matrix skku.ac.kr/bljava/Test.html http://math1.skku.ac.kr/Big-LA/Blackout.htm 


= ep ejEe| uae 240] $49 FAMZA epu 
o Rəb dp FNE Hot 20014 Fa GES IEA 
Beautiful Mindy HA SF = uld(John Forbes Nash, Jr., 1928~) 
7) HER Fe So] ues va Sjel (Blackout, Lights 
out, Merlin s Magic square) AY] SANAAA. Se AYE A 
ardor JA AAS o] SAS ASÈ SH 


ET 
=== M JN de ge e F r BE adi : | 
- r i 


_ fm bi 


WA EA Sot AL] FAL eks) dek 

3 x 3 Halo] HESS 977 JU APL S NEMO gələk sFg AN Led 
97] EEE of] 2715) 492) Zo] VL Mow WEL elt, o] Säll AS 
eləmi ze] WS Dosh Ap Sp A L 952150] WA AVAAA(togglo) BU 

ol EX 2229] aero] AVA Als SA IA go] upepA] dal JE FAS 
dal JE Bay} SLI? Lu SANS sapo SUA + saa BA Wea 
Ah AVI + gue 27] AGU JA + JE Bay 2 AST + suem ls 
A ada o] EXE SJ 27] 240] FAAE REA gel EFE TA BH] BAY 
A? kek ada 19 Ao] det SRS Hea ske Bo] epe] JR FAESA 
AS + JO E 19 AS AFETA FL JA SUB] èt e e Agea 


ol 
Jo, 
do 
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Chapter 5 Hui 


JA ol AAA spo] EAIA qar AFARIA SRS AZA mək ol AAAA BYE 
AE AS FIPS PAA FA E LAS H Glo] ARES SUE FL Jar 
=> ) 


= zeepd SAS 5230] FINA A(Toggle) 
=U OAS FIABLE og BAS — US? OAS spe AS Ho] thE 90] 2 


GSK: GH dats dəy L AJE ACE JS gid. =, name 3x3 38 
de FAST, VA PAS oz Yow sp JA o] For maps yas 2 qu oua] 
shape ako] lola 4240] Gelz 738 d AA 9,12] AZA Fok 342 opp 
ol 97] VEL det: A FAZ ANA sirk, get zz] 240] elan sia 27) 
gek ail she] 9º] upset SES Zait mek 912] Bel ze] ub AS deii: 


SS 
— 


22 mae “pace Ao] 
0 0 0 


oli] Fe ASE JWAAY WE LE 


Yon ske Jane du. 


[Sz] sho = AYI ES + AE 9?) 
A) E dëst: spen de WA 
AA ell 9] saol 212 0.99 


110 1 1 1 011 
100 010 001 
0 0 0 0 UU 0 UU 
1 0 0 01 001 
110 111 011 
100 010 001 
0 0 0 000 000 
1 0 Ül [0 1 0], 100 1 
110 1 1 1 011 
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AA St 7H AS mo] HAL, 9419 STE 3x3 9340] ASAD moe AMA 


2) E 47h ENS sie. 


M LITTLE 


D» Dh Ges re [eh cb 


= BATS Qu op] 1228 dol vi gR Ane opo] PASS esp oleh 


110 111 011 100 010 001 000 000 000 
a/100/+5/010/+c|001|+d/110|+e/111/+f/011/+9/100/+h/010/+:]001 
000 000 000 100 010 001 110 111 011 
000] [111 
=, AY Bas cet gf] jo 00] S 1 1 116) GA xr She elu. o 
000 1 1 
000 111 
7|4 | 0 0 o [FAA elek AS BE peers qiyas werk: Ao] [1 1 1 [ee we 
000 111 
110 
Hir oz EG AS ga. aske A ao AL [10 0 olalı eR BSS 
000 
Qu... UR... toe 
HO, HE b, c, d, e, f, 9, hi SA IRPH YALE SIB — Siu. 
BAS TASA Bz] AA A BE demo] mpi MEL Ao] Role ak 
0 0 0 
old JSS 10 o oja gc A AS Sol CA] AA opo] PAYIS dza: 
0 0 0 


a, b, c, d, e, f, g, h, 18 FIRE BAP} SEM, MA Ba VIA G, JE | j) 429 Y 
aid JE spoke reak AL Ser 
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110 jc d 011 100 010 
al1 0 0l--blo0 1 0[|+c|0 0 1|+d|1 Ole 1 1 
000 000 000 100 010 
(1,1) (1,2) SËCH (2.1) (2,2) 
001 000 000 000 001 000 
+flo1 1|+g/1 0 0|+A10 1 0/+2}001/+)/001/=/0 0 0 
001 110 1 11 011 011 000 
(22) (3,1) (9,2) (3,3) —” “uu 
110 111 011 100 010 
ali- Seb Oe 1. YO; ee Op Veale de SO ape: İİ 
= 000 000 000 100 010 
CET (1,2) (1,3) (2.1) (2:0) 

001 000 000 000 000 001 
+f10 1 1142110 0|+A0 1 0|+:0 0 1|=l0 0 01—10 0 1İ—b 
001 110 111 011 000 011 

(2.3) (3,1) (3,2) (3,3) uta #7 |a 


qızıdır she BAN FAZ 919 3x3 YBL AN IXI YA(E= YE 
NZS} x olo mm YAE x= İla bed le f g hil? ol) xtero] SBS 97]9] BAZ] MAE 
TEA YA AAVIYE YA] sz selə ofS} SL 9 x 9 MAWA Az Edo A 
SAP o] AN, ola] =Z] TA Hohe WA DS AS [gelo] JA xx opua. 


1 
1 
0 
1 1 0 1 
JE So sxs aa |i o ofe oxi e 0|= HLO] AAE. 
000 0 
0 
0 
0 
a 0 1 101 0 0 0 0 0 
b 0 1 1 1 01 0 0 0 0 
C 1 U 1 1 0 0 1 0 0 0 
d 0 1 001 1 01 0 U 
Ax = -b = Alel=-|0|dX 4=|0 1 0 1 1 1 0 1 0 
f 1 0 0 1 0 1 1 0 0 1 
g 0 0 00100110 
h 1 0.0 0 0 1 0 1 1 1 
? 1 0 0 0 0 0 1 0 1 1 


Sage, Wolframalpha, MATHEMATICA, MATLAB Xi at AAS aper 
JAA SS Soy dE AY AAS lob 
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7x == || =4 9 2 46:26)” 


ol elmi oo] zr AREL 22 wo = E JAZ HS, 2= use UNE BAO] ələ) 


"x < 110110001017 (mod 2) 


o] sil 99] EE cpu] 3 x 3 JAZ EB oppor do) 4 + oed] 2817) səhi AL 
ua ol Belo] je] SAY AB st Ee EDE 2014, 


YA 10/91 & (1, 1), (1,3), (2, 1), (3, 2) 489 ASAS AS FAZ, ol JES 
9 x 1 BE 429 SAL 93414 VASA 14, 39, 441, SA SAE FAR Rei 491 "Tel 

Ad Zol E AA, AKI So mes HA gol AGS a, TA o| 47109] HAS 
er WAY Sof AU Sea Ao|u. opo] 1392 AZ SANA BRS OAS] 1138 47] BER 
da Sor} 491 Yel] Ado am ESG Y, ol gaad EPI BAN m 
(MOVE) 4 Ha] ARO a Infe  w"Ri^KWizard) YY ol BS eem op 
HIFI S + gözəl lem - 1348 e| usnm eA Ax (EFE 2 = E 9] 
oA] AZA ane Satetz AA Als st ASA UPHARS zelo] Ge NA, Zalot gi = 
A ANE stu. 


"TIS OS? Du Te K REN! | 
ko kl zini EIE SU YO 

ME uu S) 
ELLEN et BENE 


l | 1 4 B 


lala ESPE] ə lala elə) JE LE SUL JAZ Ajo} chops Bao} ALO] 
Ase. AA AIFS 183 NAS ATAO) HE == Jo = ATA Aw} opp a 
doz uude. o) MEIGS dg AEA ceto A HS 2 şiri, 


3 E http:// matrix.skku.ac.kr/sglee/blackout win.exe 


http://matrix.skku.ac.kr/sglee/blackout win.zip 
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JA YRS ABUSA aa AYI] APA məz abdul WA ES WA müq 
AS SNA, pepe] sl Sy] ELO] det SCE ABI 4943 ölə) dlle 
dai 3 + giri, 


zn http://matrix.skku.ac.kr/2012- mm/lectures- 2012/A3- blackout- paper- ENG.pdf 
http://matrix.skku.ac.kr/2009/2009- MathModeling/lectures/vveek12.pdf 


— = 
Blackout Algorithm Simulator 2006 E m 
Marix Sira Pairi Eat - 
dud 5 da i T bob C" Bader, Ü Londra fréd R: ira Ina | 
thi R irum Cəm De 
Sola anı 


via okin birik pii 


M" Display Numbers 
Pox Se 


PLAT MODE .. 


[| E E 
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“Sage[] 000 DUDUL 


5. y e uy 58%: http://youtu.be/CLxjkZuNJXw 


o A6 MO[E: http://matrix.skku.ac.kr/2012-L AwithSage/interact/ 
http://math1.skku.ac.kr/home/pub/1516/ http://matrix.skku.ac.kr/mmd/index.html 


(1) Power Method(] 0000) 


AF9] APA] SEE ue. gang desk: JU] 7 
2 1 mulo) ss] gèt m 2 7H55H] SHE ue dus 
A 78 E ISA Hop Y gelr 2 anal SBS 97 
CN “ox SE 57 EE AEE ogoje do] 220 MA 
| = AS YEAR, dod 717) E Y 
e e E TE 122 27180 zpg E 31202 SWA Ae MEL Y 
LE Me AFA A Aol] suut JBA A ASE Bote 57 
- Method” (AE AFASTE o] de] BEE FU ME BAS 
a AZOR su PAYS amen ael. 


== 


dou UU U 0800 DODOD DOU DOU 


ales A7} AL, Az, Jen A = NE (S USO EA n xX 
Ò 


= n = = 
o Ó O 5 — A = = 
£ YA YA TOPS deg eoi deua gn FE AACE qsm SAE 


IA > As ew > lA, | 


ou a7 (EU) ZF: = (Ale) UT AS PAK Aominant) Vize] AYI st 


d. E 279 149] qase 17988 ziz 


vela HASH, Tee DEAR] NE dere 29) US DATE due 
AZEAA AJAN (84 We] 8.2.5). 14438 2144049] SIA Sopa, 
Av, =A Ne. ? = IR 2: ex TL 


2 
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ek spa, Zell BAL FAA da A] dal VI zbg E TLRS AM Ie] ASE 


IRAE v, & 3R- eld. ol YS AASP] AN HA da We AHI NAA 


H 
7 

JE 
m 
10 
O 


ee ao HSS WAHE r+. 


= 
SISK 7 elər HHS Ax— Ax7} GE ziz Slot] Holc 


N 
HI 
jo 40 
EN 
E 
HI 
30 
JE = 
m 
[H 
= 
c I 


— 


+ 1... 00] Tata BASE Z e = itu Meni 
e;= AQ itu Yo] =! AOC 


Y 
Jo 
ini 
rir 
Tif 
ug 

E 
M 
= 


1011, QA] JE 


rlo 
FO 
1n 
O 
[9 
IN 
JE J 
m 
— 
LB 
LI 
m 
i 
Š 


R" o) JAZYA dass AF (vil L D'al 748 API dä YYY E xz 


XE CV FO VS Te ra, E 


Ax= Co AV, T Co ANG “ə uu C,AV, 


ol elm mək Av; =AN; ¿= 1,..,no] 2n 


Ax= C1À4V4 + C9 À3 Vo T at + Cr An Va, 


ol aq. AZA SH] AS kü uero] Bore, 


A"x =c Mv, + c Av, ti c, AĞ, 
k 
Vo +: Ë geg | 


n 


Ay 


A9 


k 
Vn 


2 9$ dn FBI ag dad AY 277 WE NES BY oa 


2” 
ul Ezel Ate BE A,” G=2,.., n) uu We AA Aa. = x — 0. 


"elmə 2999 A dal FA 22 ell YA BS SPx(dominate)8t Rely, Waja Z 
Sal E ko] JA 


ko — k 
AK = CAN; 
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riet IGES] el oba) ASHE ep] Lo az Que mezi, ol dëst 
spe = dig A op Axo] ARES aa 22 2 qun opu] AM xol z 2 


Ee A ”xə) zr Ado] A, ule]. 


IAA x PAA? TAL qe AYE O AA. IAY GE us SA SPA 
152] 14+ 29 $ enjeu Hor] gerz "Power Method” el^ HE x-x,z YA 
ep] SAH 


bus À E Bom, o] uka Sey} AL 714 zj 2 "eApeKdominant) TR 
” e| He aaa x, 7} HEHE 29980], ope] JE 53] aal UFS ls, 


m dia AN de diat Spa. 


x= [1, 1, 1175: SH Sage& oläzkal Ya 
ors cu. 


9| Hs] 2 (F 10 EE 20 BE) 45442 


Sagel] Il http://sage. skku. edu TE http://mathlab. knou. ac. kr:8080 


A=matrix(3, 3, [10 2, 0, 2, 1, 2, 1, 2, 3D TA WS 


x=vector(li, 1, 11) # WE) x YA 

K10 = (A710) * x # K102 A9] 10 ASAE SHES wet die 
Kil = (A711) ” x # KIS A9] 11 4345 SHES Fè Be] 
print(K10) 

print 

print(K11) 


(3498205, 6681695, 9264127) 
(16861595, 32206359, 44653976) 
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dom ev-K11[0]/K10[0] # -#AèKdominant) 2442 K10, K11 749 A HA ALS 
te OE PES Ne 

print (dom ev.n0) # dom ev EH. .n0 4% + JAZ edet 

print 

print (n((1/K1010)*kK10) £ 2594 75V] 

4.82007057905412 

(1.00000000000000, 1.91003528952706, 2.64825160332228) 

A.eigenvalues() # A9] 222 


[-1,279452315768607?, 1.459362941393819?, 4.82008937437478871 " 


@ uma 


3498205 16861595 
4 10y— | 6681695| , Allk= |32206359 
9264127 44653976 


o) GENO MA m dd Apolo] AYI] gol Säi, Tapp AS 2419] 31 ub A 
Bog Ya 922 e ug. 


1 
A "x= 3498205 ion 
2.648 


1 
A x= — 
2.648 


JA] Sato] HA SAA, uter ol AAA JA Aas (a 
stel 205 Z lm Ses] 2 kS JB 33922 AY AL zg zu. 


Scu DHS} IES] 498 018319 929 ANE Hels F Yeh S LAJ 
“una TW 
16861595 
=" = 4.82 
İ 3498205 Se? 


olml 149] dëst vgmA= [1 1.910 2.648] “olm, SAE 
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120 1 1 
2 1 2111.9101 — 4.82011.910 
1 2 3 112.648 2.048 


2 _ 
2 urs. 


@ +2 000 00000 
[Power Method] http://www. geogebratube. org/student/m120827 


BI Ex san am 


_. Power Method ` 


hala 1 a 


Om ané). OOO 000 00 a 0000 DO 0000 00000 DOU HU OU A 
0 00000 00000. pou pou Bud U ppooD onon? DO 0000 000 


Ax, A "xu po 30000 000 0 000.000 gg ggg 0000 0000 0000 O 
OO 00000 000 0000 00. 00 000000 0000 “ Perron- Frobenius 00” D 
“go 00 00 OOO 0000 00 000 0000 0000 000 00 n 0000 00 000 


o HBD HU JP 000 00 00000 0000. 


om 


http://matrix.skku.ac.kr/sglee/perron frobenius/ perron frobenius.html 
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(2) HULLH (Sage Matrix Calculator) 


ol AVAL Sage& olga WARE BBAWIE az gebe olz Y 
gəldi ATUA] PES pde eb, AJA APS FE 
EP} WA quos vilain, AZ} A Yet AS səla A 
eləbil 4830 PST 4 lek, dU BE Belg] VE aaa 
YA AY usq 4 gu. 


Sage Matrix Calculator) 0000) 


c ide hk kur FO. 


SKKU Sage Matrix Calculator 


dir m Ber B | 8 Et. REH HER viti 
AHI So DE EJ DIHS. MIN 


ree am 
TL CES 


“Muay rl” TA Evaluate 


h L 12 
dal Li * Ü | 
E E rue 
E Ean ee 
E Fala: 
Am = Tı Lim 
TL Ems 
js ar" IT.) 
4 H Fin 


Sage WAJAH = Sage Cell AHE ölgəkei AFAAY, AY ZAM Lo] WAS) GA, 
WA, SH, AT sl 124 AA 99] AZBAFTIA Seo MAS SAL, rank, trace 


9 9 


nullity, rá, 578884] A 998, PIF, caasa, alesse SE TES UES 
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AISA, ES BESE diris] wr SAS . xe YA Ye ieu 
ABAS arme] + Beer WAH LÜ, SVD, MOT AA E gu. do 718 1 
BAH YAS BES copo wg] AJ qt Ba ^ Bea] e| YA, SA, 
=7|normy)& AAP + AA. 11 BSS — Ses 354 Gram-Schmidt 
TAS HIS Bolo] qu ANE SWA 14 ARE PE UM. keep BE gu 
AP ZE APSA SE real] Ato] 7Feetziurd = BEARD] ARE ANF AT 
KA) ESA AF SE = YH, nisbə AS BE FAJEF SET. 


Ungu Ut 


YA gems Okeh Ida) do] 34 JBA DIE 245 FEN JBA ALLS AJ 
She HOS YE = dn. 

HA Alo] AAR BABY 2719 AY 2718 AZI, Alo] Yo 38989] GAL a 
doi Ap, 9% 162 qızı HES AFA ACF Choose D WA] EL AAS AB 
si. A, B, A- B, A+B, AB” BA, AA”, A A 3e Alert = ga JA 


(mit Sini] IS Ho SY HES SEMA, (Determine the size af m and n.) 
To al d ee] zz Balle. Ses 


zn ET 
A 

-1.0 TO 
Choose D'A [=] 

50 50 
g 

3.0 -B.0 
Operation | MatrixProperties ~] 

-& Ü 
Y 

Bü 
n or k= 1 
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oA] Choose D oA] AJA HA Ane Del) NEEM Operation =A] FA 
Sasha Dol] dele ASAS, rank, SWA, JAH, 9984] AAA, nullity, SS 


Le Adel 
JAA E ap elato] AJA, 


sage P00000 DOU DOUD 


I sem ape) AAE “http://matrix. skku. ac, kr/2014-Album/MC. html” el 

SS ej HA Hr, o OA] AS eR DES Ae THE Sage Cell MH S!ul Sage 449] 

"p E do Rate q] — = Şirk ARA] sr «vl AAA Sole se] 713 8 
“Məh, gue] Was de So Ç os BA Ars ələmi ur 


uel nA BABYS A, Bol dele] A — BY] rank 32 JYABL ege EAE ze su. 
119 ARV Re SA A— BE HA ARES OP] 2 AES YASI rank 32 oz -reler ett 
= oa Choose D = 8s] A — BE Ani JE FAN DE Wee eau 
Operation YANN A— BA rank 22 SUL ANA + YE=Z elu. Choose D SH 
Operation Ursa 440] ers AKA daz qy Yah go " ya dato] HSS 


Sage öyezlab”İe Z 31A VIA ABS}, IF ARE Ava ola] zc VA, 0] Sage 
FEM] zt = SAL. FEA 719) det Sage sim all BEI} 217] MESA, Lel AE 
.əu..”.... deg tm 090 d 


ol sari, d oe, VS A asp Le) BSS AALS iell ALB A şiri, 


eol ler rank) 


oAsiZ(inverse) 
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charpoly(D) 


SVD 


LSE 


eigenvalues SHS eigenvalues() 


eigensystem 9821 eigenvectors right() 


JUNO Sage 00000 


HABI Y AE Sage BREA (http: //galois09, skku. ac. kr/sage-spt/quickref-linalg-kor. pdf) & 


oR xələl Set UA ME JVEANVIE BA TE Su. 


AE nullity9] AM aja 
dol «repa th, 


if Operation — Tank(D): 
import pylab Al-A.rank() 
Operation = [<span class="math">D* {n j', show("rank(A)=%s"%A1) 
rank(D), 
<span class="math">D* (-1 Y, 


<span class="math">kD', 


if Operation == 'nullity(D)": 


'det(D), Al=A.nullity() 

'adj D', 

<span class="math">D" (T Y, show("nullity(A) ”7os"”o(latex(41))) 
tr(D), TD:vT, "nullity(D), 

charpoly(D)”, 

span class="math">Proj_ {a +] 


Qu http://matrix.skku.ac.kr/2014- Album/MC.html 
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"TE n 0000 UU 
5 [3 3 e EU ESA: http://youtu.be/CLxjkZuNJXw 
e Aë 


I ol SARS dE AZA xem aes. 


261 http://matrix.skku.ac.kr/2012- album/2012- LA- Lectures.htm 
AQT AZA NEL despues JOE ANE + yeh), 
* Sage BAA SE ^| Mars AREA o] AF. 


«Sage Linear Algebra [][] OOO ON» PLU=A.LU() FLUI 

vaf'a,b,cd') #[| LI (P: Pom tor / LU] OOO) 
egq1-3*aTr3'b—D2 # equationl | [ | vector([3, 1, 2) #0000 

solve(legl, e92], ab) #Sove 0 0000 plot3d(y^2+1-x^3-x (x, -pi, pi), (y, -pi, pi)) 
A=neiidCDF, 3 3, B, 0 0 0 0 2, 0, 3, 4]; # #31 0 Plot 

HOON implicit plot3d(n.inner product(p 0-p)=0, (x, -10, 


A.echelon fonn) #RREF 10, (y, -10, 10), (z, - 10, 10) 

Airverse() 4000 253111 Hyperplane Plot 

A.det() 000 vat) #0000 0000000) 
A.adjoint() # adjoint matrix x=2+2*t 

Acigerveluesi) #000 y=3t2 

Aeigervecors righ) #0000 parametric plot((xy), (t, -10, 10), rgbcolor=red') 
Acherpolyo) 00000 0 Plot 


l. (3pt x 6= 18pt) True(T) or False(P). Let A € M, adu,v € R". 
|, (F) BE appare. 1999) =o = 29 ald, 
2, (T) “özel EF AA n BE AS] FRAY] gre] 10], A "el AEEL EF eech 


3. (T) A, BEM Y uj. det( AB) = det (BA) 


4. (T) proj,v = YU, (Quiz 12 


u*u 
5. CF) MAPS Eno] FIN] Pen A adıdı AIS, ase] HAS c] Solo] aS 
“aran İn. 


6. (F) Asbo E FAN 2x2 371 AS AE V+ tr(A)A+ det(A) 20-& FESS}, 
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li. (3pt x 4 = 12pb) State or Define 

1. 9] S Lolo] YE 10159 d Aus Se} 2219] oj ast Y= ope sl 329] 24 BA 
Nec 

YA 77 9] MATHI E] (normal vector), U3} (linearly independent) 4 gl zk, SAS] 


me) 34l(Cramers Rule) 3^frák(eigenvalue), 2159 El(eigenvector), 


(orthogonal matrix) ABAZ T : R"=>R"2] 213 (range), FA Hsuriective HE onto) FA 
(injective, 1-1), “5 3^": (isomorphism) 


go RA nə W = özl os} 22 = za 442 op WE RO) isa 
(subspace)o|zt Şrek 
| wW+wEeW (RAA Sa su) (1) 
kwe W (LEU wa 21147) (2) 
(O47 etl, Wi; Wo, W € W. ke RA). 


= Ds Xə) ...5 xı) c R" ol Woo 


eX, + OX, + -e mex, —Ü (ci, Co, .., GER) 
=> Cy = Co — eis — Cj. — 0 
ol: MEL xus Zo T €— AY SE elxHeiinearly independent) o EE zb Hest AA 


[HOU 00] SS Ayti T a1525 T bana = b, °] Areas Au Sul 


Q9T¡ + dt eer do, = b, 


anna wd ats re a m. cb. 


Ly bi 
x b : 
x= [2], b=| | cle} sp, o] AE Ax= bè 
Ln b, 
116501 oj]ulHrA]o9..9olsL s A A, A, 
UEFA + Şirk on, | A| = 09] o) Ea ar et el Ly = TAI? “27 TAT? » Ly — A | = 


Hak VWA, Ü m1, 2, +, n)E AJ ¡EE baz nr gaod 


AS ne] 244338014 SAL 0 JA BA xe Rº7| ARA AAT} Ad dele] Ax— Ax «tet 
H AE A9] 3:72)(egenvalue) EP 31 x= A US A 9] 15 ME (eigenvectonT la! ZCL 
AgusT:R'—R"39x — mts { T(v) Jc R” :yveR” rè SE 
T: R'"R"e| sön şlom TA FWI A=[ 7] 9 xER"A del 7(x) — Ax, 
V xeR" oW A= | Tle): Tle,):...: 7(e,)] e] 4941. m 
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III. (3pt x 10 — 30pt) Find or Explain: 
1. (Quiz 1) Explain why the map 7: R^— R^ by Tlx,y,2) 
Transformation. 


Why) For all u— 
Tlut v) = Tlu, + 01, uo + vous + v4) 


= (32 + 4y,2x — 5y ) is a Linear 


(u, uo Us), V= (v1, vo 03) ER" and ke R, 


— (3 (u; +v) + 4(u, +v), 2(u, T v4) — blus +v)) 


= ((3u, +4u,) + (3v, -4v,), Län, —5u,) + (2v, — 5v,)) 


— (3u, T Aus, 2014 = Dus) ES EI? EM Avs, 20, 


= T(u)+ T(v). 
And T(kw)= T(ku,,ku,, kuz) = (3ku, + 4kus, 
= k(3u, F Aus, 2014 mm Buş) 


Therefore 7 isa LT. 


2. Find: 4 P(10, — 15, 4)& AU BA a= (4, 8, 7) 
soie]. 


Ans x=ptta (G,tER) 
= (10, — 15, 4) + t(4, 8,7) 


3. Find: 4 P(10, —15,4)& AIL MH a= (4, 8, 7) 


— 42] akojah, 


Ans x=pttattb (Tt, t€ R) 
= (10, — 15, 4) + t, (4, 8, T) - t, (4, 5, — 6) 


ol 398 21449] wer 


m Bus) 
2ku, m 5ku») 


=kT(u). 
m 


4. Find: "HE Sao) "abdol Y F Sli z, yake? 
a 0 0 
A=|lyx-1 0 
1 2 (u—1)(z—4) 
2 — 
T LI 
sali —rz—0,r—1,:—c4,9y-—1 
(y—1)(z—4)-0 
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GE 


£#0,14 ,y4#19 ES AS e 
4 1 02 
5. Po] AFAA ANA 297, VS 4x ağa a= O do LAA 218 gll, 
0 4 03 


$849 To 242 9394) este JBA PWA Step sz utate] 241171 


Step 1: (A) QIEH] 245107 http://mathi.skku.ac.kr = 058C} 
Step 2: ID= skku, PW = *** = galo] Set 

Step 3: Al ASAE” HES FEL. 

Step 4: A! tw Sol CDF Aee ws AS cru 201 HASE 


A=matrix(CDF, A 4. [4. 1,0,2,0,—1,2,0,0,0,1,0,0,4,0,3]) 
5) Step 5: = Hm “loll eigenvalues& ASHE 20 
A.eigenvalues()& 2696, Sëch) 
6) Step 6: MI Hm Sol eigenvectors 75E da 
A eigenvectors right() Valsa, Sei 
7) Step 7: 


A.charpoly() Viet “elo, 
[4.0, 30, -L0, LO] 


[(4.0, [(LO, O, O, 0), 1), (30, [(0894427191, O, O, -04472135955)], 1), (-1.0, [(0.140028008403, 
0.700140042014, O, -0.700140042014)|, 1), 
(LO, [(-0.377964473009, -0.377964473009, -0.377964473009, 0.755928946018)|, 1)] 


x”4.- 7003 + 1L0'x"2 + 70'x- 120 hütp//maeihlsidazackı? home puly 495/ Al 
6. A?) nº] Amidu | A| =9 u, 104) HE 739, 


sé rear d E) 


o jm 


7. 92 JUS] JUN GIAL TAH 


101 
A=|=130 

102 
Ans |A=3 
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30 —13 
and a sé Aga 1) m — A, | MEE 
0 1 
A, Sri) 0 de 
11 10 1 11 
4s - |i əki la sı nm “a k ] a Ae CH il 
10 
al HI a 
8 , il 6073 
— 4 — di A= ——| 21-1 
aga 57: m 
101 
8. AA VA A= | —1 3 0|9] JAL Sage& o] Lj “məhz HAS Stepa = 11219] Asp 
102 
AS GL 
Sol 


Step 1: (A) SI!E]ullo|| 44510 http://mathi. skku.ac.kr = 055C} 
Step 2: ID= skku, PW = matha slot Sect 
Step 3: Al SIE HES FEL 


Step 4: A Hm Moll CCei4loz dd 43 pren Zol HoE 
264175 3, 3, [1,0,1,-0,3,0,1,0,2]) 


5) Step 5: = HIM! loll inverse& Tok= SHO Ainverse0E Y 
[200 O A0 
[O 033 Ol 
[-100 O 1001 hip//mathiLsdaracia7 home pub 495/ m 


SU] tas} ZS 3%] FAN 
p(A) = (A-1)(A—3)7(A—4)? 
(1) 389 aze Susp 
AFA SEL RD eme Aeee, 
Ans 
1) 6x6 ölü (1. 1424386) Hi 
2) p(A) € (4À-1)(4 3) (4-4)? 
SAS IHAL (1, 3, 3, 4, 4, 4) 2det(A) = (1)(3)7(4)” = 0 (77 det(A) = AA; = An) 
^ Av 7S olt. m 


10. H47)AS eLgelo] vg MEMS] xala [TE reel. 
T(z, y, 2) = (Se +11y— 231z, 511: -8y - 1z, — 18: 4- 731y — z) 


Ans T(x, y, z) =(8Sx+11y-231z, 511z +8y+1z, —18z 1731) —z) 


184 


T(e, ) = (8, 511, — 18), T(e,) = (11, 8, 731), 
Te EE T. = 1) 


8 11—231 
[TM =] 511 8 1 
— 18731 —1 


IV (5pt x 5 = 25pt) Find or Explain: 
1. ABRI T : R? > R?) AAA YA x= (x,y) E RA Hale} A 
240) 3472 33161 49 Haga H,= [Tle,): 7(e;)] 


T(e)= (cos(5 —20), —sin(5 —26) 


a 7|&g7|7t 0°! ZON rHer CHAIO| Sol] WE sezə A 


T 
S Za 


T 
az 
BEAT T : RO R'E op AF AA go) gue) DAS MA KE 


x gae ANPE 38% IBAS AGUA uu 
lea FAA MA To] SSH supe Pe spa, epe] LEZ 184 wo} 


cos20 co 


(Sol) A; — İ7(e,) : Xe) = 


— [cos20 sin20 
— [sin20 — ou. mw 


sin20 —sin 


m AL 


da BA Paa RR Our dell Set zc, geil Salz 


Fe UAVS] qaxı q, 00525 907^ |S TE pare 


sin20 —cos20| 7 


y 


y=(tan?)z 


O x 


L. 


TH 7877 0e! AMA CHÈK FAS 7|87|7F 091 xo CHÈF HO] 


1 1 1 1 
(So) Ax-x= —(H,x—x) =) Pux x AA 9 X= Hy DS 
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Chapter 5 Hui 


1 1. 
— (1 K cos26) > sin29 eh Sindease 
sin0cos0  sin?0 


=) p=(B+D= E 


2 . 1 
; sin20 ; (1 — cos20 


3. 719 YE A, BA A adi (AB) “adi B - adi AY FE Eur, 


Ans ad(AB)-(IABIAB)) (e C= iradi C => (adi O) = (IAC) 
= (LABIB TA”) 
—|B|B ' AA"! adi B - adi A E 


4. nx), zA zan AS] 318-3719] pro n nazo] ó $8 mlo 


Ans ANTE A ə) 999 LA SSW 2437 EQ) A. 
E() = (xe R"|Ax- Ax] R”, ke R, EQ) 9 
V X, yE E(A,), 
PA x+ yc R”, kxcR" 
1) [Show Rol] disi] dai SI]. Show x+ yE E(A,)] (2 pt) 


(PD Ax= Ax, Ay= Ay 
A (x4- y) = Ax+ Ay— A;x+ Ay” A; (x+ y) 


KA YE E(À.) 


2) [Show Zo] dal Es] 917. Show kx € E(A,)] Q p 
(PD A(kx) = kAx= kA;x— A; (kx) 
^ kx€ E(A;) 


BA) 9 7 Has dps EE RS) PESA. (1 pb H 


5. ABAZ T: R"—R"e] dè, Im TE R” 9] RR OF AJ. 
(Pf) vw, vv, € 1m77, Iv, LER" > Jy =s, T(v4) 2 wo 
1) [Show RAA Hal s all Show w, + w, € Im 7'] 


=> w +w= Zielt 7(v,) = TÜv, +v) (pt 
> Jy +v ER” 3 Tlv,+v,)=w,+w, ER” (1 pt) 


w T w € Im T 
2) [Show 242749] Hay} FA AA. Show kw, € Im 7 | 
vie A. kwi EGO ETA Un 
=> Jk ER” > T(kv,)=kw, ER” (1 pt) 
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w € Im 7 


. Im(Z)is Rº9 gato. (1 pt) 


MO3¢MATH 


MUSEUM OF MATHEMATICS 


[SH FI] http://momath.org/ 
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Chapter 5 Hui 


[SEA S44] http://genealogy.math.ndsu.nodak.edu 
http://genealoay.math.ndsu.nodak.edu/id.php?id-45061 
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ASH st 
6.1 SF (83D) z4]9] JA 
6.2 43H] 7]erera] ao 
6.3 AA 219 
6.4 ABAZ FAH AAS 
6.5 Sage& ES re TAS 
es 


ADA Sep pem AGAR Bes ASHES Slow anı 
Jas APAGUE 

çek mejao] Bo] = AJ elato Aspa] Egt PRA TAMEN CH] Hoppe AS no 
dud, see ola KLAN Aolo] MLS REFIL SE We YY Mao cp] genau; 
Tala AQUEL AV ASI AGAN 429] griich) AY FAS LASE d Aqua 

SE E dal E SBA AQUEL AU seb = Jed + 65 mol, op So] APRE 
əl HSE eiia JS PAES ogak dizel iii 0182 APAGUE 


0000100 Ul 


ə SO 58%: http://youtu.be/Yr23NRSpSoM 
o AIS ALO[E: http://matrix.skku.ac.kr/knou-knowls/cla-week-8-Sec-6-1.html 


Jue APPL 295 WE SH dalk spp du WEL + 


Ó 
Ò = 
st Be, SIA Ale, AA, SPAS, 4 e 138 S ə) 


Joi 


UD? 


"şa 


Jay aeo] BE Weel JE məVMTransformation) “lek 34, Taal RAH R^ ° = e] 
de 7: R”>R” Q% w= ZE WE x 9 To] ma elrlzİ(image), x £ YA wo 
WNHpre-image)0]2t+ gtt 


SST 


Halo] St 392, A mxn Hola, 7, (x) Ax, KERA 
TA : R"— R" S MBAèKmatrix transformation)ölek SH. 


rn + 1 zz yx ZI we T n 
Yn+1 Ary Uy dey Quy Qy Yn 
x” — f(x) m a 9n41| | U Oz Az, Ay, a, Zn 
Wrst Arw Hu dy Aww y Wy 
1 1 1 1 1] 1 1 
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Chapter 6 Bığlı 


SE 000 00000 


[S] d Giel Matrix transformation)] 
http://www. geogebratube. org/student/b73259#material/22419 


RAM R” Oso] Meh T: R”>R”7} 919]9] ME] u, v € Hat Mojo] Adel ko] dispo] 4 
2 AAS "səli TE RAW R” =°] AGUA linear transformation)o |ekr SHI. 


(l) Tlu+ v) 2 T(u) ^ T(v) (2) T(ku) — kT(u) (ken) 


sic 


mət) Rio aa x= [q daa TORRE ea dal 3918 
57775 
| JE 
Tx ye y 
Lü 
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R's daa x wep u=| |, v=| sk gas 248 ke Rol mao 
2 2 
= Un a] u HV 
- Mary) = a| 5 [ela] NH 
Uy + Vy Ur Vi 
— Uy FU) =| uy |+| Up 
(u, T9) — (us buz) W — Ug Vi — Vy 
= T(u) + T(v) 
5 a ku, Uy 
(2) T(ku) = IS IS ku, |—k| u |=kT(u) 
? R ku, — ku, us Ps 
olma Te Roa R'ae| NB m 


ağ) TIR  R^& T(a,y,2) = (ry )a BI TE AGUAS RA, 


Ro] ANA A] HE] v, = (z, ,Z>, 23), Vo = (Yi Yos Yz), 
= (z, y, 2)9 QJ ADYE ke RA Dojo 


(1) T(V,+ Vo J= T(x, Dos Ya T Ys zı + 25) 
= (z ¡ Xo, Yi + Yo) 
= (a; Yi) + (zə, Yo) = Tv) + Tv.) 


(2) T(kv)= Tika, ky, kz) 
= (ka, ky) - k(x, y) - k Tv) 
olum 72 aque. m 


ASS 1y-3H4229 JAA (orthogonal projection)e|2t ST. 


a 

Ecs 
E, 
e 
SR 
oğli 


DÊ) ms & 083) 20] Aosta TE AS 


e 8 
| 
e 
+x È 
— 
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Chapter 6 Bığlı 


R? ə) YAA = did v, = M 


x To 
s Vo. = 
1 2 


ol) ieo 


y 
m a Pali dirus Vi TA 
Tü, vj) - o + ELI |- .. SIS 
Tı To Ly To 
JA — — 
d — VN b all | P ei^ m +1 


| 217 
yit Ya 2 
olmaz 7(v + və) Zielt Tv.) ol. 


sa gou gna 


ə QS zero transformation): YAJA ve ER” ol dell T: RIRIS T(v) — 0 ° = 495) 
m Tx ABs] uu. oS user JA, 


Hn 
Hs 


a 


m&Midentity transformation): 999 v € Ria dao] T: RIRIS T(v) =v2 2 
GI ZE ABS] AN, ola ASAS) IA, 


° 


Je 


Ou 


ə JABiZmatrix transformation: 47 mxn JAA ül RJ AI me xo] ola 
T, (x) = Ax Y ASP TE Hold R" o =e) A gusto] dq, JE JIAZo]2 JA; 


m T : RIS R”S uyğun Zo] Bolsa TE ATRAS molak 


z m 
411 0 
il ISE =) 
2 2 
Uy Uy 
Re] Wojo] = wpe] u= [us], v= [va] 9} ojo] Ave} kE Ro] diela 
U3 U3 
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i u +v j U4 Ui 
(1) Tlu+v)= P m Ug Uy = P aie RE a 
Us + Va Us, Va 
11 oll [11 ol! 
ər E üz ar 1-1] || = TG) + TW 
us Us 
11 ol" 11 olf. 
a Tüm) - 111: O [e =a] 7 9 [us = ert) 
u Us 
olu TE agua. a 
1 0 
— 01 N o| = 
[ee] 
El 6.1.1100000 00] 
uel T': R” $ ROI ASS}, OSS mn Us 
1) 7(0) —0 
DM == Mi, 
(3) T(u— v) — T(u) — T(v) 
DD. (l) V v€ V, ov-0o|2z 7(0) = T(0v) = 0 7(v) = 00]. 
=(—1)7(v)=— Tv) 
(3 T(u— v) = Tut (-1)v)= Tu) + (— 1)7(v) = Tu) — 7(v) ij 
Q) RIAH R" ozəl BE Argus genos s. 
è T : R”— R" £ YAA NAN AM, RO pure e, e, .. e, A Tek BE 


x€ R” = 
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Chapter 6 Bıı 


Li 
To 
Xn 
əh do] Yep + Yat, Tle), Tle,),..., Tle, ) zztm>1 Hoz 
Uu dı? Ain 
a a a 
Te) = g ) T(e,) = x ? H T(e,) = 4 
Ami Am2 Amn 
olah gi 4 gu. TEM BE aqar T: R" RMS 
T(x) = xz, Tle) + z, Tle) + — + x, Tle, ) 
Uu dı? Ain guf) + 019) HF Ay, Ly, 
a a a üt. T sss +*+ da £ 
=x, 21 +2, 22 totor, 2n 21771 22 2 2n T n (1) 
Am1 Amn? Amn Amb + Amplo = m T Amnn 
9| qug xata AA. AAN Tle), Tle), .. , 7(e, 2 GEE zH- mxn JAS Au 
sha 
Uu dış din 
A= İ T(e,) :T(eş) :--: T(e,)]2 | 21 72277 m 
Am1 də Amn 
ojog 
411 Q1» Qin | | £1 
T( ) doy do *** Aon | | Lo — Ay 
Ami Ama Amn] lEn 


oct, AA JA A= layın xn E AGUA TA HERA standard matrix)olek eps | 7] ek ENF. 
4 WA FAA APs] ETA ALMAS E doa SS ee SA uu. 


“gel 6.1.2[0000] 


T :R"—R"o| xemslolmi TA 283 A=[719 xe R" o] Cojo] voo] eeil, 
47141 A = | 7(e,): T(e,) Ee T(e,)| OİLİ, 
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Tı M = 
auus T: R? — me | 2; | le) q TI see olgaje 


T3 


T(x) = Ax ° = xeləledek 


http://matrix. skku. ac. kr/RPG English/6-MA-standard-matrix,html 


x, y, z = var(x y z) 
h(x, y, z) = [x*2*y, -x-y, Z, x+zi 
T = linear transformation(QQ 3, QQ 4, h) 4 43H 99 ANA ze AP 


C = T. matrix(side- right) q rol 
KO = vector(QQ, [2, -3, 31) 

print C 

print T.domain( + 399 
print T.codomain0 # So 

print T(x0) # o|u|a] 

print C*xO # royal MEI) Y 
[1 2 0] 

[-1 — 0] 

10 O 1] 

[1 O 1] 


Vector space of dimension ö over Rational Field 

Vector space of dimension 4 over Rational Field 

(4 13.5 

(A 1, 3, 5) m 
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LU U U U U DUDO ulti 


sua: 17 //youtu.be/12WP-cb6Ymc 
http://matrix.skku.ac.kr/knou-knowls/cla-week-8-Sec-6-2. html 


esu 

e Se AOE 
əl adde adao == lard deis ASEO, Loja ola 
aor oo AY eju]a|zmm Asa Holz 


" 534 ENA. NBA dreads $414 Sate] Fo 
Lë GI BALE Beet wer 


ÒT 


Fo 


33H e) n]0]43 22 


y 
e P(x, y) 


*"Qlard- by, cx dy) 


|= 498 d AA OP = (z, y= ABB 


a -y2 2 E (ax + by 
20” 
Toll JH JE dG OQ — (az + by, ez + dy) & SAAT, 


mé) JE da. 249] 982 9 7H 389 R?49 ARES] orc 
: S= OU Ap HOO 


D Ry: RRS Rº AJ AGE WAS SA 
aask aage 


— | cos0 — sin 
fig = | sind cos 


| 


(2) z —AF9] PH Orthogonal projection-&- P: R^— R^ A AGUA] 
1.0 —İ 
- |o AF be E 


(3) r—mel det Was T : RR + gusto. 
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1 0 


a... x 
» |= | =y 
e http://matrix.skku.ac.kr/sglee/LT1/11.swi 

Y Rx) H 


Era) >: - 4 Pla, y) E 089] Bajo] qlo HE duse] ses AS ziz) aj 
=: 
W yé (2) AN g = z 


y 44 y= ol er 77 idə) op] IBA YA YE AN EU. 


° http://matrix, skku. ac. kr/sglee/LT/22. swf 
° http://matrix, skku. ac. kr/sglee/LT/44. swf 
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Chapter 6 MIHI 


Qi 00000 


[Ala HS] http://www. geogebratube. org/student/m9703 
[HAS AAS AS} http://www. geogebratube. org/student/m9910 
[34] http://www. geogebratube. org/student/m9702 


| * d * 
d = 
| 
* 
ENE N'EN NEG 
kil mli "in Hil nap d 


DÊ) ave eue T SR? RH Yolo) ME x= (r,y)€ R^ 8, WAS A IPO 
|o a aep dazu sel 29 ma H= Tle): T(e;)| 8 dën zo] qr 


_ cos20 sin20 


H, =[T(e,) : T(e,)]= sin20 — cos20 


sin2Ü — sin 


Q 
O 
LO 
ND 
D 
Q 
O 
LO 
> J 


T (ej) (cos 20, sin 20) 


T(e)— (cos(5 —26), —sin( 5 —20)) 


MBE) e çip T : R^ R^& JAN dol RA AAA YA KE cst olm 
| Zo] 091 MAS AYE VA FAMA BABS şöləsi, INA Soja ot T 
e| Sah HERE Py aL spa. 


1 : 
Pa X= 5 (Hx-x) (B4 eRe du. do EM) 


Em 


peu mal 
m 


1 1. 
—(1+cos20) > sin29 RE. 
. 1 — İsi in? 
—sin20 | —(1— cos20) sinócosó sin 0 
2 2 
y=(tan ör 


000 (shea D (000 00000) 


http://www. geogebratube, org/student/m9912 
Choose your Linear Transformation 
—— 
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Chapter 6 MINI 


“al 
dezt sel Sa 117()1| = Ix] = 7H ost T: R” — R" 2 Euclid isometryel lc 
SSL 6.2.1 


alo] sahələr T : R"— R" 71 rail NEAR] opt: Sat) 


(1) l| ZXx)Il = Ilxll, XE R"(Zlo] 33, isometry) 
(2) T(x)- T(y —x-y, x, ye R" NYARA) 


Ze 


ie 


Apes A oll clap 4 != A “olm 42 21133 (orthogonal matrix)o]e] stc. 


cosó — sınğ 
sind cos 


mə à NA po] deia Q= 


pes | cos sing 
— sinó cos6 


dër 


Ae 0 

5 $ 1 1 

A= B= — or eer 
4 31 V3 və 6 

5 $ 1 "en 

V3 ve 
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N m 
NZ — € 


(Se) 
JA JA JA 


D 


ES RAY GOL AS 
w 


° http://matrix.skku.ac.kr/RPG English/6-TF-orthogonal-matrix, html 


A=matrix(QQ, 2, 2, 13/5, -4/5, 4/5, 3/5) 
B=matrix(3, 3, [1/sqrt(3), 1/sqrt(2), 1/sqrt(6), 
1/sqrt(3), -1/sart(2), 1/sart(6), 
l/sqrt(3), 0, -2/sart(6)) 
print A transpose0 *A # aee s 
print 
print B, transpose()*B 


[1 0] [1 0 0] 
[0 1] [010] 
[0 O 1] m 
zE] 622 


na BARBS A oll eli, cao] sağıcı, 


— === O — 
wageto] AAS Slalu 
= = o = 
TAO] HY. nao] 
wageto] qe ao 


A7 Sla 


rutu 


oj, det 4= 1 EE — 1er]. 


(4) 1 — det/— det(AA ?) = det(A)det(A ?) = (det A)” 
"* det4=1 += —1 
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Chapter 6 Bıı 


mel 6.2.3 
nölə) BAYA A ol dial, HS BE Sei 


(D A7} ANBA, 

(2) || Axl] = Ilxll, xE R” 

(3 Ax: Ay=x-y, x, yE R" 
(4) A 9] due AA mol, 
(5) AY JAEL BAWO], 


DD. (1) = (2): İLAxlİ” = Ax- Ax = € Ax, Ax > =(Ax) Ax= x/A^ Ax 
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= xTA 1Ax—x/x—c x, x»- x - x= |xl? 


(2) = (3): WA(xty) ll? = ll AxT Ay ll? = ll Ax || ?+2(Axe Ay + Il Aylı” 


= lx ||? +2(Axe Ay) Il yl? 


ol 


lAG+y)li= Ix+yil3= Ixi9+2(x= y)+ | yili 


olum Axe AYE xe yol 
(S es (1): Vi, e; A "Ae, ə. — s ee | 


= (APA), “o, d A'A=I, 


t) 


(Do Aas] Ba TA = 1= AA Nexe (4). OE ute e 
eist) 


b 
0, 2 


[02583] ## Providence, RI, USA] http://www.ams.org 


Eu 58%: http://youtu.be/H-P4IDgruCc 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-8-Sec-6-3. html 


AGUS ojala PAAA BAAL) AAA] Peso] BS 
Hol ol texto] AT JAS MEN, E BMS ez Ta) 


do era JA Hol] us + Wil che ASRS Aa. 


"o 


E 


ao. 
Ze EI 


T: R"— R"o| eee] wj To] gt Yo] 00] el A" ole] WE AR] AUS TA an 
(kernel)olek sta ker TE EL £ ker T= (ve R” | T(v) = 0) 


Do. | e T : R?>R?, Te, y) — (x — y, 0)əl dala ker TE malela. 


ker T= { (x, y) € R? | (ey, 0) — (0, 0))— (e, y) ER? | y xj m 


0002 aaa T: RR, Taj, to, Pa Ta) = LU, Ta Ta] el fòje] ker TE Zelt 


JS) x= (z,,25,24,2,)€ RA dè 


TG m mami = (Om uma 99:0 => xz =Ü ¿=1,2,3 


o|uz ker T= ((0,0,0,2,): z,€ R} E 
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Chapter 6 Bığlı 


sa 


Wa T: R" RT T(W= T(v) o u=vE səmi 
CAKone-to-one: injective)e] SH. 


Ze zü 


te 


"us T : R” > R"?) IL we R” ol hl T(v) = wel ve R”7) Efò] 
AlAKonto, surjective)e] SH. 


Wel 6.3.1 
R”, R” ol "Exo T :R SR" NR, 77] ME go ker T= 00] 
q. 
DD. (=) Vv€ ker7) T(v) 2 0— 710) olu TE mpz 
= v=0 ~. kerT= (0) 
(=) 7(v,)2 7(v,) > 02 Tlv,)- Tlv,) = T'(v,— və) 
=> v-v, € ker T=10) = v =v, 
- T = Melli. E 


T : RR’ Tü, y) = (y, x) ex ASA. TE ve? 


ker T= {x€ R? | T(x) 20) = (la, all T(x, y) = (0, 0)) eins. o]& ves 4 


de (x, y) = (0, 0) Bri, 
mot ker T= {(0, 0) ojos Mamak TE Hp, " 
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ABs T: RRS Txyz)—(rt2y—z,y-—-z e+y—-2z)= 39ləlm 
TE DARI}? 


z+ 2 — z = 0 — 
255-201 ytz=0 pa 
pru 220 Y 
olma ol UAE Hiel EL JE A. E ker T= 10) ola e 
6.3.1] sisi Te tal epar : 


Sagen 0 http: //sage. skku. edu 


(D AB AS] AA o 3101 


U = QQ”3 HOME 32 

x, y, Z = var(x, y, z) 

h(x, y, z) = [x*2*y-z, y+z, x+y-2*z] 

T = linear transformation(U, U, h) # euer JA 
print T.is injective0 # UA Sd) 


False 2ZAL.1l 1 ] ] 111111 
© ABAS] Kernel Fò] 

T.kernel0 gema gal í 
Vector space of degree 3 and dimension 1 over Rational Field — 


Basis matrix: 
[ 142 1/3] # kernelöl span( İT, -1/3, 1/3] )92]&- Eel], m 


Q A7 mxn JAA d AQUA T RRS T(x)-Axe BIS ker T 
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Chapter 6 Mage 


7E] 6.3.2 


R", R"o| YH zztoelz T: R"oR"? AGUAS d kerTE R"A BHO] 
q4. 4A ker TS H32HkerneDo] MS 


i i 9] kernel jejak 


sagel U http://sage. skku, edu 


A = matrix(2, 2, 11, 1, 1, -1] 
print A.right kernel() # A9] kernel 


Free module of degree 2 and rank O over Integer Ring 


Echelon basis matrix: 
[] # kernel OEA Sis FI. E 


“Gi 100001 


age T : £"— R" use 9AA v € R” ol A 7T(v) AM] sre TA xierange?l 
m 7 = wende, 5, 
Im T= [TMER” | ve Rn c pm 


məl Im T= R” olm TE AXksurjective EE onto) SH}, E AAS TA up] A 
ACH TE Roy R” ° =°] FA Kisomorphism)0]212 SH. 


6. mf). ANS ust T(r, y) = (z — y, 0)9 2192 Topo. 


Im T= { T(z, y) | (a, yyER2)= l(z — y, 0) | (x, u)en?)- (la, 0) | a € R) AN 
ImT = R^ TE AlAK surjective)7} CHA. " 
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ə TE ADAP ER, göro) E + gu. 


Ò 


aki 9714 Wa We R A PET] BS JA er AAA ud T: Wu mE 
chen] He Nao ASA, 


T(x, y, 0, 0)= (0, 0,00) 


zaa TE PSA BAPP]EZ rI. 


mam| 6.3.3 


A 
qu 


FAR T : R RA "lere, Im 7x k °| REST. 


DE Vw, Wa € lnm T. IV, ER" > T(v,) = vi, Tv.) = w, 
=> w,two= T(v,)-- Tl.) = T(v, + v.) 


=> y y > Ti +w)=w + w ER” w, +w, € Im T 


V kc R, kw, =kT(v,) = T(kv,) 
> Jk ER” > T(kv)=kw ER” kw e lm T 
- 1m(7) R” PESO 


, AGUA T :R'R"& T(x)= AxE ASP Im TE 
a. 


AVE mxn JA AQ idum euge sat A= [A U: 4%: .. 
^ cepa YAYA ele) x= (zi, da, +5, x, ) € R" A dieta 
Tı 


Ax — 1A0)2 2)... AV | |= g AQ AO tetr APP 


A" | oje} ap 
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m) - AA ei W = (lx, 25,0,0)| zm, z,€ R), Wy (0), 0, 23, £4) 123, z,€ RI E AFE 


Chapter 6 Bığlı 


oJEZ MART A ol JAE ATO chez} Zo] WH + giri, 


` Im T= {Ax | xe ")-o AU, AU) AN > 


E| 6.3.4 


BA Alarlı, det ABAZ T, RR” OS = HAS m 
) TABA e 49 GRE 
2) T47} BAP S AS] ME 


Hud (D TABLES ker T, = 10) 
€» Ax= 02 USE x= 0€ R"o] SUP ctu. 
S A o) AAEE] Ao 


(2) T,7} RS ImT, = R” 
cə 49 eme A of ielo 
Im T= {Ax : xe g^l2« AU, AO, |. AM >= p" 
€» A o) RREF9] 4889] HATE m AN 
cə A o) IHE] Ygor 


ma) 0.55 SageE o|8:5]o] Siete. 


10 
() A=] 0 dÉ ep Ty, : RIS R” Wb AVE eng. 
000 


sage] L x http://sage.skku.edu 


Q Aas] Bo 


A = matrix(QQ, [l1, 0], [0, 1], 10, OID 
T = linear transformation(U, V, A, side“ right) # eue 
print T 
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Vector space morphism represented by the matrix: 

[1 0 0] 

[0 1 0] 

Domain: Vector space of dimension 2 over Rational Field 
Codomain: Vector space of dimension 3 over Rational Field 


D BR] HA A Sal 


print T.image0 HAS A% 
print T.is surjectiveO + ^A] SA 


Vector space of degree 3 and dimension 2 over Rational Field 
Basis matrix: 

[1 0 0] 

[0 1 0] 

False 


(3) WB Aso] YA AF AA 


print T. kernel( # kernel ADA 
print Tis injective0 + TARIX Sal 


Vector space of degree 2 and dimension O over Rational Field 
Basis matrix: 


True 


A = matrix(QQ, İl, 0, 01, 10, 1, Ol) 
T = linear transformation(U, V, A, side“ right) # eue 
print T 


Vector space morphism represented by the matrix: 

[1 0] 

10 1] 

[O 0] 

Domain: Vector space of dimension 3 over Rational Field 
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Chapter 6 MINI 


odomain: Vector space of dimension 2 over Rational Field 
(2) MBA] MA ok Sal 


print T.image0 Zo A3 
print T.is surjectiveO + tra sl 


Vector space of degree 2 and dimension 2 over Rational Field 
Basis matrix: 

[1 0] 

[O 1] 

True 


O BR] xar A Sal 


print T. kernel( # kernel XA 
print T.is injective0 + HARI] SA 


Vector space of degree 3 and dimension 1 over Rational Field 
Basis matrix: 

10011 

False = 


WB] 6.3.5 


YA A = lol, 7t nəl BAVA} spp, uel T, : RUSO RA ABR, T47} 
tal) zozucze T,7 ANTE 


fat 712% 0 kerr, = (0) 
€ Ax= 03 US x= 0€ RO] SAPA “xır. 
€» AS RREF9] 483242] 7471 n MN 
e AJ ees 40] dispo] 
Im7-İAxİx€R")-c AW, AO, .., AW >= Rp" 
= ImT =R” e T,7} SAL m 
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(DUDU UUUU 


=| 6.3.6 00000 00001 
YA A7 nate] Aree di, Teo FAI, 


(D 49 ¿ult 30] Sze Bo. 

(2) 49 queo] SAS Bo. 

(3) AJ BE ABES R' AJ LAR Hol, 
(4) Ax = 02 zHist əl x= 0012 ZE 

(5 Ax = be BE n> 1 Hil bel Heo] FAZ JE ACM. 
(6) A= hH BS o. 

(7) A= Hold. 

(8) det(A) = 0 

(9) A=02 AY TG] opu. 

(10) 7. Welt. 

W Tye Ael. 


20124 “M sanı zl 


Js 
D 8 012 

B wed 
Doemer 


[201244 XS WOE, =) 


https://www.imo-official.org/results.aspx 
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Chapter 6 Maga 


U U U 0 DOU DUD 


4E http://youtu. be/gfAmNsdlPxc 


E: http://matrix. skku.ac.kr/knou-knowls/cla-week-8-Sec-6-4. html 


ji 5. T ge EL 1049 AAS S50] ol o HAU SA 
FAS Y yo na AA /SHA Brae GL E aae] AA Co oi 
R ai Ng AAA 7548 AZIL akte 


o == Hu 


SSI 6410000] 


T: R" > RAS: R" >R" o) RE ABs} əla” 
77:75:77: 


x AZAZO]O, 
R R ii 
: e 
^ laa Tx) pé | ST x) 
mel 6.4.2 
T : R” > Ras :R"— R”o] me Ngaso mj 


€) So TARA, TA stabel 
(2) Se TA ANOIA, S7 ANTE 


lili 22 və) = 7W,), v ve ROR, SCT() = S (PCy) olma 
= (S ə T)(v,)=(S° NW) > v, = v, (So To] polos) 
`. T = Rak 
(2) So TIME V z€ R” oll eoad (So Div) = z 
v€ R"7| SAIC 


A 


3, S(T(v)) = ze “sh ve R" 7) EM 7(v) 
Ss we RA" 7} SAIC 
Seld 


= we pg" olam, Sw)=z24 
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So T :R" > Rou, [So 71— SİLXTİ 


od rr. 


SeT:R >R | [ [So T|= [S][T'] ] 


| | fon S:Te| urdu 
| | 
| | 1 


| = > | 
| | T(z) | (Sa T x) S(TixY) 


ək T 7H EMA T'S isse AJ Sado, 


T, S: R > RS 
oleju Spa o] ABA] A 


| 


zz 0,3% 0,14 ARL aka ia qaş 
Soke 2779] HERAS cea Zo] Yep 
cos0, — sint, İs) = 


cosé, — sin6, 
sinó,  cos0, 


Sings. cos0, 


ec) 
|| 


ol = şölə) ABEL 0, + d US] Mao R=S > TA E 
ul daz gel, 


IR] = cos(9,+0,) —sin(0,+0,) 
| sin(0,+0,)  cos(0, +0.) 
E TA Sol det 449 HEYA] FL ust du. 
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Chapter 6 Mage 


ism = cosa — sind, || cost, — sind, 
— | sinó, cos0,|| sinó, cos, 
cos05cos0, — sinö,sin6, 


sin05cos0, + cosh sin 


— cos6,sind, — sin@,cosé, 
— sin8,sin6, + cos05cos0, 

— | sin(0,+0,) | cos(0, +8») = İR) 51) 
E 


EEB) olet 2912 zo] gac 191 dig: Eos Ale de 


di 
Es 
o 
p. 
È 
ku) 


quei QUIRES also WSLS ojal, ololu 


NÈ vz 

30 SS 2 2 

inl- | Do) = vo vz 

o o 

oll. maja] GPH] AAL = sto) E 
v2 v2 - 32 _ 
mitt) A A m 

65. “ 2 
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62 000 00000 
[HEM http://www. geogebratube. org/student/m57556 


RR wu dun CEM 


SHO dz AB olsu qaz Het SS 


12$ 1075 A 
də 
ATE 1.24 | 


| LES Md gəl wa 
-075 125 031] 1 -Ll 


Wa f Xv} eg Basane A AAA Al, 


Sl 6.4.4 


`. j Te — Del oli a — 46 AS | 
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Chapter 6 Maga 
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Choose your Linear Transformation 


identily 
IB 


S [ | ba Bi 


" - T = = 


Matrix = 


O|7| SIS m= Alito 


=! L 


WALZ Llop OAR Sc 


= — S= AIO 


“Sage[] 000 DOU HüL 


cs dei: 77 //youtu.be/VV5zzeYipZs 
APLE: http://matrix.skku.ac.kr/Lab-Book/Sage-Lab-Manual-2. htm 
Ep matrix.skku.ac.kr/Big-LA/LA-Big-Book-CG.htm 


L 


ba 
Ib n 


6.9 


ız Ú 


Fe AIS 454 BAY sla) MESA, pep AAA IA GR 
2 90. JE med ABA 29 22 399 SAY] FL deii ze 
ae que Aas. ol dəl AE BWI, Weed A use] 
Had Sis dal 28 + Ju wer o] wikio] AGUA dig d 
dn, gand FI AA dpi glad, ol ehe AFE ed 
^p sb 7A TERA WSLS Aaa 


du 


X lo 
ol: 


00000 DOU 00 Tploygon DUDU 0000) 


E JE Qe ES cA RE 


Q ma (0, 0), (0, 3), (3, 0): xus 473 
ki AKI EBS Sages 9135/94 IARA, 


BRI =, WANs — 


ə SH A ABRAS YAP] Ha] SA oper Zo] YAL of Bs q 


def matrix transformation(A, L): 
n=matrix(L).nrows() if list L9] 429] oi 
L2=[[0,0] for i in range(n)] # AJ list L2 So 
for i in range(n): 

L2[i]-list(A*vector(L[i) 3 L2=A*L 
return L2 # L2 Uz 
print "The matrix transformation function is activated 


e "git CA AZA He RW GAR, 
A=matrix([[2,01, [0,2]) + FAX O|O|AIS "me SUHAS is 
B=matrix([[1,1], [0,11) # SAT OMAE r522 1423 323417] 


C=matrix([[cos(pi/3), —sin(pi/3)], [sin(pi/3), cos(pi/3)]]) 
FAN o|n|x|g PARO pi/3E HZ SİNA SIS 
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Chapter 6 Magma 


e ploygon BFS 918319 A] 3 (0,0), (0, 3), (3, 0) € Ate ZSS TA. 


Li=list( [ [0,0], [0,3], [3,0] ) # Al Sz 23 


SL1-polygon(L1, alpha=0.3, rgbcolor=(1,0,0)) # Y Al ES Alte z4 del? 
SL1.show(aspect ratio-1, figsize-3) 


05 1 15 2 253 


L2=matrix transformation(A, L1) 
SL2-polygon(L2, alpha-0.8, rgbcolor=(0,0,1)) 
SL2.show(aspect ratio-1, figsize-3) 


= M LJ s U c 


L3=matrix transformation(B, L1) # NSHSS o Allee MS AA 
SL3=polygon(L3, alpha=0.8, rgbcolor=(1,0,1)) | xil SS Alte ES 2/7] 
SL3.show(aspect ratio-1, figsize=3) 


05 1 15 43 3 
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L4=matrix_transformation(C, L1) => HS ZM 
SL4=polygon(L4, alpha=0.4, rgbcolor=(0,0,1)) MI SS XİLH- ES 1217] 
SL4.show(aspect ratio=1, figsize=3) 


e HS) vl mda SA et SAA du. 


(SL1+SL2+SL3+SL4).show(aspect_ratio=1, figsize-3) 


6 
5 
4 
3 
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Chapter 6 Maga 


00000 000 DU Aune DODO 0000) 


BAZ EY, xalama q 
ə A Mamake 3957] AN LA CRIS Zo] PAS o gt ABA WPS AAA 


def matrix transformation(A, L): 
n=matrix(L).nrows() # list L9] SE 74 
L2=[[0,0] for i in range(n)] # All list L2 So 


for i in range(n): 
L2[i]-list(A*vector(L[i) it L2=A*L 
return LX # L2 ELH] 
print "The matrix transformation function is activated" 


ə 132 BAN] ANA HE BAVA 


WA 
(ilo 
oxi 
Jo, 
a 
m 


A=matrix([[2,0], 10,210) + 4012! O|DIX|E 2ulz SUIS) 
B=matrix([[1,1], 10,110) # SHZ! O|DIX|E rez 141413 
C=matrix([[cos(pi/3), -sin(pi/3)], [sin(pi/3), cos(pi/3)]] 

# FHT o[n|x|z PIAR TOR pi/38tE SAD |= YE 


ə line SPE 9123/94 eru SE "eich 


Li=list( 1 [0,0], [4,4], [-3,12], 10,151, 13,121, [4,12], [0,16], E 
[0,1], [-3,4], [-4,4], [0,0] ann SE 7485 


SL1=line(L1, color="red") £ 9| S£ XİLH- ES 107 
SL1.show(aspect ratio-1, figsize-5) 
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L2-matrix transformation(A, L1) 
SL2=line(L2, color="purple") + H El 
SL2.show(aspect_ratio=1, figsize=5) 


L3=matrix transformation(B, L1) # AHS o|get Ae NE?) 2H À 
SL3=line(L3, color="blue") # 9| ES Alte ES "oi 
SL3.show(aspect ratio-1, figsize=5) 


L4=matrix transformation(C, L1) # NAS o|get Az e EE 
SL4=line(L4, color="green") # 9| SSS MiZ el del? 
SL4.show(aspect ratio=1, figsize=5) 
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Chapter 6 Mage 


| 

L 

|| 

|| 

du = m 
eg E 


Lj 


d 
| i KZ 
— Po an. 


e AJ vil da zAo et SAA TA, 


(SL1+SL2+SL3+SL4).show(aspect_ratio=1, figsize=5) 


http://modular.math.vvashington.edu/ 
[William Stein ` Sage FX IAH 


[Sage MAH 18] [Sage £2| BE HE: Na 


224 


0000 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


© O0 qS oa 7 : ni Rr 939992 ada x 
+r) Ge x-(1,2,3)9] Ju 


T Lo m = E EP e O 


T(x)& 3593 


EZAZ o|gsjo] che quo nia [TIE Pool 
T(z; y, z)=(2-y, y—z, z-z) 


(D T-1, 115. kee ek 
(2) Tiz, y) E 73, 


ololo) WE} xc g?& MAS AYI q E o|gi- Zo] 9 el ZAN] AY 0154] 
AE Wè T:R? RA daia 9 — Te) d x= | ? ləl ema TOO 


sesegah 


E. a 
və 42 
CHD co) sera ARAR] kernel) l AA(range)S FSH. ANE Wès od. 
"lar. 


225 


Z|) | 3x, +92) 
ə dk —. 


okeh Ze] NA 7,71 ASAS d chs El lelah 
7; (x, Tə Da) = (47), AL a m. 295). 


T» EZ Lo» Ts) = (x, Jd 2455. — La, Ax, = m.) 


(D A4 7,91 EE 44 Topo 


RS x, z € n 7t AJ ASS 7, Sol) AA 


“uz... 


opu, So T(x)z Tape 


6 nn +2 sə) 351032. 
(1) qs 39 SZ null space) A HAS Sage 9|-$]o1 Teol 
2 5 —3 7 1 3 
— 4 Ə 8 11 — 2 
11 0 —2 4 10 e] 
(2) w= (5, — 2, — 3, 6)7} 99] Ada] ASTE AZAZ 7,9 ASlrange) 


AEN WA] SageS 85] lor, 


1 0 vollcos6 —sing 0111 0 TZLo T 
CHM 5-031 w || sino coso 0| 01 -w|9 mil R, y [e] JA lo olx 
00 1 0 0 1110:0: 1 1 


Sheshe SageS 0/85/91 Kleta. 
(Sage: http://mathl. skku. ac. kr/home/pub/749) 
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LAA Apalan, 2002 ide dendi fər paper be 
submitted ta ane ol the op zd editum. 


af 


- 


e > rs 


5 r j~ 7 | 


iR LALA SAR NAS alle] 


LH. hepdÁcomimac pasgxh ac kr 


Lea 
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Chapter / 
xe} zi 


71714129 249] FA 

7.2 WAOS) Le 7|# tE 

7.3 AGA (Rank Nullity 82) 

7.4 Rank 89 

7.5 BARS (Projection) 32 

“7.6 &|a-A|s(least square solution) 

7.7 Gram-Schmidt9] 31411444 

7.8 WR; Householder transformations 
7.9 SHWE] 


AGEA 


(ug 


HE Sz 2 7| Al(basis m HUM. 122 7142 Me 3245 olte Take) YU, E Me 3219] $ 
A O 
NA ze] dei olalı NAA AA ajo lso] EA o] 
ol SoA wA 7149 AYE AJ 1 440] were] Sra 
XL, Est, SSL ANA eel 1 za Apo]A FAI AYAS Fes AQUI Taal Gala 
AAF OAS] SAGE ° = Soja go BAS] GAGO] səh KFJES uleaadu. e| 
= Gram-Schmidt 41413 IAI} op Saal 0124 7127 Burt 
oll dot BE AR AA 4 SAH ?llolzirb, AAA Boke oke 9] RE (nontrivial) FHSS 
JAS zar AS Holy, ol JASE 444007143 She Y Ho] dere] Sopa darin, ER 14171 
pd CHE IAO dèt (rop) Velo] ze] mèg səf ool ol = HA Apos MAILE 3) 
da rop UGT, 


i; 


f lik 1 Eu 5294: http://youtu.be/172stJmormk 


: http://matrix.skku.ac.kr/knou-knowls/cla-week-9-sec-7-1.html 


EE AE WAT, old AAA pue ABE oleh, zelt Gel 


L O 


AES] zë Sh} mehel qəyşlolak HAS mad, Tecpel sao 
= wie HAUS op JUNE WL}? o| dolan KS WYSE 
IAS desse 7149} HAS Bosal, 2 NES dad 


U U U UU UU 


"dı (001 
R" ol Xue S (v, və, VI ZECH = SAS səsimi SE R" ə) 7]A(basis)er Ti. 


(1) S7 VEY 
(2) span ($S) = R” 


ua. VE Rº del WAS xu Alinee spa, VA YAYA Y opa JAL 
7 V9 side asch 


(2) VE R"4A AIS AYE sPu(plangelet spa, Vel AAA ME Appt oka 9 
oja x wee Ve] 7148 JE 
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Chapter 7 Nana 


un) Er nesse] e, = (1,0), e, = (0,1)9] daia S = (e, Jet SE 
ola RS que SE NR a pel. a 


e dizoz S= fe, e, .. , e, AAA AY SE RIVA ol SE R" IA 
3t=7]2](standard basis) 2)! sih, 


R on 0000 000000 000 00 


CX TOM AA X ve te GC) 


Bex o tesao x,z& SHE (column vector) = 7Hl= YA, c = [ca === Cm 
a . ada ulelzol JZkEzIOS mer AE EZAPJAIZA Ac= 00] SA ej 
= HOR Fò) m = n Y AP det A Z 0 olm FASE 47, 


SSI 7.1.1 
1833 R” AX nj) (YA 


Ae = Kos 2019: ...» 777 T No aa Creer Lids ... Tan) 
DA E Ab 


UD aa cc, € RA diala 


epa? avè ox, =0 
9011 Ju Lin GP T Gaia Te CX, 
— 291 to 2. | 200 = Ta T Cta TUTO, — 
ai La Tun CL T CE T an 
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Zu Lig rr Lin C1 0 
Ta Tag * Ton || Co | U 
Juni Van 577 Lan Cn 0 


ol AHH sj (1) Coy ..., 6.) = 0, = Cı = Oe ə Ch = ONE 27] Het done 
A xe 0 oq. IAEE Xy, ... x, ol Sad dd A = 0 oct zi 


me) Jo] qala. of gst ATEU WIPES o}gata] Ro} Ap AE 


XU 2,8, Xd 0, 2), e 1, 1) 


ol AB A = — 9 #0 MH x, x, xt MAGANG GAYA 0 


2.01 
ə 21 


e http.//matrix,skku.ac.kr/RPG English/7-TF-linearly-independent. html 


x1=vector(l1, 2, 31) 

x2=vector(l-1, 0, 21) 

x3-vector([3, 1, Ui 

A-column matrix(lxi, x2, x3]) # xl, x2, x8S SHEE o YE 2823 
print A. detQ 


= (xi xə, xs] 7: Re] NAYS Bolsa S7} UA Hola RIS Byes sopa 
th. 


pit ta 
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Chapter 000 0000 


Sagel] [] http://sage. skku. edu = http://mathlab. knou. ac. kr: 8080/ 


A=matrix(QQ, 3, 3, li, 1, 1, 0, 1, 1, 0, 0, 1) 
print A,det() 


1 
ə ANA BABY] 09] opes S= {x,, x» Salt SASH, ol SA RS BITS N 
oz}, R? °] Wojo] HE x = (z, y, z & x = cix) + cxx> + cx eb SOG, 


(25052) =e (1,00) 585 015140) E CL 15 s a my) 


— (a, + Cy 1 €3, Co + Ca, Cs) 


o| z Cy, Ca, C3 ol) səl eje] 


EFO ASI (1) 
Co + cs = Y 
Ca =Z 
2 ded 


dea zt RE Age weleps A AAA (ol ga HS 792 mee dr, AA 


id 
= ANA WA AFYE [011 2 823 YE YE 244, mehi S 
0 0 1 
R° 9) zelt 
“dl 7.1.2 
AY S — İxi, xə) ..., x, p9] AAA 2148 W, AY r( > n) J "Es dst 
2 iyu Vo) ə Ye Gè SIS SOE. AA p LASA s 
jo — ni de 


DD. http://matrix.skku.ac. kr/CLAMC/chap7/Page6, htm 


SA R"Q AZ AF 7— İy, Ya kal SIE BE WEE x; x, ... x, Y 
SAT 0.9. BAG. 4 a, € Rol) dero] 


n 
y; = a4j;X, tagx, te tayi, = 25 5277 (2) 
¡=1 
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oh. JM] 499] cy, eş, ..., c, ERA AHA, 


Mey; = ay, + ey dot ey, =00]8 opa A (2279 992 ar, 
j— | 


Asi Cy ır. mu 0 


dı = 
Al (3 rA MAS a, 6, ce AL nA Mo A SARNA O] 
cj 248] r> nose geda DIS Ajaja] Ye HS Ze. med 
Te Sesso. m 


ZE] 7.1.3 


xəb S — {x,, Xo ..., u — İyi, yə, ..., Ym tol R”) FATE n =molH, 


ə R'A NAE FG Beh, zen zr 7/20] Ga Bele] ac By dd 


mel [00] 
AY RL R” el MAL uj Sol) Sok] BES] ASE LR" °| ZKA(dimension)°|=} 5} 
"| dim ZR” =. OCH 


ə dimAZ"— noth A PEER V7} REZA {0} alag. dim V= 0019. 
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Chapter 000 0000 


mB] 7.1.4 
R" ole] nA MASS] de S= (x, Xx... Xp} € Ro dolo] else) Asta 


() AF SA ASPJ Sr RS] zizloln, 
AN AR E echo serras 


GENG) e ze R? %9 sl A9 Mel x, = (1, 2, — 1), xə — (1, 3, 1), x, — (2, 0, 0)= 


olmu $ = (x, xə, x4] Ao] 
mek SE R °) AAA. 


dal 7.1.5 
S= fw, və, ..., Vet & R" ol BEE Vº Me opa, Vol BE He vi 7p uw 


Se] gels ago Ema 


EN sa vs daaa Vel ajojo] YA ve Se] exp ago BAT ach A 


V= tiv, + təvə te + ÈV OBA, V= £ vi T Sv TLE VRT SIA. 


SAS MA 
L o et y; 
olEL 57] gdzkssiolosg t ta —0,t,—1, = 0, vw, t,— t, = 000. 


L Oo] 


tep] V= tV + to Vo T: ds EE e Tr e Ia. 
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mt) S İv, 2 (1, 0, 0), v, = (0, 1, 0), vz = (0, 0, 1), v, =(1, 1, 1) sole} sah 238 


v=(3,4,5)=3v, táv; +5 + WA 


eld. Tali 


L. 
me 


v= (3, 4, 5) =4(1,0,0)+5(0, 1, 0)+6(0, 0, 1) — (1, 1, 1) 


v= (3, 4, 5) — 2(1, 0, 0) --3(0, 1, 0) 4- 4(0, 0, 1) +, 1, 1) 


OF FASS olo et SE Ria 7147) 917] uel. 


“ Weierstrass Theorem ` 
Si CHS Ier ol oo" 
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Chapter 7 Nana 


U U U UU poupou 


ST 58%: http://youtu.be/8P7cd-Eh328 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-9-sec-7-2. html 


, , a or 
òt RETAS — ol HARE YA AJ dag uestes, 7) 
(ə) 


sita qa, aclıq alo) SSS PU =k Ach o] ep 
= deve) ée gic dir ızı, AB Mole] zl uite] del 
Sch 


U U D U D 000 (null space) 


“Sel (000.000) 


nxn BE AJ 28% Xo) det VLWE {xE R” | Ax= Ax} R" °] 222200, ES = 
HE Ax = 09) aE R"e] xxxztelb SE xopehepga] Ax— 09] SEA 


(solution space) 3-2 JA A °] $227Knull spaco) ole} SH 7122 Nall (A) = verao 


(Eigenspace) SB ZZ (Row Space) 
Row(A) =< A np Aca), SE Arn) = 


A An xn 


@ zz (Column Space) 


SI 2: 2* (Null Space) 
gw: Col(A) =< A0 AO), .. AV > 
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0000 000 UU 


ə Gauss-Jordan 2182 olgeyel ala [B : 012 Madya) aves [A : 0/9 
RREF eL YE BEA ARE > (1 < 


(D r= nölH Ax = 09 othe x = OUE 224, WEP] este] ALS 0o]ur 
(2) r < no (EL 37 SS ëlo =S] HARE AZA JAZ) AJE GA 


oru 
1 0 0 0 bi, 1 1n 0 
0 O - 0 55.41 2n 0 
[B 01— 0 0 0 ü 1 Dogs bə 0 
0 0 ` 0 0 0 0 
0). 40” Dia O © do ELO 
ex 8b 2 gid, IA, 09A che Sale) 
di — yay yalı” Ora” Dia 
um. Bd 250 is 
Lr m B oaa d ¿A ds OM M 
ER rpo Betas o £49 nor Aço ue YAA AP s, ə Snr A ul 
SA Dei = Sp «o Un = s, , OR epa, didar ol AGE Sz Zò] n-r 


A AJEA AYARLI so] Lead. 


"i dÉ 1 dÉ 2 D, 
72 Do y 1 m 2 bon 
"E E ad mi — n 
X = |Z,+1|— 8 1 ER 0 qose dE el X 
Lr+9 0 1 0 
T3 0 0 : 
: 0 
z. 0 0 1 
of 7] 41, 5.5 Sul e] Ao r = 
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Chapter 000 0000 


dÉ 1 —b 42 D. 
b, 1 — by +o — by, 
Duci D. n 
Np 1 y. O 0 , Viza = 0 
0 1 0 
0 0 : 
: 0 
0 0 1 


E 1488899 JT mehri AY ER nr Helse] SAR e 
X İV. Savor YA TO, 


2. T 


= FACE S {v Va o Wn- E Ax = 09) BSUS PR E, SA MASAY 
€ YA E = dA ot SE o] BA (x€ R"| Ax = 0) A ziel e| spreto] AY 
—.u... 


a (0000 001 


m xn sla Aol dey Ax = 02] WEZA, = 49 3379 ARIS 
nullity(A )u]3: YEAH S dim Null(4)= nullity(A )o]u. 


an] Ee YA Aol Yoo] Ax = 09) JET] NAA AMS FA. 


1 1 0 2 
a fer ah 
ASI que 8 
4 4-1 9 


Ax = 09] 274382 [A : 0]9] RREFS 5/4 US zig. 


kod 220 
00 1—1 :0 
000 0:0 
000 0:0 
dajal dure 
Tı — Ly T 2X, — s T məl = 
dis . 8 1 0 
— — — — = 
X i ə: , S 0 T1 1 , (s, t€ R) 
0 2 İ 0 1 


olma EZ] NS ALL ZIZE LRT 20 


, nullity( A) — 2 m 


md FAAP HSA] 719 ANS 50], 
Atit 127,” 72:04 =Q 
Së Ge Lg == 20r LA = 0 
oT IS 20s LI = 0 


Sage’ ëch GUYS] AE AS] RREFS Joka 


A-matrix(ZZ, 3, 4, 14, 12, -7, 6, 1, 3, -2, 1, 3, 9, 22, 11) 
print A.echelon. form) 


MESS 
[0 O 1 2] 
[0000] 
olu o] daia pes Sail) 


Li — m. m 
Lg — m 


1,9 z 21 ARNOR, 2(— 4— 2) 7º] AAA A r, sol dela z, = r, z, = sel 
sha ol qılə) ente 


ai = SOS ... = 
talo r u 1 0 
ENE dəl | 05 “o m. m 
Da S 0 1 


oja RIO] 719 Se ARO zi?) Chem 20 


— t(— 3, E 0, 0), (— 5, 0, — EI olè Ie] ATA zo nullity( A )— 2 = 
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http: //sage.skku, edu HE http://mathlab. knou. ac, kr:8080/ 
Q əlazləl zs səbt 


Asmatrix(ZZ, 3, 4, 14, 12, -7, 6, 1, 3, -2, 1, 3, 9, -2, 11) 
A right kernel() 


Free module of degree 4 and rank 2 over Integer Ring 
Echelon basis matrix: 

[1 3 42] 

LO 5 GO 

Osi A FF| 

A.right_nullity() 


2 E 


UUUU UL 


yy 
411 Wo dın 
al al wis a 
"udA- ^ D 2" Toll je] 49] zr spes AJA m 7°] YA 
Qm 1 Am2 Ann 
A (1) E [ay 04» din), A) = lazı doə dal: 
d A (a) = [amı Am2 Ul 


11 012 Ain 
1 dol 2 99 do 
Ami Am2 Amn 


& 44 AS JHH (row vector, AAH (column vecton=j1 èk, öl 
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AG)... Am) EM JAA YIA RA HST = 


S Moss 


2 4º] YEZKrow space), Row (4) = vekil, Beye] A (1) 


< A Wo AW > 


2 4º] S2Kcolumn space)olek Stat Col(A) = ert aaa 
SA (row rank), SEZI] US A 9] ZA (column rank)et SH, 
VENN), $, 


dim Row(A) = r (A), dim Col(A) =c(A) 


dal 7.2.1 


+ 38 A, Eyl ae USS do de ue. 


Hud http://matrix,skku.ac.kr/CLAMC/ehap7/Page16.htm 


A” a oj Aal R” 


o "pep YY 4º] RREFe] YEHE go] opa BEL A9] YR} AJE JET, o] 


“del Sol AE dem. 


S= 5) (3;4, 9, 0,7), (2; 3, 5, 1,8), 


dəh SA LA 220, R? ol BRB W=< S DA 7148 3e 


20 m) 
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Chapter 7 000 0000 


Li 
— 
~ 
| 
= 
=l 
o 
E, e 
El | 5 
N n 0019 SE e» 0» | PE: 
Monn ol | Si m 
| < Sono Nİ = 
e doe ne — Lrmoo dı ə 
CN — c> CH o) | U | 
— = — CH D R 
— c> Q CH >, al = 
i Xo cc qo N 
| a y 9 
a l ER . 
s mi Y o — 
iə go = I 
or | T 
H A E En 
o - I 
NU x və N 
9 Eos s 
es oi c Ka 
ffe 
man 
E Li E 
Š ° | 
Too Too = 
or or o|) 


R 


tolah 


= 
= 


AY 33719 IA 


š e 
Sa 
AS 
ol 
Es 
T 
To 
ol 
= 
re 
N 
p- . 
T $ 
ox x 
B N 
o Tod 
ei 
U 
3 ; 
Ho G 
700 o) 
or bə 
CN CN 00 co iO y o|) 
| JU 
CN Mi — 00 M SO d 
o H O - E) l 
HN — €? CH Ho 
750 O +0 A 
| 
or - 
AK 0019 > aos = 
E x pre | 
| o 
= O»10 00 s 2 T eM Ca — oo 
N ch co CN Ho Sone SS || 
ae ee En A CIE CH GC D 
"a 
| or | E 
T ps Y 
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el 7.2.2 
299 WA A=la,lax A dieto] AY FAS GADE Su. 


ə ol ATE WA A AF(rank)F ela oF Zo] LA, 


r(A) — c(A) — rank(A) 


Oo 000 000 00 000 000 00 


e Row(A d = Col(A), Col(A D)-Row(A)., 
° Row(A)^ = NullCA), NullCA) ^ = Row(A), 
° Col(4)* =Null(A ^ ), Null(A ^ )7 =Col(A) 


an 5 Wè 0)€ R" əl usted at = Te, 2), le R"| am aun, = 0] o]z. 


Za R" 9| hyperplaneeltl, m 
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~ Chapter 7 n. Uu 
1000 (Rank- Nullity 00) 


^k http://youtu.be/bM-PzeOsugo  http://youtu.be/f3PAgf DVd8M 
E: http://matrix. skku.ac.kr/knou-knowls/cla-week-9-sec-7-3.html 


| Seul os 25-25-5855... 
SUS AAs BY A ol 27199 BAN deia gog 


[] [] (Rank) 


Fe] [D D (rank)] 


da A ol YS} SFA} AAS AB] A S] a rank)E} SHT, rank (A) tehqir, 


ə A > U=RREF(4)ole Shi UE okol Ratel AH. waja rank(4)= rollu, 


nullity(A)= n — pol 


—— 
Loi * 
U= f m E m 
0 0 


Zeg 7.3.1{000 0000, Rank- Nullity [] [] ] 
AJA JA A-—[a;],.,e| Wa hão) FU 
rank(A)+ nullity(4)= n 


ə Rank-Nullity 44. e do] gus) Gala 
9| Edo) A € Mm xn AH 
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dim(Im(7)) 2 rank(A), dim(ker(7)) = nullity(A) 


Jus 


dim (Im(7)) + dim (ker(7)) = dim (2") 2n 


= 
3 oJEZ rank(A)= 3°]! n = 5 


9 
1 
= 
0 


xl BA AJ rank% nullity reis. 


aje A o) RREF= 


A = matrixiZZ, 4, 5, 11, 2, 1, 1, 2, “1, 33 0,2, =1, 0, 1, 1, 3, 4, 1, 2, 5, 13, 51) 
A.echelon. form) 


[1037 0] 
[011 3 0] 
[00001] 
[0000 0] 


olu rank(4)= 30] We] 7.3.19] Ja nullity(A) — 5—rank(A) — 5 — 3 = 20] 
m 


http://matrix.skku.ac.kr/RPG English/7-B2-rank-nullity, html 
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II http: //sage.skku. edu 


print A.rank() # rank Apr 
print A.right_nullity() # nullity AKT 
K 
2 

Tal m2 


adda Ax = bet dE A daşasas gem du 


rank(A) = rank 4 Di 


11 012 Ain b 
a 99 Qon | bo 
a A s” iii” a la U 
Ami Am2 Amn Dm 


uk Sales digo] Maka, 


Ax = bz) oS Eu > gäil (DS Sae 2,, Lo, 


> b AJ dizel Sao. 
€» be Col(A ) 
€» rank(A) = rank|A : bi 
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o Ly Öl Saga. 


(1) 


me) z—2y-^2z—-1 [1-2 2]fa] [1 
U kabus +4dy+32= 2 = L o3 y| = 21-60 uem = olur 
: 20+ 2y+5z = 3 2. 2-52 3 


A = matrixZZ, 3, 3, 11, -2, 2, 1, 4, 3, 2, 2, 5) 
b = vector([1, 2, 3]) 


print A rank # rank(A) 

print A, augment(b).rank( # ranklA : bl 
2 

Si 


JA rank(A) 22 —rank[A : bi olos Za) 7.8,29] iall apt Seo] RA 


“a 4 [hyperplane] 
a€ "e| 4 opa wah spa. 


at = [x€ R"la - x=0)2 a°] hyperplaneo]z stu. 


(0 a+ x=x'a= 09 ze HE olsa Z Bx) 


ə dima’ “nullity(a”)— n — 16İtİ, 


gel 7.3.3 


WE R" °] n— 12141 RETA aha, W=a ql 9 pup ac Z” o] FATRA, 


o | dim W= n— 1olEz AZA al dim W = 1 olelok ar 139132 
W = spanta)9] Aofa sig] a7} ENIO. 


= W=(W ) =(spanta))” = a” E 
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Rank O00 


dar http://youtu.be/8P7cd-Eh328 http://youtu.be/bM-PzeOsuqo 
olEE: http://matrix.skku.ac.kr/knou-knowls/cla-week-9-sec-7-4. html 


BE dd AY JARA JATE eM docs 7,3894] lS Y 
A AS Af(rank)= SRU. AA ARA FHE STS] AA APO] SI 
“AS repa. 


SSI 7.4.1000 00001 


JJA YA A = lay A dieta dim Row(4)=dim Col(A)o]t, 


DD. http://matrix.skku.ac.kr/CLAMC/chap7/Page26.htm 


http://matrix, skku, ac, kr/nla/rank-review/Reciew-rank, htm m 


“ala 7.4.2 
ada da A= m. Hs rank(A) x min İm, n} 


DD. dim Rom. A) € m, dim Col( 4) € m°] u! rank(.A )=dim Row A )=dim Col(.A )o| a. 
rank( A) € min fm, n] 


“=|  7.4.3[Rank 00] 
199 Ya A= layla xn opta Tão] Siet 
(1) dim Row(4)+ dim Null(A)= A °] YA NZ rank(A)+nullity(A)= n) 


(2) dim Col(4)+ dim Null(A ^)— A 9] YA ARE rank(A)+ nullityCA 7 )— m) 


DD | (De 282] 7.3.19] JEA AK Sol ot $550, 


(2)= Row( A ^) =Col(A)0]31 rank(A) =rank(4 ^ )o]e (DA All] A oet A ^s Riel 
Gaich) a 


250 


El 7.4.4 


YA A7 zi?) nº] BASS il 47/7/9880 BAFHZAL doa idu. 
rank(A)= n 


= nullity(A)= 00/22 389 AW IAN 95) rank(A) = no]. E 


mi) Che. Belo) 229 nullity& sole 


———”, 
0/9) A 

317 
(ly 3) 5 
— 011 — 
3R, 

000 1 
"e 10—22 
— 3)R.+R 

er ii Ñ = U=RREF(A) 
00 0 1 


olu 48329 7]1:45—3 = rank(4 ) oluz see] AB Ja AA BA A 46) 
Hg 4-rank(4)=4-3=1=nullity(4) = rank(A) — 3, nullity(A) = 16) 
o}. 1 
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299 dd A, BA Hote ose] YE GRA, 


(1) Null(B) € Null(AB) 

(2) Null(A 5 € Null((45)7) 
(3) Col(AB) € Col( A) 

(4) Row(AB) € Row(B) 


CA oes 97.2 av. 
kli ) => Bx=0 = (AB)x= A(Bx) = 40=0 
+ x € Null(A B) m 


rank (AB) € minlrank(A), rank(2)) 


daa YA BA 19388 A=la,| LE FA 4S 540 JANB. 


rank (AB) =rank(8)=rank(BA) 


ə TAMAS ASE BLL rank& PAMPA GED 


APA aa A = layi, xn7t rank(A)=r ole} spa. 


(D A9] BE SES CE rank(C) € ré TE, 
(2) As Af(rank)£ ré zb AE ep Oe ZAC. 
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FT o qee aya Col dela Row(C) € Rov(A ole z 
rank(C) = dimRow(C) x dimRov (A ) € rank(A) =r 


(2) 1712] CRER 3850] AN, (3, Row(A)A ZAN) Ali BIEYA ASS Ao] E 
ANS, Col(4)9 779). ois exe] LSE: rx r 27]9 LESS Som opo! 
rank?) r 91 23320] sic] e 


(DUDU DOUD 


“gel 7.4.9100000 0000] 


Ba AM nz IPEA di use. 
(1) A = 719019. 
(2) det(A) = 0 
(3) A= 13 SAO. 
(4) AESA HOS FAN. 
“(5) AJ (Sash LDU-Héel(factorization)7} dèt = Ada LA ENA 
PA = LDUV?İ AEK Le LAN 191 TA, Di SAN] m 
(6) Ax = be EE nx 142 bel Helo] FL JE 4 
(7) Ax = 02 28% J x = OVS 214, 
(8) 49 See} So] AZ sou. 
(9) 49 deso] RS VII. 
*(10) A = left inverse Set Z Ade YA X Edo XA = Zock 
(1) rank(A) = n ole, 
(12) A 9] leso] eap gor 
(13) 49 YH 30] ES VII, 
*(14) A= right inverse ZE, 
(15) TA € WPI. 
(16) 7, = ANJ. 
(17) A = 0 A 9] VIH] oF tt. 
(18) nullity(A ) = 0 oct 


09] ou AAAA, UE SAMIR] 1:61 ARIZ) 
dE 


JIN 


AG dai X7 EMP] AX = Jet) 
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Chapter 000 0000 


ET E el zan 


O (10) = (7) > (8) > (11) > (10) 


(n = a? 
(10) > (7): A= left inverse, $ AGA YA X7 Zoe] XA = 7 me, cn əm 
7} dst delal, 2e]; xE. Ax =09] djin spq XA = ola É l| 
= = ər m 
(YES cs pore] ) 
= Restos es e də 


“(tayè “eir + is tm) 


ol AY med Ax= 02 pst a] x = Ou 


(7) = (8: AX=02 AR ə) 


x= OUR zur zpgepd Asl kw es 
X= la, Ao 5557 a, | ^e spa 


OV) + A.V, t: aV, OS AX=0>x=0%S Q0=01<:3<nm 


olma (vovo cv), 2 49 Salles JET 


mq. m 


(8) > (1): 49 ARES] YA ole akak, IAA rank(4)= AASA A 9] deso 
Aso] = rank(A) = nog, 


(ID — (0): rank(4) = neja "it Taj (BAK qz dons) Bese WSS 
olu, e, kd sat Lola 2 sre] PAL 091 E SPA crap Be Aaa 


A'x=e, 1xkxn 


L rank(A 7) n— rank | A? e, olH me kel) Het} consistent7} AF. KÉ ol WAA 
si 

"à 

aye} opa X | 2 

x 


n 


= A 8) left inverse7} YY. 


O (1) => (6) — (14) > 02) = (1) 


() > ©: AE ABA aka qaya A 17} SHS}, selinin x 1 BE} ba] diel 


A(A 'b)=(A4 D)b=/b=b 
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gue Ax— bE əl x, = 4 ‘bs 


ZHeu. Het Ax= ba 999] JE x el epa 
x= /x—(A 14A)x—A” 

ojn Ax= b= 2 o olo St SH 
(6) > (14): Ax = be E 
7} oz 149 ts 


AX =A pex 


zu. 
Lg bo] deje] + à 


ele 22491 Tii. ey KRA Y 
3 Ja SHEA] 


nx st 
E 091 nakal welaka Sp L 


Ax=e,, 1xkemn 
2 AA AN epi] az: ZE x, ol PWAN Bef sha X= [x, x, => x,] € AL right 
inverse?) Art 

(14) > (2): A= right inverse, = AZI 

M 


XA ZA] AX 1 7t AURIS, 2 


det (A) det (X) = det (A.X) = det (7) = 1 
oA] det (A) = 0o]ur. 
(2) => (1): det(A) 0 olalı 7355, aaa s B= 
deter 


1 
an adi (A)7F Zlata ago] A 
AB= BA=I 
qee] A= zielt 


+39 E dle 


co 
XİT EE siri 
7HEO] asma 
Xİ LER 0) aralx) 


bd — — 


0|* HHE AS SE $0 4082101 
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| D D (Projection) [] [J 


al sd 
A 
[=] 


Alo 


ZS http://youtu.be/Rvird3u-oYg 


|=: http://matrix.skku.ac.kr/knou-knowls/cla-week-10-sec-7-5.html 


AAS o = Selo] aks BEE R ag ap projection) Y 
JAAA. JA AALS] WAS RCE suem JAN] GA 
del Host HEVSS eL ek Gram-Schmidt SAS 3 
yp OH Kata 0124 71371 AA. 


R' On (000 0000000)000 


Tal 7.5.1000] 


RAYS] q opa YA ac] dell BE x€ R" dëst de) LASA WA Wald, 


X= DO) AÑ +w=tatw= D+ W 
El a 9] Gao] we aol] FIA aog. Est AS BE] p, WE dst do) 


sa 
|P id md WÈ XD 
llall 
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ə YA AN p DHZ R əə ARES JIA A, orthogonal projection) 
oja} erm proj.,.x— 
SEES 


HU 
Hd 
x 
EI 
El 
z 
d 
IN, 
El 
ox 
de 


(orthogonal component) 


“SA [200 000 (orthogonal projection)] 
AZAKA T: R” > RS TS Zo] ASA. 
xa 
T(x) = proj < a>X= —a 
Ilall 
JAS HA x°] ao] “ləl AAE FRIA AZA AB (orthogonal projection of R” 


onto spanta))ºJ=k 3H]. 


ə T(x) = proj .,.xi AGUA] SS JA Sole + YU, 


(http://matrix, skku, ac, kr/CLAMC/chap7/Page33, htm) 


si 7.5.2 


a= RºX9 0 opa 29421 seh elm aruis 


mə. 


P=——aa" (ol, PE digaol rank(P) = 1 lek) 
ad 
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m) 4 JAZ 9183) REA FAA AL MIS AVE pH y = (tan0)z AE ANA 
| ske Wa] det edia P,= qa 


HE] x°] ae] AN JIJE FSI AZA Wiss Fòk AAA, AAA as 
y= (tan0)z YA YE 7] 191 4A u= VEM Ho = 


- Es 


pi. SE 
7 olz ul = 1 


oq, 22232 of] 890147 


— SE Ta |cos0 At cos”0 sin@cosé 
P= Tg Ut = hib u «ing [cos0 sino] 20500 
002 PE a= (1, —4, 2)əl sid WAHE ne] dad wet BAY To] zaya PE pò) 
NE 


1 1 ped 3 
a'a= [1—4 i-i REL ad e a KE E -i 16 | 
2 2 2—8 4 
1 , | 1-4 2 
olma, p= ——aa' — —İ—4 16-8 E 
ava s geg d 


” f 
"T a 
AM Z 
: "r 
j= 
m AN WIKIMEDIA 
COMHONS 


http://en.wikipedia.org/wiki/Fischer. projection 
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ROO 0000 0000000 000 


WB] 7.5.3 


WE R" o) 242321014 spa R" ol wi WE xi 


X= De Xk rol, x ii k xx) 


W 


X, = pro] wX, Xə = X— X, = pro] yx 


me] 7.5.4 
Wa R"e) 388g sal, Me) GEES) We] liod BMEYE JE d uz 
x € Rd dè 
proj yyx— M(ÜMİM) `M x 
old, 


iii http:// matrix.skku.ac.kr/ CLAMC/chap7/Page35.htm 
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Chapter 7 000 0000 


me) BA z—4y--2z = 0499] 34199] ESTES Papo] 


BE r — 4g:“-2z = 0 Ie 


x 4t, — 2t, 4 —o 
y |= t —tj|l|tt, Ol (t4, tb € hockt 
B ta 0 1 
4—2 
q] M=|1 01 olu, ##3 P= MMM) "MT og, 
0 1 
5 8 
Loe 17 —8 A 2È 
T = = m — LI 
— all x Er EE 55 
21 21 
20 4 2 
"ES 21 2t 21 
_ Ba dp 21 2111 41017 4 5 8 
diman ALE auf ES 21 21 al ” 
1 21 2 8 17 
21 21 21 


e AA (orthogonal projection)9] EFYY PE ao] idempotent(P* = P)elu. 


€ xv H 000 000000 00000) 


e http://www, geogebratube, org/student/m9503 


(2232. ra? 


D 
É qü? nga j 
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OOOO (least square solution) 


EH 58%: http://www. youtube.com/watch?v=BC9geROJWIis 
< AlolE: http://matrix.skku.ac.kr/Kknou-knowls/cla-week-10-sec-7-6.html 


Ax= b?) sz 2= 39 HS raje YS Voy ES SJ 
= BAYS Hisp spp EMP] CHS ALE zbg DARE SIS ZE 
ae Zid 


[] [] with GeoGebra 


El AlzelO|A http://www.geogebratube.org/student/m12933 


(xo) 
(a qw) 
LG =) 
y= 2 42x + 8.28 


[| [] with Sage 


El Alzel|O|4) http://matrix. skku.ac.kr/2012-album/11.htmi 
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Chapter 7 n. LU LU U LU 
Gram Schmidt) [10 B EL D TT] 


SO S584: http://youtu.be/EBCi1nR7EuE 
< AlolE: http://matrix skku.ac.kr/knou-knowls/cla-week-10-sec-7-7.html 


Fo” ol qr x 7149 sec nem 7149 meo qe 
SH ol APE A"A EE (nontrivial) PES NE "Läich: A 
& Bold, ol 142738 BAIAS Be doll dieta ero aur 


o 

R” o) nm Z (0) p R" 2 zpisttrivia) 2370] ster 

R” ol det zm 7149 YA HE WE n AAA Wo] n)elqut, 7149] moko refè, 
R m. 


+= (nontrivial) FETAL AAV IAS zh. 


(DUDU D11111] 


Sai 


R” °] ele] X1; X», ...) Xk ol) qs 
S = (x Xo: ...7 Xi) 
ul SGL opm, S°] NE HE YYY = He m= 25154 SS auze(rthogonal set) olel 


44 Es), ads S oll sèke NEN BE 717 19 32 SE 44441224) FKorthonormal 
set)o]az Sth, 


> < 0 
` Z] LZ] AS š = 0 (i AJ) — o] ul 
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mi) () Dia EZANA (ey, e, e [E ATIRADO, 


2) Reo x, = (0,1,0), x, = (2,0,1), x, = (1,0, —2)@ Spa, (x, Ko, xə) 
2 Amado st QA WAYS chic 
2 1 1 2 
(3) Ré AA yi = (0, 1,0), Yo — [=o PA ya — SC -—-la opa 
və” 45 Vi V5 
ly» Yos ys YE AAPL JT = 


U U U 0 dull 


El 7.7.1 
dd Gl o li Ae — 12.5 gs m 
uu acc cy € Ro) CHIC} 


C¡Xy + CoXo + Ven 


olel en 4 i6 — 1, 2 k)o]| joto; 
(cix, + coxo + >> 

ol = 
ei (x, ° xj) + c, (x 


olm, à = Jol x, 


c; (x. ` 


2 2 


3308] x, ~ 0 olma ||x.|| 0 (4 “1, 2, 


Ci = Co — s ee 


ott dod SE RESON} 


+ SEIN 
RRE (X, 


> * X.) + krake 


X;) = c, || x, ||? = 0 


+ eX, = U 


X; —Ü-X, 


+ X; = 00/23 9) Ajo zx ej FE VE 


7.77 
k)o] sje] 
=c, U 
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Chapter 000 0000 


U U U UD DU 000 L 


e [0000001 


R"A AA SA ARAVA Zlar?lzl(orthogonal basis), SHADA HANA AFANA 


(orthonormal basis)@}3! SHI. 


uq)... (DI (39 JE ASS RºS ARAGAO. (DA YE NAL 


R° °] JaA. 


me] 7.7.2 
deb S = [xi X» ..., X, 9| R” ə) 4793714014 R” e] AAA 
(I) YE X= 444 dol FAAO, 

X r A j ÓC 3] 


7141, C X NUN al 2 5 n) ole, 


KON, 
(2) uel SA R" e] AGA, c; = —— ol xu. 
X 


00 (Dur Sos de SA AS ə JAY eu 
tod Pare TON, s 
= nada, 4 1 (61,2, ..., n)ol| Hero 


X. x — (ed Oke E s Pe es 


= c) (X, + x,) + ce, (X, * x,) + + + c, (Xn “ x)olu. 
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30] 57r IA Wes x, + x; = | 


tep] C; — X ° Xi (i — 1,2, m m 


DÊ), - — (2, —3,5) — ge RS] AAA 
x _(2 9 4) (LoL 
poten e [aps slo əy 
| ramos aloja, 


y = ay, + cy, + Caya E} epa el 7.7.20] 959] c; — y + y; (i=l, 2,3) 


9 
ole E y s y =, a BTYBT TE 


9 8 
* V Sy a On Dy DFD EN 
191 232 3J3 1 ee JE 


o am 


(D TE S’ = x, xə, o x, & R" ej ape |x, |=lo]2Z y € R" A 
W, — Xı: Xə, ...) Xj. > ES] BABE de, “rı. 


yı = proj w, y= (y - xi)xi + (y + xə Xə He (yo Xy )Xk. 


(2) WA dar S” [xi xə, ..., x, jo] R" e] BAD AN AF, xl) aaa 
y, = proj y, y Y BBS AAA Pore. 


y ° X, y Xə y ° X; 


po 


yı = Dro] y y= 
Is, 


¡al ¡Al 
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Chapter 000 0000 


waa T = ag xi — (0,1, 0), x, — 0-2 sled ARA 
© S= (x, x, ) ol Sisto WYSE BEETS Wet sl, ale Y = (2,1,1)9 W ge 
°] 413433 Wo] ER yol daan velt. 


y = Dro wy = YK Xs Ta. 


2015 12 10 24 
- 10.10) +| zl 0 Zl- | Je: b m 


m HW oll I yy zim 
10 24 je | 348 5| 


Yə — y — proj WY — @,1,1)-[- 169 2 169 169 kih 169 


Gram- Schmidt 1HULU UTI 
E| 7.7.3 


sar s= (xp xy jè "ol YAYA AAA spp TIA SELE FOME 
x 


JANA} EXE 


mu [Gram-Schmidt JAZ} wA 
YA R"9 719 9238 ue T= İyi, yə, o y.) £ We BL PAZ ANO 


y, = projw y 


[HA] 1] y, =x, olal She. 
WA 2] YA AA WYSE FESTAS Wiole epu 


e Ta 
= IL]. 
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[SA] 31 yi, you JA Fo BESTE We epu 


m I Xə "Yi Xa * Ya m 
Yo = X4, — Dr OJ W;Xs— A30. Xi 5 Fa ME erc. 
ly, ll İNZİ 

[HA 4] WARE nA Dkòbziz] JHO= 

" dé mit lè Xp" Yi X, ° Yo Xy * Yk—1 

k AL W, Ap Xp — Jd use 027” Ye=1 

ye ly, II? Ill D 

(pd. Sy x.y) 
99 AE Sox T= ly: yo: ...; Ya He ^|z AQ 410480], 429] a7|= 

= x ER. xləl o mn 
lè oh, 4 c E njeh BMH Wet (24, Zy ..,2,]& R"e] AFA 
al 7|^]olu. E 


© AT Gram Schmidt 00000 00(000 00000) 


* http://www.geogebratube.org/student/m58812 
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Chapter 000 0000 


x, = (1, 1), x, = (1, 2)9 Y 9º] Gram-Schmidt 417413 AS 0123] 454] 
mA Z= cn Z = 7394, 


WA 919 4313) AZL 0183)9 AA yı, y, Ë FAN chez} Veh 


[MA] 11 y, =x, = (1, 1) 


Xə Ə 


! 1 1 
[AA] 2] y; = X» — pro) Xo = X, — > y= (1, 2)- ees - E L 
| "i 


Ke 


mi” vr ve ht wacb ve vz) : 


“iH Z, = 


o op = (1, 1, 0), x, = (0, 1, 2), x, = (1,2,1)9 md, Gram-Schmidt "aus 
dS good RA 74 S (xi, X x aJ SRE R'A APA 
Z= — Z9, za LS 55/9134, 


WA Ana IS SA yı, Yo, YAS AKISHI, 
RANN y, = x, = (1, 1, 0) 
[HA] 2] 

Xə 1 


1 1 
Yo = Xə — PLO) ip Xo = X> — lly » — y = (0, 1, 2) — 7 (1, 1, 0)= - D 9? d 
Yi 


2 
—. Do 
1 2 

Il II? KAL 


E A .9[.1125.[|. 22 1 
= o (1, 1, 0) | EEN 9? 9” L 


[HA] 3] ys = X3 — pro) Ra Xs — 


2 


Es Yt Yo, y = zm ATEFA, 


"T I ES d 

= gh ad” go 
P. = və SC 
” Iyil 6’ 6? 3 
, - 2 -(-2 2 de 

* lvl 3 3 3 
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ls 


— 


YA Mi SS E UE 
"B 3 / 3.3 Y 


Sagel] [] http://sage.skku, edu = http://mathlab. knou. ac. kr:8080/ 


eed 


(D AAA 39] 


xi-vector([1,1,0]) 

x2-vector([0, 1,2]) 

x3-vector([1, 2, 1]) 

A-matrix([x1, x2, x3]) # xl, x2, x3 JAE]=Z 5 YE 2843 
[G,mu]-A.gram schmidt) + JA doy AnZ]IZJE Sot, A==mu*G 
print G 


[ 1 1 Oo 


HS 1/2 2] 
[=2/9 2/9 1/91 


Q) STA lal 277] (AWAF STS) 


B=matrix(lG.rowl(i) / G.rowG).norm( for i in range(0, 3): B 
EATIS AVIA4E doe se YE 


| 1/2%sqrt(Q) ` 1/2*sqrt(2) 0] 
[-1/3*sqrt(1/2) 1/3*sqrt(1/2 4/3“sart(1/2)] 
[ —2/3 2/3 sit) 


de appa nz] 
1 


z= İr vr” 


WA crar ZA BESS spo = lead Belo] quae selaka + siri, 


print B“B transpose0  # SJmsidoz| Sol 
print 
print B.transpose0 *B 


[1 0 0] [1 0 0] 
[0 1 0] [0 1 0] 
10 O 1] 10 O 1] e 
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Chapter 000 0000 


270 


x, = (1, 1,2), x, = (0, 2, —4)2] m, Gram-Schmidt BHAI} 192 olgèjo 
dər S= (x x E 142 ZH RS 2234 W el ar Z= İz, z, E 


melok, 


: Xə ° y 6 
y; = X; — DTOİ ¡y X; — X; “ip yi” 02 D+ GG 1, 2) — (1, 3, —2) 
1 y 
y dob. 3 2 | ; “TI 1 302 ü 
^ ly 6 vel 7 iyl 14” 4” vi 


SHZES237H] ZA 
2021171 FL ATI Lora Sets ANAL FEE 


QR-[][]; Householder transformations 


A 35294 http://www. youtube.com/watch?v=crMxPi2lgGs 
m E: http://matrix.skku.ac.kr/knou-knowls/cla-week-10-sec-7-8. html 


m x k da A?) kofe) VIEYA SSS pda, ell Gram-Schmidt 4 
SAP HAS 28510] ele. Hass de she da QE del Y 
d A= QRP Re ARE) sspe QR-SsR- PARO 
AQUI, AE BAS EAV TER AS naked ue] o] 
Sei, ol Bo ON Sal Ziel Ra 


e http://matrix,skku,ac,kr/sglee/03-Note/QR-Decomp.htm 


tes sə University 


Linear Algebra Lab 


ues dum Wd 


ge eh (Decomposition) - QR #4 


Ast eto Sha E F. ci 
Made by Sang-Gu Lee with MyungGuk Baik 
2. QREA] 


39 210574 JE SHS dz Householder dolab. 
dép T 


Beier (tel qm ouleizi old) 
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Chapter 7 Nana 


sh 7 http://youtu.be/tdd7gbtCCRg 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week—10-sec-7-9.html 


AR TAZ 2149 TELS SEA ANBA USA BAN a 
NEMO RAN EENAA Ji AEE ego o] 3 


dat: EEN ebd GE AAA det (FAA) Belo] FEE wa 


e AAA. SP S F ESANS Gas des IA 


el 


Dar a= (xi) xə) ... , x, )ol R'A NANA RA SH BE We] xb o) 
ələl BRA GLI gəl PUMA AREA, AN ei, oy, o MA x 
e| AEE olalar 2 lr, 


X = eX, Pox dee XV (Cuts. e ER) (1) 


9 (00001 


k bm, II 


Al (DA AA 44, co, ... C $ EAZA ordered basis) o el) Bèt AE x S] A coordinates) 


ek wi məh R” s) ull 


& ENA o: oll Bèt x S| gE coordinate vector)ek ep, [x İL = deich 


ul) — ME] x= (2, — 3, 5) Rio 3714 a = fe, ex es Lel dieto] 


x= (2, — 3, 5) 2 2e, + (— 3)e, + 5e; 
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27 7” 


e x; — (1, 1, 0), x = (1, 1, 1), x=(0,1,-1)9 q AA 14 a={x, 


xə, Xi o] 3st x= (1, 2, 3) el 32098 [x], & 230187, 


X= (1, 2,3 )— ex, + eX, + cx (e; ER) 
= €, (1, 1, 0) - c, (1, 1, 1) - e4(0, 1, — 1) 


“all 7.9.1 


JF a7 BAZE R^ 9] AAA A, RS AA x, yº Adake € Rol dolo] crgo] dBm 


EE = RE İy, 
(2) lex], = eki, 
eura] S = crgo] JAZ, 


le; yi F Co Yo uu CY, la = Cy Ya la Se Co LA hu Cn Lae 


273 


Chapter 000 0000 


U U U 0 D L 


E ok 
pè 

Y 

3 


- ++ mu a — 75 ə EHE p a ly Yo; 2. məlu Ez 
"İTE 24 21H] ett oli ag göl AJ xe R"9] k FEM 
Ao HAS eiu. 
ə x = ciyı + cay) + w toy [lc € R) let spa, gol PF x e ZR" °] prete] 
Cı 
x) = |” 
c 


ola, ER ad] Ye x € g^9] JANE [x | FE do] uera 4 


cae = ley; + ey, + Se Tey la = Cy Wila tO [ya |, + se Ys Ja 


or 


Di; 
YAN, ae] Vèt vg ZEAE [y ], = Pla gd PE 
Du 
Pi Pio Pin 
P= ZE iyl. x ANE -l ki T Pan 
Pai Pa? ' Pan 
ek spe cgo] gs. 
P11 Pio Pin 
p: le = m F Es s 6557 à 
Pri Pno Pan 
Pia Poe Pin| | C 
— (Po Daa Pon| | C2 | 
"ido Zus [=P ee L 
DniPn2*** Pan Cn 
=, [x], =P lxi; (2) 
ə 99 A Qa BI p = gaya [x J;& Geo [x 1.59 əlili FSS Y, olm, JA 
P= İlyıl, Yala" Yala] = ENA BAN o 329) AJHAtransition matrix)olek stat P= [7]5 


= 24912 ech =, lx), =P lx], = Axl, 
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e RS 7 ABEKChange of Basis)olek Sz, THE 7145 ARSA aep wee] EJA JACA 
da LAJA, dëst 430) epu. op ope] LA Zo] oJèfè 2 YO. 


21%: ((1, 0), (0, 1)! 21H: ((1, 0), (1, 1); 


3 dək a = (e, e;]7t R^ 9] BEAST y, = Hi Ya = iki dd FAA a, 


B = ly, yə ) el xteto] Y BS] Bajo. 


W 714 BAM 714 039 4088 P= [11 S tada, 
(2) [x lg = E ol u sape] [x 1.5 Fòk 


Bx = |3| e ul, YO aree nd 


(0 P—-Ul|s-llyl, ola JES 7]A ool E yi, yol FEES ZA Fèk. 
y; — e, + 2e, - Hin NP 
Ñ —— e + e, M... pi Yala = | À in. 


em - [i7] 


(2) x |, Pix İş” 7 E ES 


(3) x — || 3e + 9e,o|3 TE x = MEE Ly,o|E = 


kl =|5 R 


€... Ple la ; 
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Chapter 7 000 0000 


Nu = (4, m La 3). 


= [la ly], [ys], | eins SAIA od By, y, yA AMS zb 


ax ajo ə Vo ( ER) 
O F bX = DER) 


o o Ey, l EQ) 


el spp Chea} 22 319 AURA 


a, + a -2a4 = 3 b, + b, + 2b, = 7 Gi + Cy + 20, = 6 
201 + a> ==] 26, + b, = 1 2C, + Cy = 1 
də + a; = 4 ba + b, =1 Ga tT cy =— 4 
112 
2 Hie AE A= 12 10/2234, ol A 19 AFAVAYL RREFE 048A 
0 bI 
xezlol AA] ead. S apa [A : y, o y, : yil E RREFE BROCA a, b, 


c, (4 = 1, 2, 3) & Y Hol Tè + QUE 


LIZ 207 6 
A= 2 J ou xo 1 1 
0 1 1 411 — 4 
9] RREF= 
100: => 2 5 
B= 10 1 0 ə eg 19 
00 1 1 4: 5 


olu, 444 7141 Gol 7141 o =°] olaydır c pss 4, 


Or CO QU 


A 
P-|ng-| 3-3- 
1 4 


°  http://matrix, skku. ac, kr/ RPG English/7-MA-transition-matrix, html 
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sagel U x http://sage.skku.edu 


A=matrix([[1, 1, 21, 12, 1, 0], 10, 1, 11) 

yl=vector([3, —1, 41) 

y2=vector([7, 1, 11) 

y3evector(16, 1, —4]) 

B=column matrix(lyi, y2, y3)  & yi, y2, y3E& dHiEl oe YE AA 
print A, augment(B) 

print 

print A augment(B).rref() 


[1123 7 6 [10 0-2 2 5] 

LS beds AM 101100” 

[01 1 4 1-4] [0011 4 5] E 
28] 7.9.2 


= Ale at BS ugs R”AAZ cepe sua P E NA BAM 714 029] qlolayaoyel 
sal, 274 PE 7902 P "rz ada 714 p=] äech = P "ll 


a 


O Ra. YE R? ol FAA a, Bol usto SS makalah 


(1) NA a olla VA 639 stola Q = [7] 


a 
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Chapter 7 000 8000 


W ab 
3 -5-9 olsa e) 7.9.20) 
14 5 


() 74 84 NA o te] APPA P= 


II http://blog.daum.net/with-learn/5432044 
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http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


CH +29 88:50 oxide eram Bases ga BAZ. 
Vi — GE l, =). Vo — (0, 2; 1), Və = (0, = 0) 


© UU So opu EF SA K'A IZI Vèsè 


W S, 2 (2,0,1), (6,3,5), (0,—5,0)) 


O) 10120 9.21) 1 5.2)) 
(Hint: http://math3.skku.ac.kr/spla/CLA-7.1-Exercise—2) 


Oll) xo 222710) z+ 2y + 3z = 0°] dst NE d MA = AS atat. 


AEN SN SA AAA AFA diet AS AUS akojah, 


(D de ma 2040 
(Iud uw cu c 


(Hint: http://mathi. skku. ac.kr/home/matrix1/261/) 


(2) ati 128; SO 
21, + 6x, TIT — 22,742, — BE ZO 
oda T 10677 log, O 
22,162, + 87, +4z; riso, = U 


(Hint: http://mathi. skku. ae kr/home/pub/548/) 


LANI 20141 SATA ala AY 33749 7192 nullity(A)S Fè. 


2 2—1 dy d 
—1-1 2-3 1 

o| 1 1-2 0-1 
B 0 0 1 1 1 
0 0 0 1 1 

O 0 dq T. 0 
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Chapter 7 Nan 


CHD --- aa 42 922 Col(4)9 7149 dai a AAS c(A)S 22 FE 


MU 06 

() A=|0 0 0 1 
0 009 

pue Sec 
expose O 

(2) A-İ 2-4 6 0 
3 3 0-1 

0—1 1 1 


AA] sto} rank(A) = rank(A ^ ) el Bos. 


bs ed 


CITO ea == eres 44 Row(4), Null(A), Col(A), Null(A 7 ) 9] ae 2 
z} malela, 


280 


SR) A € M, A AA rank(A ) mal 42 AE full row rank& J9 Shi 
rank(A) — nəl 82 A} full column rank& ZHErku èk, The JUS] 


full row rank°]2], full column rank9l4] EE = 


(Hint: http://math1.skku.ac.kr/home/pub/565/) 


O 00 1 ug a = (1, 2, —1, 1)el JAN FEIXE hyperplane a^ = İxla - x= 0! °] 
NE HAS Tote, 


CHM x- ( ə, 1), a= (2, 


1 da YÉ x°] span(la)—c a» Y=A ANA 
proj-4,.x& 0123/94 Ala st 


(x) = proj -,.x9] TAWA PE 393 


SE 


CH) <= (1,2, 1), a — 2,1, -1)2 m me] xol span (a)—c a> JEI ANS 
pro] - as x+ 0183519 XE XE <a>, we <a> “ 0] x= x, + X7] HE x 


xp XE TARA. 


E a JSS] YO xi sk as} AWS spe] x, A YoR kai. 
1 
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Chapter 000 0000 


MENS A ə) b7 oa 22 uw agua Ax— bs] JANERE xen. 


1352-2 1 
—21-21 0 0 
GO Aj p | 31 
=3 0 1 dO 0 
0 1 2—21 0 
Ga we xb dh ow Wd» Le. 1 
1 2 3 4 5 4 3 2-1 2 
pee "Une udo 6 AU EN A 0 
2-50-9770 
a 3004: YA YAA 0 
1 2 3 4-5 4 3 2 1 9 


LAMB is? a (1, 5), (2, 1), (3, — 3), (4, 1), (5, 2)2 Aui 1 
y aş + az “aşa” + aşa” + az L 3593) 


CH” 22 ((,1,0), (3 2, —5), (a, b, c))ol aiaei FES YA a, b, cd BS 
431918 


MM) L.S. 7432] o Topa. 
Ven S (— 25 15 D Va — Eb: 0, 2: Vy = (== — ð, 1) 


(2) Vi — (1; L. 15 1; Və = [s 4, 4, x V3 — (4, = Za 2, 0) 


CAMA xu 7: Tu, lr ut 2z= 0) 2 e] v= (2,4,— 3) ol) deo] 122 rèojat 
(AS (u,v?—-u- v= əhl) 


(1) 22E41 FRE SACS EDS] 1149 344 271% 


(2) pro]. V 
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MAMA Ro) 0714 6— (0,11), (1, —1,1), (1,2, 2)) 9 qe 
a}, 


(1) x= (7, —7, 5)9] agl [x], & stalo 
(2) y= (1, — 4, 4)9] FEN [y| & 23987. 
(3) x+ y 9] 3288] [xt y| & Zeile 


(4) 3x, 5y9 age [3x], İ5yl, 474 Pope 


APA o = lu: ul C= (vi, vo} + Rad NNE Ska, 
Ui = ER 2), u Us zə = (2) 3), v Vi m So 3), v Vo et 4) an OFA, the = Eel Foto 
z}, 


(1) ada [75-9 FAZ. 
(2) dolya [7]7-9- 1381 


(3) 214 aol diel [w], = (1, DA m, MES 18549 [w8 Tòl. 


XA 


(4) 219 Bal AA [wl], = (3, 2)2 A, WIGS IA [w], & ope 


GHD oç A mxn 3719 ses ay. 


rank(A ^ )+nullity(A ^ ) 9] qe Bele}? 


6 [][] P2 (Select one) If one replaces a matrix with its transpose, then 


. The image may change, but the kernel, rank, and nullity do not change. 

. The image, kernel, rank, and nullity may all change. 

, The image, rank, and kernel may change, but the nullity does not change. 
, The image, kernel, rank, and nullity all do not change. 

. The image, kernel, and nullity may change, but the rank does not change. 


. The kernel may change, but the image, rank, and nullity do not change. 


ap cm J C GO uo 


. The image and kernel may change, but the rank and nullity do not change. 
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enli P3 (Select one) Let 7: R”— R° be a linear transformation. Then 


. d is invertible if and only if the rank is five. 

T is one-to-one if and only if the rank is three: 7 is never onto, 
T is onto if and only if the rank is two; 7 is never one-to-one. 
T is one-to-one if and only if the rank is two: 7 is never onto. 

. d is onto if and only if the rank is three; 7 is never one-to-one. 


. T'is onto if and only if the rank is five: 7 is never one-to-one, 


gö m mi cx 


. T is one-to-one if and only if the rank is five; 7 is never onto. 


AMEN (Select one) If a linear transformation T: R^ R° is onto, then 


. The rank is three and the nullity is zero. 

. The rank and nullity can be any pair of non-negative numbers that add up to three, 
The rank is three and the nullity is two. 

The rank is two and the nullity is three, 

. The situation is impossible, 

. The rank and nullity can be any pair of non-negative numbers that add up to five. 


O mr pO ET E Ss 


. The rank is five and the nullity is two. 


JANB) (select one) If a linear transformation T: R^ R° is one-to-one, then 


. The rank is five and the nullity is two. 

. The situation is impossible, 

The rank and nullity can be any pair of non-negative numbers that add up to five, 
. The rank is two and the nullity is three, 

. The rank is three and the nullity is zero, 

. The rank is three and the nullity is two, 


CY "mp SO JS 


. The rank and nullity can be any pair of non-negative numbers that add up to three. 


(1) HA Ax— 00] mA] AVIRA nA] APE dei JE AGAR, A HA 


9| AAS Ad dutl: 
(2) R” ote] Y opa BE] acl] ələl EAE hyperplane9] YAL doal: 


(3) R” °| 482379 AL Anp A = 9112712 BE Zope 
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(4) R° dek SEGUE 99 HAS v, =(1,0,1,0), v; = (1,1,0,0), v, = (1,1,1,0)9 eto 


CHAN 23 s= (xi, .. RIE 2"9 14% E d AA nã AY dolu 
(Axı, ..., Ax, }= R"e] WAYS ERA, 


AMENS 291 sa JAY AN ATAS 22 YSZ PVA AE] aaa 


AHI”) VE ARE] Gram-Schmidt 4733 VAL 4234 JA asp 2017172 


071 PO ue 42) Eus som R-N... 49 ABS NE ABA 
“ALE 


CHA) 5=(2,1,0),(0,0,2),(4,1,5)0] RÈS 4pifspar) Fe medal, 


CIS ¿3101 dol e ala Aa Aran) ABA uera] Belèoè, 


til 1 
tl 4 


1 tL 1 


A= 
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8.1 Agus] daag 

8.2 wes Bas] 92131 

8.3 Aya, “dd Jr 

8.4 1484 

8.5 14349 LA 

8.6 SVDA QA Sd 

8.7 um 32348] 

8.8 Hermitian, 4441, ates 
8.9 Haden pg A 


a 


ASEN] 
+= 644 WA] £29 m AGUAS nalı 0/83 JAA eg = Wes mg 
postados ui sS DAS] AAA = AAE 2°S =E] VIZE 
ol FAJ= AO = 19191 X7|X(ordered basis) m zh el^] Š = °|] GAL det adın sı 
ES o| goto] 22 IS Steele}, Het Apolo] ab A ere 71419] Wo PAHS Apolo] x 
AE JoJ (transition matrix) & 018049 Hopi, JAAS] ARABE PAPE GIA BAS ull 


zako daka] ARAGAO 


4e ze 44880] IHAL SA Hc qalan AA mx STA BSH sol uw 
ol oS sue, ol AANE 44389 2548 mz AJYJYBL AW ZS di ues. 


* ol} (quadratic form) ZT 3ro] o 

> use BOAT a ol BYE AJE di Ya So] a:a as < gas auc. m 
“6 2İ(quadratic form 2452 AJAN WAYA uli ASAE Pira SB 
= LE D 


stop (GAZ) UAVS dtes ee XR zelt: PENAS] WS UMA JE = gielt: 
PAS GFI, AAT FSS] AE He w SEL ANUT, 


EE up 77: Ries AA BUT. deja SARA 15464 ad dene 

YA 34429 BAS HE $ Jo — arar MAYAN 4189 dola 4394] 47 
Hermitian YE YE Unitary) JAE Uk], ol 49 FA 804 Hermitian SE quer 
ul sas gen, SABA] Ts .. ASAS. 


dig uu p 


Amxn= 


kxk 


mxk 


U U U U U UUUL 


e st 58%: http://youtu.be/jf McPoso6g4 
a è Y6 APIE: http://matrix.skku.ac.kr/knou-knowls/cla-week-11-sec-8-1.html 


Se 6414 RQA R” sə) RE AGUAL slds 0183) 
o) JAH eu + USS gab ol ire RS wi ul 
Ei YH 217149] "ETE BARS 219 ül epu. e| 
goe 199 AAA ordered basi) ZE ZE” ola Rosa 
aque] AJ ağdı JAMES 0859 Le BAYS Lo, 


Hill on DDODDD 200000 00000 000 (00) 


Tl Du 


BEE N HEIN 
€ lu € = le,,ez,.. 


HES 
P = (yr Yo, --- 


24X] 
2: 


Yn} 


7:6 lli Hr 
10% (Transition Matrix) 


Heu 
DEE. e, 3 


pm 


HEM 
Cı = fe,,ez, “ud 


R" 


en) 
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NON DELL (ordered basis) 00 R 00 RODO 000 
00 UU 0000 


Hi7|X HR EK 
P= [eu ETEN MO 


R” ar 


mel 8.1.1 
T: R” $ R" y= T(x) (KE RE AJA AJABDo]A sp, 
a = logs DTW 207 B= ly; ooo Y Ym } 


Zizi Rot R” A AAA sem. uem 


d 
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BED use ag xer"=R"9 74 o= (x; ... x, PS JE Bea sho 


x= CMT CX TOR, 


S = siet EAN, aol] Wet x S] SHEE 


old. 79] 4339 sto] y = 7(x)= c T(x,)+c, TRO) +--+, T(x, Dom, y 
R” o} wlgE|o| 71] Bo] Beto] creo) alimi, 


iylə” ei İTİx) Hate (le Ha te + es İTİL, 


Cı 
= (T(x lə: Tordo: el (rs, lg | ki = A’ x], B 
° 
o ë= 
(1) FA 8.1.19] $242 TWA AS YS] FOR ANE + VOS EE < 


(2) BA 1712 = A'Y 292 71% a, Gol Te} siete. əh de eA MA a, 8 eto] YES 
ol ENE AAA A'A GE gaz cak, 


(4) R" — R" AN ANAE a = Bx dispo] AY AL «pos AJA qa A' L 
o ol) xh AMMAR) TA se ego ax 732 A= İZİ, = [TAS EN 
a. 
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L "as gora, 


» Xə = 


2 zızı RARA 2x7] Az som A = [7]f= 


JA, 714] o oll GA 4439, JA Gol dat FAMA E 


1 1 —1 

T(x,)= anren -alilal dë 
—1 1 == | 

T(xj)— | y [= bavi + bays SHIA af 


EE 


olma ol d AS çıxaraq ag zz Sa ad. 


IA 


Sho E}, 


aAA 9] dawaa daag my | lez das gas A 


— 
z 1—1 4 el 22 E 
ali : ^| o E o 
1 Ə 
10 0 > i 
: 1 1 
575. 5 5 
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gr 
gwa r: RRS IICT ay [olah aasa, 
J =20 Fu 
A S 1 —1 0 
aba [Bt s H 
-1 1 1 


= 
= 


zizi me Ria ENA JA JH A = [LE popa 


2 Ə 
“sə Hm ^ o|u zm 
= - 
L=1. 0: 2 Ə 
[y Yo ys : T(x) : T(xj]2| 0 21:-2: -1 
=L Ll: Ll: 
Olt}, AS RREFE Hs A 
1-10 275: 1=1 03 Da 3 
O: 2 125—235 —L|l—*10.72 10 —2: —1 
=| 117 —li —$ 0 01: l: U 
1 5 
100: 5 5 
— Ə 1 
010 Ir 
00 1 1 0 
olmu 42923 29 
l 2 
2 2 
A” == 30801 S 
2 2 
1 0 


http://sage.skku.edu "EX http://mathlab. knou. ac. kr: 8080/ 
Diy yo Ya : 7(x,) Ta av) 


x, y = var(x, y) 

h(x, y) = [x+y, x-—3”y, -2*x+y] 

T = linear transformation(QQ 2, QQ^3, h) 
xl-vector([1, 1]) 

x2-vector([2, 1]) 
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yl=vector([1, 0, A 

y2-vector([-1, 2, 11) 

y3=vector(l0, 1, 1]) 

B=column matrix([yl, y2, y3, TGD, T(x2)) # GANA= PAS ade JA 
print B 


[1-1 
[0 2 
[-1 1 
© RREFİy, yə ys : TO) : 7(x;)] =E] 


C=B.echelon form() 
print C 


1 0 0 1/2 5/2] 
LZ 4 0-3/2 1/2] 
0: U. 1 I UY 


© [ZIL sl 

A=C.submatrix(0, 3, 3, 2) + A submatrix(a, b, c, d) 

# SBA (asl, b+1) SHEE AY sl, MA AE o Fall zay 
print A 

[152 5/2] 


1-3/2 -1/2] 
[ 1 0] m 


m qua T:R' oma ri 


24 FY 
TY 
p 4y 
zt a= {ez e), B= (es e, ej) ek Y 


a 3951 me R?) 24743 


LT 


(W A’ = [T] S TAN. 
(2) Hil elil, (DN Fè A’ = [Tie 18è 


E ol 
o TA exe A = [7] = [s Tİ | la rasta 
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1 2 1 4 2 1 
(1) nee | EIN ame -: dën H dëi 
1 4| 5 1 11, 12 
41 
ue A'-[7-|-11 
] 2 


II a e e 
2 1 8 2-(—4)+6 E 
kalan. | 


€ Em DO 00 00000 00 d 00 00000 d 000 0000 70 SO 
- Bü 0000 AD 2 


DL ETE ER 
a | > H > ; 
à [xu x — x. et k eye. yal =n e] 
R Le R 
TOR k SOR R 
Air 17 neis 


Tək SA BZ ae B, BAR yaz SAVE "Lal UFA Agge, o] A 
ase 33 A= İTİİ, B= İSİ) 22 ESTES pda uu. 198 PRA Se TS 
EJAS o] | dad ista 23H EH) 
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O Ev 0000 (transition matrix) 


Ix], = İ7 İş lx), = Pixi, oll Ye PIS AA BAN 714 o =°] AY (transition 
matrix)olek Sd. oS daag T5(x)— P x= YAS 4 AA. 


Ix], = Plxl, 
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y- 
= 


9| WAS ASJAA(transition matrix)& o|-&ele] Ye, 3 


ol APE R” Apolo] ABRE To] dét 7149] dat FERA A 
“zek Boel Jada EASE 4201 digi dajal gelach 


Lİ U U OUO DULL 


sh SAH http://youtu.be/MnfL cBZsV-l 
= 


E: http://matrix. skku.ac.kr/knou-knowls/cla-week-11-sec-8-2. html 


dange 


QT 00000 0000 İZİ < 10170 (76 pou 00 


mam| 821 


T: R” — R” 9 Asus 


d 3H o 714 Gol 
A” = P AP o Asta. 


olu ad 87k R" ol ENA d 


A-ITI, A ITİ, 


NA aze) AAA (transition matrix) P = Pare opa 


[7] - ULT] Ul; =P AP 


| 
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məd), agua T: RPR e n-tv es 398%, RANA of BEA 
| ceps, x de vide 9- İyi lala W d. diaas alga 


A = [T]; & roboh, 


74 0329 molas [1] = Pa spa 


alex, NA epa Be 


que p i= | T olu, maka al 8.2.19] Isto} A'S dëst gü, 


AE | 


UU 


228] [00] 
P7} ENE BE AM We 


GATE A, Bel) Hot} tas uS 
(similar) Scolati FA. 


B=P AP 
oig, B~ Av 23. 
mé) 10 0 100 100 
: JZ A=|0 1 0|, 2—10-—1 0|, P=|0 0 1)/6l Use p= p 'Apo]|u = 
| 0 0-1 001 010 
E 
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SSI 8.2.2 


nzi = 34443838 A, B7 Good hão] dem. 
(1) det(A) = det (B) 
tel A) = ill) 


BEBE A - Bən, A= P BPE vas eise Pr) cte 


(1) 3249 JAA ASHA, 
det (A) = det” ! BP) 

(A) = det(P Ddet(B)det(P) (w det( AB) = det(4) det(B)) 
= det(A) — det(P Ddet(P)det(B) 

(A) = det(B) (^- det(P!P)=1=det(P Ddet(P)) 


(2) trace EPA YAWA MA q or de 4 JA. 
tr(A) =tr(P ! BP) =tr(BPP II (o tr(AS) =tr(SA) ) 
—tr(B I) =tr(B) " 


s mö 
FA wes ee Por Webs) AUT 2 JU 


Hu. 


“a (000000 on] 
AM JE Za we daa GS dét ideya PA expo) PO CAPA GA 


sel Y AS uzsrsskdiagonalizable) Pao shy, oll YE PS AS Wa 
(diagonalizing) 3) o lek etc 
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ə P 'AP- D (PE 71993, AE 3293, DE ANTE) 
A*—(PDP ^f = (PDP "(PDP )..(PDP”) (kH2] x) 
= PD(P !P)D(P !P)..(P !P)DP ! 
= PD*p"? 


olma AL digat n 


° http://matrix.skku.ac. kr/ RPG English/8-TF-diagonalizable.html 


Sage] Il http://sage.skku.edu HE http://mathlab. knou. ac. kr:8080/ 


A-matrix(QQ, [[1, 11, 1-2, 41) 
print A.is diagonalizable() # uzse 75 essel 


True 


DET DI = De]= = aprisa, 


un)... A- E A o) AZI SSI Gee Holz 


wel A7 WAP ESSE dalal, = 


Pa E 1 (ad — bc #0), D= E A 


məl P TAP DE, AP= PD) Sgt SA zəl 
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CA sl 7 lo olle à 


Eg, b H o 1 ...... 


we c= 00/4 e=Qo]AZ ae € 0 = e(= 0)o|E=# Ego 
“iH c = 04 “el gu. 


"Latz nd ox d — QolHa ad — bc 09 Eo Ab uzsHBsern] erm. 


(DUDU DOUD 


Tol 82.4000000 0000] 


Ek. Xun... A7 nN AMES ZIL Zo 
ch, opu, AL 21449] BAZE, o A, ugue ZH UNE D ok ae, dëch, 


B (S) AA worse age zeige 


o| dao P 'AP— BA ARABE B= diag(b, by, +=, b,)0] EMP opu 


AP=PBojmz Ap —bp", Ap? =bp®, .. , Ap? =b p? on. 
ub b, bo, ..., 0,2 AS icio B= Dolu, o p", di pe 32 
IEZ b, = Àj bo = À>, ..., b, = A, oll TSH MAB, zug P7 ora 


oalah nA] 0.60955 els mit 


(=) AS DRE Ap AÇ, .... An ci MEE YAA WHMIS 


pw, p?), .. poe sta SJAS Saa zi- qas 
p= pip” p™ ole} sta 

BEL 

AP= [Ap : Ap? Ap] = [dp : Ap?! ND 
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A, Gs 0 
E O Ao: 0 
— Ip ; p?) em : pi d ` M — PD 
0 0--A, 
zaq PA GEL quee PE cel. maja P 'AP= D, š AE det 
SSS. E 


Gs 4000000 DD PH DDD on 


© IHA: AY no] AZFEYA agua nl, pê, pls FA 

+ 2x3: pi”, p”, pg ewe ze YA PE men 

ə 344: ol P7} AS Zee 330] 11 P'AP — A 9) Wes mé 
Ap no Ans ENTE + GZ 4222 x zala pe 


Dias; Ao) .... A ) 


: a A MF A “2, A, = lolu, eae x, =| la 1% 
M =2, A, =19 22 HERE A əl BHM}, ol A Bo] expel We] 8,2,4 
ol siad AL ars, Aale Pake an] |? >| ar sha 
PAR 5] “lli a= lo 1 
oli. : 


ə. 


Sagel] [] x http://sage.skku, edu = http://mathlab.knou.ac.kr:8080/ 


0 0—2 
12 1 = 1371582 məli, vld AS ZB we PS spes. 
10 3 


A=matrix([lO, 0, —2], [1, 2, 11, [1, 0, 31D 
print A, eigenvalues() gana a 


1.23 


AY NE HE IRS A, = 1, A, = (EO ola] 22º] 2824 dëtt A 


°] ejxpgsjel TOMES FARA 
A = 191 A? Ax= Ax (3, AT A)x- 008 ER 


E-identity matrix(3) 
print (E-A).echelon form) 


[1 0 2] 
OA 
[0 0 O] 


AQ = 201 32 Ax= Ax @ (fr A )x— 0)£ BW 


print (2*E-A).echelon Form) 


[1 0 1] 
IO 0 0] 
[0.0 0] 
= za 0 
olm xel t [=s| 0 |+t|1| (s, t€ R ) AJ EA TEU 
S 1 0 
=" 0 
Ko = O Xs m |. 
1 0 


xl-vector([-2, 1, 11) 
x2-vector([-1, 0, 11) 
x3=vector([0O, 1, 01) 
P=column_matrix([xl, x2, x3]) 
print P 

print 

print D det 


au 
BEI 


303 


Chapter 8 Nan 


[1 1 0] 
1 


AA datt Zo] PA PEA] 00] JYAZ PL ASH Z A asi x, xy KÈ 
IAH je] 8.2.40] spo] A E daie atd, 

print P^-1*A*P # data <L sig ap ate AAAA ake aaa 0.99 

[1 0 0] 


[O 2 0] 
LO O 2] m 


un H 200 
= ala A-) 1309 539992 [A5 — Al = (4-2)0 3)” = Qolmz AJ x 
| —3 5 3 
Do $429 N= 2, 3olu A= 38 FZAY, ol 224 GSS: AJ WHEL 
1 0 
x = —1|. x, = | Ü 
8 1 
olmu AL Al ze] YAGO MAS ZA Ser mehel AA 8.2.40] Maho} 
A = ARPA ge. " 


“dal 8.2.5 

X1; X», ooo $ —. olu A= a a A Al e a Ay Ao 0069 A, İl TS of} = 
aug sA Is, 2-27: X, = Sap dot. 

Ta 8.2.6 


n lə) gaze AZI nº] NE CHE Wess AA A zs. 
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00 = X ..., X,& ZAZA AS AS OS BAZE A Az) us AA HS SHE UG 5 
AAA 8.2. 2.59] 959 JFL YA Holt, uen "T 8.2.49] 9519 A= Apre 
ot ooch m 


Ja 
epe] AE usps. : 


© TING) 7012 ay a= B- ze] Az de işıqı qm dəl 8.269] 


"o 


Q 47 daats dao dir AY VRB MM ... A, SIE ox 
Ao] SAB 4 Ach. maja FA 8.2.69] IL AUS Si 


dou UUUU DOU DOU 


e (000 0000 000 0001 


Ap Az). NE BE A = la), 9 NE THE nggole FA AJ Bac 


1J 


A Zo] Ud Z We AAA mi, mə, — MA WE nol ACh, eju, zm, £ A, sl 
WA] s m(algebraic multiplicity)= Sta Ls] zoez dëser axel TOME 
9] PE 954 (geometric multiplicity) 21 ett, 


“gel 82.7 [01493 BASRA 2] 
nã] ABA ATTE E dog ze. zi DOM laa SEES RE dato 


nol Se zlolm, 
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EN a 824 Ja nakal BAIA AP} GEES E 
qa IEEE 740 elek, RARA 714 235 YA 
= = RE nu. 


9 Z= suri SAY gg. 


nae QAR 47 WARS E aşmaz 


o 
AA SECO 7spg şum?) 22 xal. 


nu 10 "ES 


1-—11 
Ya A=|2 01|9 x$3k& 2, 2, 3olm, P=|1 0 İL eje] 237453) 
2 c— 3 — 0 21 
d. ue A= PDP”, p= f 2 1 ol. dee] Ur 
003 


bend 
A°=PD’P'=|1 01 
0 21 


2 U Olio. due 454 —422 211 
09% Ülİ—1 1 0|=|422 —390 211 m 
2 


0 03 —1 1] 1422 —422 243 
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U U U DU. UU UL 


Eu 5294 http://youtu.be/B-—ABvvoKAN4 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-11-sec-8-3.html 


Je ANY AJAA quejes AB mejo, 291 d? 
SH] Jaag 289 gol ës o] dolama 
ao] 8997 E DO spend E 


0000 


29 [100001 


apra A ol) qa 4 '= A 7 olu AS ZmèfYlGreal orthogonal matrix) oe} SH. 


mam| 83.1 
dai 47 AGU Ges Wee, 


() dai AY PSS NE SAS], Ap 
(2) JA AY AJEL NE pgo, APAE] 
(3) AE FARAON 

(4) [As] - lx ESWHS, doz Edo, 


= 
H 


w|= coli 


2 T 2 
E SHA — | — — 
a} SLC A 


o» | r2 
cə İİ wlrm wile 


w]e 
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Co | r2 
wm] 


ATA= 


wile coli w6 
Çə Po wile 
wir wir | 


ə AJA ee ua dass A] spe zın UT. 


“dl [0000] 


“m 


d 


29 AS C7} BL 2719 BAA d d C= PAPA daag PA ENA, O 
= AN #a-S(orthogonally similar)°]@}3! stu. 


“a (00000 DO] 


3438 Ad] uel AS uzsek Avda PA EAI ül) AS Juas 
(orthogonally diagonalizable)ejtj: ep PE AS Awaz E(orthogonally 
diagonalizing) @8o|e}sa! stu. 


@ au 342859 419235374 (ala aa) 


mel 8.3.2 


& AE-A=Q+2)A-4)A+1)=00]DE 


xəbə =— 2, AQ A A, —— 10] BE Ago m 
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SSI 8.3.3 


AR GABA, AY ME GS Deze] ASH şəli ME xps. 


mam| 8.3.4 


nat AAAS A7 ADOBE Secus A7 AARAA a]. 


D (=) 47 Jaqa EE P'AP = Dol Jada PA ganda DA EN 
d, 14A D= D'us mg 42 Yen, 


PAP=DD*= p Jp ero: 
ua THEO] seta. 


P*AP=P'A'P € PI(P*AP)P*=P(P*A*P)P* 
eo (PPDA(PPS=(PPDA PP’) 


mam| 8.3.5 


ARABE AL nA] DEMS] 009996 Zed. 


Hn A7 addons el 8.3.4928 AE R P'AP = Dal 
Y 


DA SAM. mala Asp EWES D S| ARA AA 
Maze Po) QUEM AAA — Je JAH LA que 
SO AMAS leng AR n] IPAE] anaig zc. 
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SSI 8.3.6 
na 34438 A ol ueri] um elu. 


W A= AWARE. 
(2) AE nA pas AFAVNALS ZK 
(3) A= Jade 


Q any quse PE AFA ag ANH? 


A(A-3)(A—6)— 0o]Ez 49 DEBS A, —— 3, 


A9 Sese. Ab Al-A 
Ay =0, Ay = 692, AIJA YA GS IRRA ASS DAME mm ARA 


Se e Jl ztzt Sa} zig. 


==] 2 0 
a == Ll ld X 1 
1 1 
Zl AY St | Xj, Xə, XE N LS 0. n.) òt 
"M | | 0 ME E Ü 
V3 V6 1 3 v6 
Lİ | PRENNE MES ; 
ery sal) ep Ba ve və 
1 1 == 1 1 1 
= A AE = 2 eet = a >> 
3 6 va 3 6 V2 
33 
30 
A, —— 30] HSK = AJ AAS Yel WHMIS (420) oja + Yep 
=l meli 
X = | 1|,x,=| U 
0 1 
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o m 


0111 Gram-Schmidt EAV 24438 ölsə 
e 
— 1 X, ` y, — 1 1 — 1 2 
W =X=| 11, y, =X2- 5.40 üə Lh qeu ed. 
0 Nall 1 0 5 
1 
1 
a t. m 6 
REN E ya .. Sa no 
k "ll [==> 17 eg 6 
Yi və Yə va 
0 =” m. 
V6 
1 
Aş = 69] Sek VAYAE x, = | Lola (oll Ano]E=Z) SS A 
1 
SH 
V3 
1 
Sa 
3 və 
.. 
Ə 
= 1 m 1 1 
V2 Ve V3 
_ 1 1 1 
dep] Jae P=l2 iz. ai n və | OM. R 
a e S 
ve və 
Silo (Function of Matrices) 
http://voutu.be/B--ABwoKANA 
Vin mn [EM em 
AA 3 m a (Mm 
E dE ep S Ü A 1 3$ £5 d a DSL => 
A 3l a E E : B B 
9 0 € ¡3||=J0o 0 . e. : . 
AS] AE I 
e TL A L + so. A 1 : — r 
ı 3 Do s D A 9 om 
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6 
O 
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ug DUD 


Eu 524% http://youtu.be/IznsULrqJ O 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-12-sec-8-4.html 


olxF34l(quadratic form)2 4 Yo] olzkol qHleza GS EU, 
JAH, SAS, ada APTIH 5 ereb Hop ASA, ol BIS 
aaa Y da, Ss) NAH E(symmetric matrix)o] WP SL JUL 
ett}, ol AAS °]2F9212e 245% HAIA MAHA Au) 
SUA 425 =33 Lol alu. 


Wao, ym RE AAA FRA 


az’ + 2bzy + cy + dz + eu + f = 0 (1) 


gaz aep ol dU. 


all" | 


al 


Rp 


ela el|Z|+f=0 (2) 


SHa 00000 000: 0000 (conic section] 000 000. 


344901 JÉZI (non-degenerate conic section): Y, EA, EA ESA 

© əl eHESLdmaginary conic section): YIA Me WSS A (z, PERA BS ul 
© H3} $ESMd(degenerate conic section): YAA WA IEA st A, et AA, HE s 
8º] 4A ex epe ier BE o 


a 


(circle) 


EEN(parabola)  ElgXellipse) Hi=N(hyperbola) 


O 271 0000 (standard position] 00 ponn 


2 2 
92? + dy? — 144 = 0 2 at m la məlim o) YY IZ HQ 
y a? 
och, E, än 9z7 Ay + 144=02 275132 BASES ol D 
fas BIA}, 281 YAA y +3z = Dë y =-310E HABER o) ngao) 
IAE xou m 
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"209 142E 77 IAA y — 9 — 09] zəl y=3, y —— 301 8t BO 
BAA doi. y = 09) zülm yy sol y=- 29 8 z 
= (0, 0)º] 


Ó 
4 x” +y = 09) 27 + ges o|zopdu. PAY a? +y’?+1=02 
IAE Enf] guns > 


AA] 32° — 22 — 18z + 4y +19 = 0 olalım VEM 
ua) 2g) ^58 (6) 


JAZ z'—z—3,y —y—1s AS NES r y SEMA o Lo] us 


du. 
w Y. 
2 Ə 
o) AS r y SEA ESP YE AE] GAYA, məhəl 21 (6)9] TAZ 
= z U atop ES YE ATAL r9 YUK y-éo=z IH BAO] 
Şəh Zsolt : 
ODO 
el [0000] 
lc, yi a ^ Ñ = aa? +2bxy + cu” (7) 


= OARS SA (Do Her oJIABA (quadratic formjojekat stu. 


m 222 +6Gay+y?, a? y! e. ARRAI, 32? — ryty  3x-- 12. — 39 19] 
|| epqel ong = 840] YA, m 
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ə FORE AS quss ASA taa) Vo] YeYEE giri, 


d 
az” + by* +czy= [z y| E 
b y 


boto 


rL |— ajo 


az” +by +cZ +dryterz+fyz= [y y z] 


O 


LIB rLh ]|=a e 
Nix» ml 


oleh del JAJAL SSE olac dadak) A] Hizo], 


A= la] 7t nx AAJA, n7j9] AP zr, zə, TE BLE He PT” o) He 
41 
X < 

x = | 2 | o) daia oz 


Tn 


g(x) =( c Ax x > ) x Ax = Daw, & RAA JBA e dd, 


1,J— 1 


7) WASTE VFA X, Məl HASSE Asl AFA 


x 
A amle) v, vm AS + AL, P= İv) wit Fa Ax PA Sere AA 
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xol 29 JAJAJ, Ju YA P oj 


ep Jue PE 
olah sp, 138 


ssp EJA MEL ARAL 7 y -AEA oz x = |, 


x = Px olu 


"del 8.411 0000] 
JAJA A=lajbsodJ DAS AX, AF 3b uw AEB] a AA e]2F92] 
q(x) x Ax € NEL 2 y -HFAA 


q(x) = Ala Joey a (8) 


oz FAB + AA, o) HAS JE jou AS YZ wedge Pep Y uj 
x= Px ole A] Jojo gelu. 


GOMES) rara dass gala Ge 93411 ola OPIS UES deis, 


327 +2ry +3y*-8 —0 (9) 


o]2]8F2]2] 32 4-2xy--3y^ —8 =02 


"cte dB Hl 


216 


+ — 49 5983412 LA — AZ = (3-3) —1—2 (4-2)0 -4)-0 
o 


Ji, YA 2 y — 2y-32 muro —45ºu (E Apquhesg 457 
We) aa Son A (92 ry SHAQ] EMO E 


© 2151 0000 (quadratic form(000 00000) 
° http://www. geogebratube.org/student/m121534 


SÉ pr "NT | "Së gz mes Rm 


ül 3) A ^! (quadratic form) a ül Xp SS A (quadratic form) 
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(10) 


A= 


34 —12 T S _ e 
= |— — — € TH 1 olu i el oO 
È 12 41 | B | 40, 301, X ki el op ^| (10)9] oa V 


x Ax—T Bx-25=0 (11) 
olg, HA spem stad MARE AAS AS] SAURA 
LA — AT |= (4 —25)(2 —50) —0 


one) AY TEMS A — 25, A, — 50012, olo] GSS ARA DAE 
1 


114 —3 : "L > 
ann x... ru. 


R?’ 9 == BI oA] x= Dä olmu x Ax=25(2')? L 50(y')! Bx= 
BPK =— 507 olur, UM A 1920 SS Yen, 


25(2')” + 50(y’)? — 5027 — 25 =0 (12) 
old 34052 BABY AAA z = AAS A (IYE AAS BH 
25 1:79? — 2(x') +1] +50(y’)? = 25+ 25 = 50 


= 925(r'—1)-450(y) = 50olE 4 (192 r'y'-FASLS al akoz qu 
= mos ay -ZAJ ASA Zo] Yeh AAA AJ], 


or. GI 


—1 
2 1 
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UUUEHE 0000 DOU 380 UI 
ə 911134 (Mé 
z = az? + 2bxy + cy (13) 
eb epu OAS AAA JAA ay AA AE 
z — A (a + j (14) 
ox sse A” JAN A a39 IYZE AN L FA. 
Al AAN A, Ak ET Sola, ol INZ== op 2H (a+ do] HH] dd YEU 


(paraboloid)°|t}, Het, Ay, Ao7t ES olm II (pe Zo] Go] SA ZE HO], oa 
HEH] BAAL Hoja BAZERelllptic paraboloid)?] 12 Je, 


ə EF Y AAN A4, A FEF Bo] 991 Als GE Kool ol I= Ojah IH (ajek Go] er 
AY Toro) N AES HA (hyperbolic paraboloide) AY. Au. AQ $ JANE God, DAZE 1g 


H 
(b) 2} 42 EEZI E(parabolic cylinder)°] sut. 


(a) 3E ERAM (bl EE 7] = 
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uğ) ES YANI 1927 els al APS z = 5091 Ho dz ee, 


320 


z = 34x? — 24xy 41)” (15) 


^ (159 248 quase Ya PE gəhi P = z| 
spa A (15)= dë dol virar, 


i U olm x= Pwa zs 


z — 95(z')2 + 50(y Y (16) 


2] (16)2 JAR z'y'z-zuEAop^] HAZE ROO JAM 2 y -ZEAE P y AA] 
E x= Px all 959 Aa 0utm AR Zo] = 


cosé —sin0 
sinó cos0 


SARA az 0 = tan" (4) 8 BER olu, A (15)9 BBWS 2=5008 HE 


,N2 ,32 
PAS 18%, 4 (6)9] z = 502: also} Zeta ers Ñ mi ja 


el qpa TAN gu. 0 


Sagell O http://sage.skku. edu 


Q ala A əl WR ssp] 


A=matrix(2, 2, 134, -12, -12, 41) 
print A, eigenvalues() 


[50, 25] 


© 38 A xy Top] 
print A.eigenvectors right() 


[SEI 4/31. D, 
(25, LA, 3/4)], D] 


Qua AS qa YA P Top] 


G=matrix([[1, 3/4], [1, -4/3]D # ARE sez eu YE YA 
P=matrix([1/G. row(j).norm()*G.row(j) for j in range(0, 2)]) 

# JS BSH] BAAS UG] GSES on] da xu) 
P=P transposet) # “SSA JAMES SHES ep YE JA 
print P 


[ 4/5 3/5] 
| 3/5 4/5] 


OF ees SA 177] 


var(u, v) 

s-vector([u, v]) 

B=P transpose()*A*P 

pl=implicit_plot(s*A*s==50, (u, —2, 2), (v, —2, 2), axes- true) 
p2=implicit_plot(s*B*s==50, (u, —2, 2), (v, -2, 2), color='red', axes- true) 
show(pl+p2) + LHS SN 117] 
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322 


uu 


Sopa ASE KENA sho} 3xpel Belo] ajam 22º] 2340 YA 
dad AY, dal EL ESA So] qem chic), AZA make. Sage] 
°] A ggo] REM qel AAA ol AE laa Zog 
BAS BSS PESA RES PARI, ofS JBA] iaa] 
SAIS 15 AS eri, 


€ € 00000 000 Sage: 
http://matrix.skku.ac.kr/2014- Album/Quadratic- form/ 


SVD 0000 UL 


Eu 5294 http://youtu.be/7-qG-A8nXmo 
6 AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-12-sec-8-6.html 


SSI 8.6.2000 00 00] 


dd AS mxng Ale JBA èk, Te je 42 Anlorthogona)BB U, Vo 
asda 2071 EXT. 


A 
UTA y ee (SEM...) (1) 
g7 27,2 SUAS] EF (GAGES SAE WSS) HE aL, IA ANTAS O 
2 Yo, = 
01 0 10. 0 
o LO = 0 
I Po Vi 
T 
A= UI = [u u, 565 uu; +; ji Um] 0 d | Ü i 0 Yo 
== — =+->= — —İİ: 
0 0 0 Lü <= D v: 
: BE 
0 0 010 0 
(ar o — e — o D) 
73.24 


° 


HA WA 29 Ads BS AS Fokikisingular value)Sol=r eiu, VAY SSS 


A 9] left singular vector, V °] 8ES A9] right singular vectord SH. 


e US VE AAAS AAS AATS JAJAH dael 
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“¿El 8.6.2 


mxní(mzmn) VA sid A-UXV/& EoZBSVD, singular 
decomposition) ek eji: rã JA AS] Aranka ep IA 


value 


MD VIA) es dli io ea Dn 
Q CAE T) Ue alie leto ez, a pou 


nxn 


mxm 


oo | 4 8.6.19] AA, ATAS (VX7U7)(UXV17)— HIRT = UV ' L 
AA ‘= UL UT = diagİo?, öz 2 o, 0, "E DES Al plow ei U ul Ve. TZ A 


qc ya 


ol o2, oğ, ..., 02, 0, ..., OF na] ANTE xol ma ATA Xa 
d. = (usse A AH AA “əl os) 


VTATAV— x" — diagİor, o2 ... , 0250, ..., m. 
254177 = diag(o?, Ee Op: cas 0) 


qm xm 


o) are 


E =o] ga (SVD)S TA. 


HE o, = 42 05 — V/A, = 19] tH, 


ATA əl xs gue 


rir 
= 

|| 
P2 
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və m. 
u = An =) | » Us EL —) A 
9 D 
sid. ubera 
v3 1 1 Va 
U— lu, u,|= : A , V— Ké E YA : 
2770: T p 
ölək spe, BY AJ Saida dëst du. 
dë A ü vs 
" və 2 |- ^C. 21130 2. X 
Az UT e İN Ti ill va a i 
2 2 2 2 


Sage] [] http://sage.skku.edu E= http://mathlab. knou. ac. kr: 8080/ 


Q YA AJ sog ATAS xg =l] 


A=matrix([[sqrt(3), 21, 10, sqrt(3)]]) 

B=A, transpose()*A 

eig=B, eigenvalues() 

sv=[sqrt(i) for i in eig] # Solat Top] 

print B.eigenvectors right() # ATAS) TEME FSP 


169, IO sart(3))1, D, (1, TOL -1/3*sqrt(3)1], LI 

© V' za 

G=matrix([[1, sqrt(3)], [1, -1/3”sqrt(3)1) 
Vhzmatrix([1/G.row(j). normO *G.row(j) for j in range(0,2)]) 
Vh=Vh.simplify0 £ V9] AZ 


print Vh 


[ 1/2 1/2*sqrt(3)] 
[1/2*sqrt(3) =1/2] 


© AA 1 o) nga zrə?) 


C-A”A transpose) 
print C.eigenvectors right( # AA” o) asa zəl?) 
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[(9, IO 1/3*sqrt(3)], D, (1, IO -sqrt(3))1, DI 
© U sp] 
F=matrix([[1, 1/3*sqrt(3)], [1, -sqrt(3)1) 


Uzmatrix([1/F.row(j).normOQ*F.row(j) for j in range(0,2)]) 
U=U simplify(.transpose0 # U 


print U 
[ 1/2*sqrt(3) 1/2] 
[ 1/2 -1/2*sq8 (22) 


© dz eds S Tè] 


S-diagonal matrix(sv); S 


[sqrt(3) 2] 
[ 0 sqrt(3)] E 


00000 Bag SVD) 
332] 8.6.3 


25 00] oae eld. 


UU | det(AA ^) = (detA onz FA 47) ABO] YA gsl AA “A Lolo 
ok St}, JBA Peo] 7+90]7] Yè ULFEZAL IZAJ 219750] 09] ooo ste 
=, 7e] 8.6.29] 2591 Solätzol 00] HAF Ste}. m 
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SASI 8.6.4 


m xn FE Ada risi Side] o = 07 2 2 o, le} ët 288 98 AS ul 


Quer 


T 
" m 
A= > Kä 
J= 


o Guts] JWA (pseudo-inverse) ` ATA FAN APA gelu. 


ə A DA] nxn HAAA EL Sola FA AS 


A= UCV (2) 
S AT + gu. 474A, U, X, Vi ER nxnA ASPAS Sa 
U, Ve dais dd, 19232 49 gddo Ges do zeg 

A “ep (3) 


© all BAZ A; BAH] PAU, AAA ARIBBA sop (DAL ALE + 


rk agy (2)A 7/20] ala y; = p : 


d 49 det qaxı vx'u € ugs So] lab + şin, 


27750 
O O 


A '= E = v| UT 


110010 0.001 


aa AF DI mxn9 FL DI nxma aa Al = VX UTS aa AA 
pseudo-inverse?+ YH 9714 U, VE apwspde]u, Së de sel. 


ye A, e (AA X, = 7194389) 


ə A'L A ‘dagger Së A= 09] 42 A'- Oz ASA 
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2 BA A= 


11 
0 1|9] pseudo-inverse& Tato ek, 
10 


V6 Ó 
3 v2 vz 
ata, a İz “İİİ [E SE veo] a na 
0 05] İv, 6 2 OG 2 va 
6 v2 E MED S 
6 2 
olma 9) 499] ABA 
L5 v2 V2 ||. 1/46 vü ve 
ES u> V2 v2 0 1 9 -V2 v2 
op 2 2 20 
5. 
ako 2 3 : 
b 2.1 
3 3 3 


e http://matrix.skku. ac.kr/RPG Eneglish/8-MA-pseudo-inverse, html 


e YE A= a), <a  rank4A=nY9 Y Az full column rank& Sema 3h, ol 


ATA £ Ygor. pseudo-inverse= 4711984890 AL JAH A 'm AX 


GE] 8.6.5 


ad A7 full column rank Z= m x n gigolo AS] pseudo-inverse= 
A'—(A7A4)-1A* 


ou. 
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(34719 242 14848014), 14A 


— saman og. au z.D 
A As ge p VAV” 


A7 full column rank& 7}4 22 A TAE 7taaaaln ga Ve n> nol Axo 


elm (AA)! = VX,”VTeolu, 


AAA SOD V USVI (W, PW no 
— (Vx,7V7)( Vİ) Olu?) HE o|v?- Al B 


me) the SIY pseudo-inversez 45/91], 


A= 


11 
01 
10 


A7} full column rank 7}4|F = 


332] 8.6.6 
A'E£ m > n YE AQ pseudo-inversert ölü, 


Gb AAA = A 

(2) AMAA — ALI 
655-115: 
(A CA AA 
(5) (AT s 
(GRANDES A 


329 


Chapter 8 Map ahi 


o am 


pseudo-inversei ALA HAS Sci Sl ələ lote WHS avem di SO epe sr. 
AJAYA Ax— bəl JANE o]u] Lx 9o] 44344 A 7Ax— A 1b 9 aeg, o) FLA 


7} full column rank& 748 ara A ^A: tegen coa 
x= (ATA) lAT7b= A'b 


7, ek Weel full rank column’! AL JAAN E pseudo-inverse A "ə bel xe]. 


pu 


mam| 8.6.7 


A7 m X n Yoli, be R" e] JS] AAA, x= A bc (949 AGE ZE) Ax= bəl 
AAS HCl. 


DA A= usv's A9 sogeaa aA. ola s= (2 O (eh zie reper, 22 
O 


—1 
m A= VX” UT— vp pi UTo|Bnz A VX” UT boli. 


= (ATA)A!b = VXTXVTVX'U!b- Voss vb 


2 ex] 
=f 2 PIN O UT, — VXTUTD — A*b 
oollo o 
Yeh] x= Abis A 7Ax— A be taag, E 


4% ul 4 (0,1), (1,3), (2,4), (3.4) & X= least square line& 73497. 


Bí 


y=ma+b7 (0,1), (1,3), (2,4), (3,4) & AYB# FAR 242 duras 
10 1 
= so que Eds, A= , : pre y du Ax— b7} sx. 
13 4 
A= full column rank& 7M]EZ, 


Aİ-(AİA) "ATS papa, 
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m 


3 
2 
1 


— Alb = 


| oj = x 


1111 
0123 


| 


Sa lel. 


Y = 


least square line 


L. 
— 


aara Fò 


Lİ 
IR Cu 
Bu 
N dt 
z0 L. 
gr < 
mM o 
H gl 
Kol 
2 oll 
ol xr 


OIEI 1879-1955 MÉ 


o ú 
zo E 
- 
< Ke 
ml o 
mh A 
uy KI 
T o 
10] o 
ol ul 
< «FE 
o o. 
d Š 
ni oi 
Kl it 
Kİ rj 
S y 
Rl A 
A] 
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LU U U U U U DOUD 


al 53 
A 
[=] 


Alo 


^F: http://youtu.be/Ma2er-9LC g 


|=: http://matrix.skku.ac.kr/knou-knowls/cla-week-13-sec-8-7.html 


APP AS subs A 


JA ARS 2E UH ME UE TE 
stad. Tey ASAE FE BATE} SAAE 2A zu 
dep] BAL] TAZ} 210] SSH 28 gielt pap Bayo] AY 


em qe + loloh We: 


UU 


Mel [0000] 


CE o HIE CR LA, oo 


et), RA FAB AY dä AZA, 22 YOZ 
BAA C= BA BAA n-Z ONS ra ORV Pe ez 
Zo] aq 


e => 0 sa 0). O NÒ) an OU ane BO, ə 0, 1) 
olg SHA C” ə) 499 e vi v= ze, +2,6 tw +z2,6e, € YA $ 919. r= le, e, 
wo e, C" 9] ANT el NNE Cal dèt 3:7] A (standard basis) hi? Stet, 


4 z=a+bic] dele 2 a— biz 2º] AMZA+Conjugate)=} sa |z| = y a^ + b° 2 

BAS ¿9 DA sp ar BASS z—r(cos0-cisin0)g HASHA r=(zlolz 
b 

tan 0 m OSEE u — (us, U9; 


os Un) 9] HSE] u= (uq, üş, ..., Up.) OTH. 


[EN] http://matrix.skku.ac.kr/RPG English/9-VT-conjugate. html 
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UU 


a "ul 


u= (uj, us, «os Un) Bt VS (01, 09, no Un) & C" A = Mee spa obo] 49H E 
u = VE qu, T vu, +-+0,u, =< u, V> 

21049 zem 25 So. 

(D «ub y = < y. B> 

(2) € u+ V. W>=< u, W> +< vV, W> 


(3) < cu, V>= c < u, V> 
(4) < v, v> > 0, Seil < v, v> = 0 & v = U 


ei 
Je 


C" o) x Wu u= (uj, uş, su) VE (V Yon up v,)9] LEJE YA u-v, ul 
osir 43 jul, u 2 v 409 qezel 43 dlu, v) & 42 La zo] AS 


1 
(2) llull=(u - u )? = Jlu Ë +l|u, +--+ lu, P 
(3) alu, v) =llu-vll= lu, —v P lu, = vP ++ ə, P 


è u - v = 0°] 42 ug vv ZIzi(orthogonaD 2H St}, 


WIKIMEDIA 
COMMONS 
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u-v= (2—i) (21) - 0- 0 + (1+3i) (1 431) 
= (2i) (2+i) +0+(1+3i)(1-3i)=4i - 2i? +1-947=8 +41: 


dlu, v) = |u—- vll VR (2-9) --lo— of +|(1 +32) — (1 +3¿)Ë 
= VI-2+3iP+0+0 = V4+9= V13 a 


Sagel] [] http://sage.skku.edu E= http://mathlab. knou. ac.kr:8080/ 


u-vector([2*I, 0, 14370) 4+1=3APUY 

v-vector([2-I, 0, 1+3*1)) 

print v.hermitian inner product(u) + Sto] 22 EN doo] AN9SAFE AJ 
# <u, v? = v.hermitian inner product(u) 


print (u-v).norm() 


AT AH 
sqrt(13) m 


U U U 0 UD 00000 U 0 0 L 


748] 8.7.1 


del Azi nn EFE AS] Rall x7} 29] dëst Deep AE AY MHZLOI 
a XE 29] dëst 19380] 


U U U 0 DU UL 


SBI 8.7.2 


A7 AGAMA, AL dd ugue zug. 


ETE as As mələk sia Ax” Ax, (xz DIS vere. Tad x” =x/E goma 
x Ax— x (Ax) = Ax x=X(x- x) =Alxl olg, Juju = m. E 37194 xi? oe 
X 


opd AGoJEZ, x Ax7b ASYS Bol AE Ago] uopdu. IA 


x Ax= x” Ax= x. (Ax) = (Ax) ’x=(Ax)’x=x A x^ x Ax 


SÉ ae C= P BE DABS A=at biol, ute a, b7 E tool A4, 


cos@ — sing 


ce e ele mese "le gage motel, SA GE Gast a (a, b) 
= AL AZA Yo] z ste] jojo] Zo 


gal (2 — a)? +b 20o]|22 A=atbio]i. a, b?l E Y 09] HA 
a= |Alcosó, b=[A singolr. 


a b 
kaa [A a MOUN -[^ d cosó —sinó : 
b a 0 JA | b a O [AL [sing coso 

AL JA 


Lo 
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H 


ermitian, 7000, 0000 


ə st SAL uu. //youtu.be/GLGwj6tzd60 
o A6 APLE: http://matrix.skku.ac.kr/knou-knowls/cla-week-13-sec-8-8. html 
ADA APIFS de nie BAYS MAS AJE M, os Y 
HUSO. 44429. zH- na] 4441388 AAA dee M,(C) 
= Yes st MAN] JAJJAJ AJA 49= AM IC 
AA ZFZF Hermitian TEN PHE (unitary) SHE diskə nl, 
ol AAS Hermitian JAJ quer] BSS ell, xəs 
Wa EAE ee. 
uult 
el (000000) 
Base A la, JEM, (O) ol dale] AS 
A = lale M, (C) 
ole) Aj, ATE 49 sdəlizizlala(coniugate transpose)olel ölü 4 = LEO. = 
A AT= as İn 
@ Em 
° CXA EME] dial Bost SSeS QA: u - vv u, =uu 
+ JE AA ago A = AT o], 
on l) 555. = L 1-2: ER 11 2 = 
NEL 4-| 2 3—9i de B=| 1 0 | c=|; IG Kas Ceres 
HAJAS 44 rat 47, 
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1-i 2 | 
“W yi os 1 1+2] 4 [13 
4712 a, Rl 0 |. las! 


"El 8820000000 001 


mage A, BY YAA BAS col dala Lo] AUR, 


752) [Hermitian [] [1] 


AZ} BAMA AF A= A JH, AS Hermitian JAYZA] A 


Hermitian Sol 


732] 8.8.2 İHermitian Hü 00] 


ga A € M, (C )?) Hermitian JAA uj, So] NH 


ojo] BAME] x € Co] deta x Ax Snl, 


(A 5. ul 
(3) A9] As 42 + AA 2540 dis ehe 449 1 M8) AIS SAO. 


mê) mn. BA AE Ax A olHE Hermitian BY] JA, 


B-B'onz 
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A— A o|Bz Hermitian JAI, AJ 909A 


OO ÒT 


lA- AI|2(A—1)07 24-2) = 09) 22 zəl A=1, 1+ V3, 1— V3 ole, 
We} Hermitian BY 49 2422 AF APYE EA art mət A= 10] d 


Zelt: DOME x, A=1+ V3 ol So meme y, A— 1— V3 ol Wee x 
THE] Z 


x= (1, 0, 0), y- |o +2 as ga): ıl z— d EAR v3), | 
[| - Hermitian [] [] 


752)  [[]- Hermitian [] O ] 


JA A7} A=- A oJH A= YH Hermitian(skew-Hermitian) Sole tc}. 


una) PE JA A, BS EF ü-Hermitian JAAS YA JAF $ Qu 
00 i 
|) Pò = I pò 5| ` 
A =|; al: Tiir? x io B 


ə HE JAY EH AE M (C)¥ Hermitian YE AA 9t-Hermitian YE Ko So 


o) A-H-Kzxeeasu ES] AFA E Hermitian Biola, A— A Lg 


9 


aL 
-Hermitian JAYE $a, BE BAY} SAJI AE zə Go] HAB 


4» 
xo, 
m 


A= (A+ A) U- A7) 


0000 00 


“om 


ga VEM,(OAU U = Lo UZ 


[m m cra EL BE d 


den (unitary) ojek Sr. 


+ 
399] epe] VA FUE] BEJA U = U “o mək UY ¡a SHES uch spa 


olma U7} Sure] See daşıma US) 


[ue 
gin 
2 
m 
3 
y 
> 
oA 
Se 
YN 
El 
IA 
pol 
lo 
2 
Fri 
E 


1— —1— li —1l-slll-i — 1-—-? 0 1 
məhəl A= |a, : à) = Sue] 3330]. sələ Ade 


DEI EE Aag 5 —” t= en 
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SSI 8830000 000 00] 
BA n- C" o] SEE 9/30] 3930] Y U 7k QUE Palos deo] AU 
(1) x, y € C" ol lato] (Ux) - (Uy) = (x - yoy. “əl, IVx]=lx] 919: 


(2) A7} US] IFRI | A| = 1 oct. 
(3) UY Ale 92 FAI 25401 Oros 449 alae Anak. 


ə İl (xil = |x| YS 4941 Paste 71% PA(isometry tS Sol. 


LL DOU DOUDOU DOU DOU 


“azi (0000 000 0000 000 00] 


BA A, BEM, (C)d dò U AU= B9 sue] YA U7} Nota, AS B 
ye] ES (unitarily similarn)º|Hx 5H, 

al YE AGM (C)7 ada qula wee AL Sue) zs 
(unitarily diagonalizable)6}t}31 SHI. 


Jm rir qn 


A= Käl 2 Cam UE $us JI 
2... — 


ə AEM, (O7 SUE) deie ESSA U AU- D= diag(A Ao o A) 2] SUE] YE UN EN 
s 2 AU — UDolez U=[UM. y%: wi pw lò 


LAU: AUP: : AU |= AU= UD= Ku. 25... 


e S, ute] YA Ue] zr ABA VOC AS AZ NA däs 7] 191 238 ele et + şiri, 
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Xi 1 EN Xə 1 11— 
, Us 1 


Ò u, = == —— A = = 
Hİ, w 3 A İsi KI Vs 


elek alm, V= İm wo] = —— la Leer spa, 


TENERE EE (4 
U"AU- XİL, 1 Hə. 1 los MI J E 


5 qlolol BARBS AE naled, 


“el 8.8.4 [Schur [] [] 1 
JAA na NATS. ze] TOMBS AZA Yow We Mapa ege ESo] 


LL = 
. “Ta 


U” AU— T— İt, le M,(C), t;=0(1>9). (tu: AS] BEB, U: QUER] əya) 


Un ae 19 wane A Ay DUL A olein, SRA İdo SIA 
A, n=1 olgl A= opns Zelt: AB ola, n—13t oR 390] APAE ziel 


o 
x ni BPS ue was Selz sp. 


Q XS A os Xara Lre err. 


© Gram-Schmidt 41441342204 x, 2 Behe C " S] GAIA ENT. E 
S= {X} zə, ... Za elek SA. 
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O Ux zm: iz Jo S7} AANA JEE 0, $04 acid. ER, 
Ax, = Ax, 122 40,9 A BA Mx elek, Ye UAU) = che 22 Ba] Y 
GER 

IA * 
— fN 2 


SAN Aye M, (oz AL — ALS (A-A) Dbi dl ez A, əl IRE 
Az, As, TU A, Olt. 


@ AWS] 7489 Sora 


Az * 
Gë n 0 
UAU =. E 
0 
ql sues] Wa UEM, (C) EY, 
1 0. 
o u= 
0 
Aj * 
* * * 0 Az * 
> (WU) A HU) = U, UAH = |i y 
TT sès À, 
SM U = 00,2 +04 golt 4] Schur 471 SEH, E 


e [[0 000] http://youtu.be/ILOVdTSt] DM 


ə Woe BE Belo] QuE] AAP AS oper 


[Issai Schur(1875-1941, Germany)] 
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U U U U 


“dl [00001 


YA AC M, (C)? uk zəl AE ARIT (normal matrix)o] 341 stc 


AA = A A 


qt He YE A, Bir AA =A A, BB = B BE USNS Lasa) delt 


cdd ES mM | 
Er 5 24021 ? 1 —? 

AS) a səh?”l AA do E 
- = [= 1-375349 


MBE) NES Hermitian BAY AR A= A ozz AA = AA = A Aert Hey zr 
quo məl quer] qa BE BB = 1, = B Bozen. . 


° 


U U U 0 D DOU 00 


=| 8.8.5 


ga A € M, (CA Wap EL elu. 


(D A= +81 Wey rs ort. 
l Uu 


(3) At n7l|S] TAXA GIS ZEV. 


A9 AFA 
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A=| E A Jum AA = A Aert mod AE AFA, 


— 2 

60001 

2 2 
U= a va = lu: : u, al SA 

və V2 

| | at _ S 

TA vo THR E 1 /2 V2 | 

Au, E | 1 — 3 1 3u,, Au, i2]| ¿š |F ; = lu, 


oye u, wè 49 mago Fòk lu, ll = lu || — lol Wu: u= üş 
u, —0o|E x u, u= BAe) vao. = 
— 2 ? a 713 = 
= 7 ils paras 
ela AL Hermitian FE sje] MAA IR A, = 3, Aş = Le] 
m5: GAS UA segue x, = [^ | i= AF 
X l T _ 
= = — — = ot Ho HEH o — ÒF S ul 
u= = 1 $ SER. #2 pae= A ld dë nad 
ini r. =| TIS aro 
-i Fm | 
lese U-[u:u == "ls daha U'AU- |? Pote e 
— 1 2 və l e; 1 mz 01 
o uz 
BE qdo] APP AL HA Schur PAIS ALSA asp ss] SS qa A= 
didan 2 da Je EL(similano] SA W + Ach ola qa JS AS 
ci SJ BE YAS diada A da J, = 


Jordan Hola Srt Jordan HZ 
ao YE Aol xəb AXU JES ANA F YO, OE 10494 27e 
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ST 58%: http://www.youtube.com/watch?v-cOy5DcNQ8gs 
6 A[0|E&: http://matrix.skku.ac.kr/knou-knowls/cla-week-11—-sec-8-1.html 
http://matrix.skku.ac.kr/CLAMC/chap8/Page83.htm 
http://matrix.skku.ac.kr/CLAMC/chap8/Page84. htm 
http://matrix.skku.ac.kr/CLAMC/chap8/Page85.htm 
http://matrix.skku.ac.kr/CLAMC/chap8/Page86.htm 


http://matrix.skku.ac.kr/CLAMC/chap8/Page87.htm 
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AGH 299 Ye PAES AGAR 


E SS MAS ASAS ASAT 


‘sf 
e e d 
” r” 


kü. 
El 
” É 
4 d 
KAP 


VA 


mud cos ha, d 
š mi 
“do ues ziz EIE gto mə Y 


ES? ell tasa-ton? 


“Kaizala m 
| Hol 724 0|E 2] 788 nF 
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chapter s | 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


GED 22909» 7 BİL eer, aro ha a ad 


Ws To] WARA aaa) [7] = FAB. 


= Ñx = deu a= (vp vo}, 


GHD seve 7.77» dif ə 
z-3y 


b= fv’, Nos vz zz R’, R? 8l ATA, 


0 0 1 
lolo file a, sa au za 


gaze [TIS 139. 


ara TR m» [= [TS m agen A 


ll HIEN jan d. ue 229] delal 


(1) 714| a oll lek səmə TA dana [TE 739, 


(2) 14 BAA 0329 AAJA P= [IE TAR. 
(3) P "İTİ, PE $38 


CM) 92 3294 9439 75542 24351 931 754 FE 42 JaME 
YA Po 29] dëst AAAA DE nakali), 
uz 


(2) A= 


211 
T 2.1 
1 1.2 


4 GEES e. 


* 
E 
= 
Ul 
Ee 
ajo 
oğli 
piti 
4e, 
| oN 
zl 
5 
EL 
4e, 
= 
+ 


CB «2 25929 dala 2301352 gawa Pol 27 P Af DA qz 
d DE peer [E VAY WAS PE Sage VLANE Hasha. 


2 3 0 
4-13 5-1 
0-1 2 


o A=|~3_ | s-(C2,2) 6, 8) 


a A İ2 | 5“ (0.1), Ga -2) 


AMNES e daal mata g(x) = x AxS sopa 


53 16 9 x 
ze O — 85|, x= y 
81 — 45 6 Z 


CHD «s 009892 x7Ax Be yho 


2:7 + 3y + 2° TEU TF IY? 


@ JU D eo Ae 2751013, 


qlz, y) = r” — 2z + y 
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Chapter 000 000 
ə un A 4200 2322) 195 222. 


3z? +2ry+ 3y — 8 = 0 


CHINI) cas + 6y? ++ EE 
fet. 


0 00 B) 7974 Y 89] singular values opte, 


Ze [2:0] 


YA molgizəliSVD)£ —loləl. 


Siu 
ajo 
AN 
Se 
A, 
L 


MM) eu 47 da 22 sVD z— 32 A's 23103. 


i. A9 l 

p: E v6 ve vö 

el və YEM Lt d alı 
É Lo 0 10]| V2 dei 
və v2 nl. 
PI 3 3 


Fèk 
11 
A=2 | 
2 1 


CHIN” = r u = 02), 0, 31), v = (2-4, 0, LL Adel ust Euclid YA u- va 
veus Hoye, 


62 — 854 

9 

CMS kucia dio] AI SAZWAJ BA u=] 66 
202 +6 
63+112 


llu İle [lv [|S 735 43 dlu, v) & Tòl. 


ra 


e] vi 2- |’ 


ər: —2 
M 61 
4 əz «LAN 
dos eg 
AMI rl YA Z Hermitian VAS EF Hop 
0 2 1021) 
(a) | ü KI (b) $ pren | 
l il SÉ 1 
2 y2 V2 v2 
2 xm MD. D 
0 1 1 2” 2 0 
(e) 1 erp (E) Or 1 —5 
“72.15 MELLE 


bep WS IL 


31 — 551 

13 — 61? 

, v=] 21 63 
11: 

fi: 


A xë 


$419] 7HE TAR. 
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1 1 
RE leg 0 i 1 
(a) A= ya yA (b) A=] à 0 24? 
o UR —1 —2+i 0 


AMEND 12 Sido] Hermitiano] SEZ XE YAL 


gago sp. MA 
o 


EA AEE 


AMIA) re 393492 ge YE Aol ay repe. 


(2) YY LASA A9] THE A] 7H (vi, və, V3} olera o] VAS Ap) 
SRT 


(4) vel AP} BA GAS] GASTA UAE} Beste}, mem A əl 
2 2829 usted (A 4 )x 09] HSS] AMS AZI dama] FEEL olm 
PAE AAF E AAJA da MEPS dalı jaja, 


CS w e 3x3 271 93389 297 IA 
ul zı gaz op Jud Zope}, 


Aree ld O | sil v= 0,0) peni. l 


(2) HE] TEs EMS AE 3X3 DA Yao] EMP 


A, =—1, A) = 3, As = | 
V4 — (0, l, — 1), Və — (1, 0, 0), Va E l, 1) 


12 2 A TAL ANE else AS Hoje} 


COMED «22-20 


oll AY BE LUTAR 


AMNES 338 AEM, (C)7} Hermitian YA 


melo] SIRS} WME, 
=7|9] Hds zie 
LHES 1769-1821 

8999 US 99 ep SH 


tini dus pa LHS21 Bm as 
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= 
a 
1 
C 
dei 
N 
n 


ZESHtEL x giis 


| etn un | x + "HETTUEETETTITITS 
| z gegen ac ae ach | Mn au za san Bunun 
manse => | | LE o SKL 2 


am ə gem " 


E 
sa icu ela = 


[ARA] FL 219] FAHA, ASCH), 1926 Steel Sİ mirer Fe SS 
HEH ^ Ha ele! sti USE AAA aac sett} SAL] 30/91 sor = 
sos ZE SS 19464 108 MS hp SH shoe gre 


http://matrix.skku.ac.kr/KMS/KMS-NIMS-Choi-1958. htm 


[SAA] Statol FIF] AB —SHIAK1959tI, mires Sty} o|StstA) 


http://www. youtube.com/watch?v-f7-c8mOMozO 
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QEZ Z 


9.3 -58-H$6(somorphism) 
si 


elo] tst ^ gebat dE shine. ed TAA est 0 999 dia clos ad se 
Boro] ASH + ASYA. JE mel FAY PYEL WISH AZ mejao] WIS WE = AT 
BA ole] PARRA AGS 2 eel dë Ae Ba ADE dum, əl 2708] EO] UI DA 
əl ARENA NA MAPAS deda MEA del LAA we. halal puel selini vas 
Deol sh AER, JFS] ME YAS 01830), 2 249] qlar JEM 290] Lala 3 
NEE 


ol FANE (GR) ts dier FAS q Hel Sto] euros AASA. 


U U U 0 ut 


EU 394: 77 //youtu.be/beXWYXYtAal 
< AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-14-sec-9-1.html 


mejo] NEL 228 ES 334 BHA] EAA nè xut 
R” YA n-é|x(tuple)g Sigal AP. WE np x 
RIAH dda ADE} WEE: 29] MAS BASI, 1A0] zR- o) 
=] zl AAS FAIA o] opui nope EL] WIS AA 
mado Ega 


U U D U 
“ei 100001 


ele] AF V (= bla = çik SH(vector addition, A) ‘+’ ol AZƏ} WW(scalar 
multiplication, SM) *+” ol 34939 ST AAY x, y, z € V Sh, k € Rol diete 271 
a 7122] 


A x yEV > x+yeVv 
SM. XC V, kek => kxeV 


4939 SAY CASO] eb d deb VA FAZ 27º] dab FA Ade A AA) 
#e]zZKvector space) 2 IRL sp, (V, +, JS BRAKES] YE ASE 2 
Ha Ven Sch ol SA VI USE BA(vector)?) ett 


Al, x+y=ytx 
A2. (x+y) 4+z=x+(y+z) 
A8, BE x € Va] Hope] ES Toe Ye 00] VA E 34 FAZ. 


x+0=x 
A4, VA 2 La xol) diela HSS VBS — x7} Vol LAZA ZAM 
x + (— - —0 


SM1. k(x + y) = kx + ky 
SM2. (h+k)x = hx + kx 
SM3. (hk)x — h (kx) — k(hx) 
SM4. Ix = x 
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ə ukon YEAS TEL 2AA AA] AL Seach, maja ME 272 
EAS wp (V, +,-)9 SYS FIJA AAs YA ESE Ao] Sch 


mé) PE ao x= (zi, aş, 23), y — İyi, yo ys) St SAE k € Rol dilad. + dide 
|. *Hvector sum) X + y) ko] “lek x 9 447 (scalar multiple) kx A Zo] 
3jejspa 


(D x +y= İr To yo zəbun 
(D) bx = (k8, bis hana) 


99 = dA, əbi (Rê, +, +) e] eue] Bt lək R YOY AZIL JE 


102 EE E 


SE Yi 
ip 

x- 23. y — 92 
La Yn 


ək Age k € Rol Hato}, E daal SF x + yoh kol Yet xol AZ d kxS 2 
zT v ea Zo] golèka, 


Cry; kx, 
+ 
(D x+y= PTY (2) kx =|" 
E uu kx, 
R"L YA F VA WA AZIL eleri : 
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“¿el 9.1.1 


VE 383208 AM, AAA ale) x € Vo Ade} k € Ro] diala So] AU 


(1) Ox = 0 

(2) k0 = 0 

(3) (-1)x——x 

(4) kx=0 => k=0 E= x= 


io 
SCHEI 


“əv = (0) ələl ARE k € Rol Gato] dät Ade ups 22 


0+0=0, k0 —0 


3p Zo] molak VE ol Ao} Tela Egz. o] VEY SER zero vector 


space)o ler sic. 


mmn BAY ANY deer sal. = 


M, = (A^ [a 


T 


eju] m= no] M, nS M, 23 Er 


loc m Lat am LES En; 


Mai A BAS Ae WS 47 34920 das Bs} aze spe asp 


Mane o] HAL hoo ag 11: ues > )£ old, 


o qeu qua Oel, 4 Alay EM, nA HSH 
| 
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mC) ss &(R)& Rei RES] ASA AAS] Pole} sd, 5 


E(R)= {fI f : R> RE ASS} 


f, GE E(R)A AZA k € RO uer us AZI w= zm 


(— f) )=— f (z )E 49A seu. 


PA nè ol FAA NAS] akojah Sp. < 
P, = [ao +at+adt tw at" la, ar, ... , a, € R) 


pli aş T attt Fat", q(t) by bit db b€ P. A Sel k € Ro) d 


spo] dät depa 22 


p(t) - q(t) (aş - bg) (a, +b )t+ -- + (a, +b, t^, 
kp(t) = (kay)+ (ka, )t+ ++ + (ka, )t” 


° 
to 
rt 
d 


Ajo] ol BEB P, te] MEE APARE ZE nap sie dah 


ei 
ie 


AY VE mesolah aka W ó)& VA RADA ajah, olu) AEE Vo FA 
a ss AD} apo] Bape] W 2:10] gel BAS JE WE Vo] REZzZKsubspace)ol 
ek eur 


ə AJE m9 Hee {0}, g^, 1931 LAS AYE JA AMIE Efè 
A Yaqa. 44 py 423), 


TI 9.1.2[2-stepoo00 000] 


AS (V, +, Je gsx W (= ge VA RENT SA A WA VI sz 
] 


Mx, y W > X+yE WO GA +o disa dəl 2114.) 
(2) EW, KER — kx W (del < ol dero] FA AA.) 
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b» ier}e HE ZA (Maya, +, +) BEEZ] majak 


c dı 0 
oll Hoy Che dA opa = AAS umm. 


po ata b +b, 
UI cy, du td 0 ə. 
0 ka, kb, 
ke, kd, 0 | 


(2) kx — 


ues yal 9.1.2e] 9594 (W +, JE (Ms +, :)9 RESTAM. 


n3 799352] doe AAZIH M, S| HRSA] HIS oleh 


ABE VHS calo] uppayas YA TE + ch JE Sol, 


ipa 


() = 


me) VA HIS d S = [x xə, 2s x, € Vol debel AB 


W = { & X; + cx, + Sé See, Cə, DEI. GER! 


x, YEW, kE Role] al 23H c, d; ER (11, 2, ... , tol Gato 
X — C¡Xy E Co X» = ai a CX, > y — dX; a d5X» =P dd uu d,X, 


abi 


n 


A 
Poma 
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x4 y- lc, d, x, + (q+ də, x, + - + lc, + d, )x,, 
kx = (ka )xi + (ke, )x, + +--+ + (kc, )x,. 


“ X+yEW, kx € W 


uen We Vl Estou. 


coc 


Ungu 0000 


“S21 (00000 00001 


AAF V ere] BEAMS {vi Vo 0 vwèl Lë 242 SSH Whe (linearly 
independent)ölek SH. 
AE =O Gr o e ss. 


“lu dls) opd FLE APZT0]AYI Ch. 2, JET] WBE 


= 
Cis Co, ... Ge A TSF] GW + Gaya tw +a,y, = 00] 


€ == 20000 0000 - 0000 (000 00000) 


e http://www. geogebratube.org/student/m57551 


209398 Zé 


“Ge x) 


piri lim mi wee Lra Lid 
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[a 10 01 00 00 E 
D. i dë Seck dl E, =|" dl ase IE SHA, 


0 
City + Cabia tk T c E, = | 


0 A > C¡ = G = G, = c, = 0 


o| z eae Fo» Fo Ep he Mo o] A] lake nori. a 


1 Asi) pi pe Ki C= E mE Y A=B+Co0]23 (AB Q= Mod 


A eps. : 


mb) a, a LR PL olki Basel qelet, m 


m. ata, 2x +r, 4— Az 4-22] S Po oro = 


4— Az +2? = 2(2— rtz)- (2: +27) 


olmu apso : 


LO 


a (000001 


EIB VA PRAF a (= dit TE E AS vespa aS VA] 7I (basis) Sich 


(1) spanla)= V 
(2) as GAS. 


o 21 a 99 HEE 714 |a|E VA AHA(dimension)o]=+ ölü), dim(V) = FI; 
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0017 10]? 01 


"Zenit, Di Dis wa oa 


7k sirk dad dn. Aalt, E as e (1, 5, 2, ae 
P, al geld, dajal dim(P,)=n+10] YA. ol EL BE AEA] 2271991 
SARE JWE SAB, 4A Myst P, ol EA AR shd. 


ampi. - Ure, — 14, 22) PI NAYS medal, 


a(l+z)+b(—1+zx)+ z? =0 = (a— b)+ (a+ b)z + ex? = 0 
€» a—b=0, at+b=0, c=0 


ana a=b= c= ÜolHE at AVEYAD, 
rez ooo) 4+ Br+ Ck? € P,o Tato 


A+ Br - Ck? = a(19- z) -b(— 1-9 z)+ ex? 


SSS a, b, c°] SAS APPIA 


a—b =A 1 —1 Olla A 
jo =B € ji 1 01151—18B 
e ê 0 Ü 11lc C 


9| AFRO] oja AZA meli at PE AS liene at P, 
əl AAA. E 
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0000 00000: Wronskian 


e] 9. 1. 3 [Wronski[] Test] 


get fi(z) fole), ə fala) xk (— co, co )ollal n—1u9 ug j] Hola, 
Wronskian Wi(z,)7+ 09] auz att ay € (— co, 00) 7} shehe AISHI, ol BESS Y 
AAS Hel Me) 30] Act. 


rz 
zm 
Hi 
po 
(ue, 
an 
rin 
of, 


go W= 008 o) PEEL JES. 


= > 9.132 ASA fi(z)— 1, f,(r) — e", f, (r) — e? ol d. A sat AE 
AYÈ Ear 


1 e? e*t 

oll YAS BE) co] Hej] W(x)-|0 ei eil =2e% = 0o]=u= o] A] DSc 
Den ae" 

AGES. Ake doli m 


var( x) 
W=wronskian(l, ex, e (2*x)) # wronskian(fi(x), f2(x), f3(x)) 
print W 


oe (STK) m 
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olu r, ol gere Way) 
ARSE] Oc}, 


= r,cosz, — Sina, + 0o|Bz ol | Here Y 


ye 
d 
= 

= 
ai 
El 

A 

2 

|| 


SHL SAS, Ago TAS cre 0] 


Asix[oj oporjoj= 23+0|8 «sc 
TEN B2 


Se Mäi SSE + ich 
el 1877-1947 

ui Aa Hal” 

sig Sumo 19| agr 

SE SIL 
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U U DUD: "DOU UL 


Eu 594 http://youtu.be/nikYF-uvFdA 
< AlolE: http://matrix. skku.ac.kr/knou-knowls/cla—-week-14-sec-9-2.htmi 


ol depu RAJA qezel WA(dot product $ epe] JAZ 
ol ELSA, qol, Aa), 4249 dat AGS AA Belch, 


AAAF VAA Winner product) 5: VAA t 4:9] MEU, vel dilad AZI < u, v> 
dı. 
£ < , > : V X V —> Rk gel şala $ < , >A degil 
(D «ia; yz vu” 
(2) € uv, W> < u, W>+< v, W> 
(3) < cu, vè c < u, v> 
(4) <u,u>>0; <u,u> =0 e u=0 


Uu/437Hinner product space) MZZ Val EA UA < u, v> 7} ASF HS]. 


ud... WA, 3 dot productis YA AZA n-S4AZI BEB RARA WAS] 
` a sel RARA TE del of Bay] AIEA 27] JAN A € M, (R)A Bas 
got, Rol duel usi vel dd cu, vo 8 <u, vo = v'Au = Zelt 

spa JBA 498 WA YAO] AN YR VAY A ol 242 JWA FEM al gh 


<u, vo v Au7} uro] aa AA (1)44)2 25 Mojo elc. SA AA (2), (3) 
€ tola. 


<utv, w> = w'A(u- v) 
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— v Au Leide = <u, W» + «v, W>, 
«cu, v» = v/A(cu) = ev”Au =c«u, v», 
ofA] zz (1)o] AR] AREA] EXTRA v Aut- AAI x 1 OZ, 


(v74u)7 = vi Au 


<u, v> v! Au = (v Au)? —u7A fy =u Av =< v, ux olelul A= A s. 
AE uilaydelolok tr 


mp] um <u, v» = v Aui BS A?) GERE 39. BA (US dasi 
ulxlebo +Q (4& SR nxn (PSB AE BE Yo] old uo dial 
u^ Au» Oolojof SHEE], o] 232 A7} YA E S(positive definite] ett. =, A7} Y 
ol AGA <u, v» =v Aut urge] xa (48 vagi 


“os ops Wee WS nxn YE 47 Won YA sop, mM 
A 


A 
S u:v—v'u =v Ius A= I, (del. Y JA urge] EAF 322 AY] 
A olch ili 


us 


e GYE ond BE ue] HAA Wn 0o]zi AY ME 1ER Jeou 


qa 
AHE Juan). 


1 


2 2x2 dae A= [5 2| sy RA AA u= 


3-2 
| 24 


u 
Ug 


<u, V> = vAu =3v,u, +2u,u, +20,u, + Avju, 


= Re Wa sa MW, (2, BS UH. ol] 47 FA AHS BIYE mə) 
AL w= HEG <w, W> = wW Aw =32+4y+4y =(e+2y)” +2209, 192 


= wAw> 09] 
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Chapter 000000 


W Aw=0 6 ¢+2y=0=2 € r=y=0 


e|. maja] JIRA AL Yo] BRST, <u, v» = vAu E RY] yao] şi 


ol od ua <u, v> =v Aui RAHA] CSTE ase ZA 


E = Ad 


oro o 
Lë ei 


DOU D U (norm O Bg pou D 


ze) (000 00 (nomg 0 0000001 


aS VAA AAA YA < u, v> z: FAB d. (AS) 2394) YA us] zlelmorm) 
= thea} zu. 


|ull- /<u,u> 
ele] ust v jolo] ZKangle) 0E (HAS olge) ches} Zo] RAF 
— <u, v> 
— ə. — 


məl ME u, v7} <u, v= 0olm Axe su. 


e ol Fò], u= | 9| zo] == na DAH zolz YAL o] gaa 


lil ce una Ae [8 11 Ë A H — 43 
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dd. gata lul= /43 elt, dad u = blə) Sad den 


lull = yvu- u = ufu = V10 
olg, 


ə II Waste JANE FAFSA lu + vil x ul vio FAIT. 


E 


ə Gram-Schmidt 37225 FAS Jd AAZ Vo] ut AR 
lvi; Vo, ...> mn “S. at Al 317] 4] lur, Us, ...> u, 23 He + gi. 


UUUUUUUU DL 


EH VA 999 HE] u, v, wek Ade c € Cool) dele] GS AAS To 
Vx VAN C =°] s= <, > = Vel dat Hermitian HAN) olek std. 


^: KO a szHcomplex inner product space) X 
THUAS unitary spacelolgt stu, ES GWEZE opd BABE u, vel 


= — — 
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dejó] <u, vs olm us ve Jal} (orthogonaD) St}, 


ə SAMEZZHE vol) sto] ABS] ARRE qe Yas vie SE 4 Ad, 


(1) 0. = = <y 0> 
(2) «u,v-w» = <u, v> + <u, w» 


(3) <u,w> =c <u v>, e€ C (€ <u,ev> = (ev) Au= cv Au= c< u, v») 


um). = (tjs Ug P Un Ia v —(v vs, a) v,)& C"o| yaga sy çul YA 


u V Tou + usus ++ v,u, 2 HAY FA ()-(4)& ER ust. 7 


a, b] AA BA C =e] ASB AA ole sti A 
n O) oll uere] sse] TA AZEME 37 23 Zo] Y 
ol eite] Ho ELE FAS oz. 
Ugo STU) tolo, ef Ja) e cec 
op BS f (z)= (0)+if, (0) sb 22 adal rom, file), fe (2)E 
la, b] e] AF REA AGREGA, AA f(x), giz) € € (la, b], Chall Pata ul 


AS dout Zo] AASA 


= f sto) dr 


“elmi é (la, bl, C): Saura EZA. 
AS PIE VA Sel $ DS Ue AL SEAS WB APWE OU 
x mol uu 


fa), fle) = f Fle) ple) de= f fa) faz 


ol, |f (z) > 0 olma < f(x), f(x) >= 0olrk $3] 
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< für), fa)» = f if(e)Pae=0 > Wiel" -0 


fir) 0 (a x x € b)olu, gez fA Gaol < f(x), fir) >=00] EL 


0000000 DOU DOU 
Sai 10000000 000 00] 


aux VIM Be] u S] ¿mom VA = A9 u, v Aolal AJ (distance) 


E] 
Zizi 2 zro] ael. 
1 
lul =<u,u> °, dlu, v) = llu- v| 


GENG) «= u (24, 0, 1+3i), v= (2—i, 0, 1+3i)9 GEE JAN HSE AJE vəsi 
E 


U: v= (2-4) (2) +0-0+(1+3i)(1+3i) 
= (2-7) (2?) +0+(1-3i)(1+3i) 
—4i4-2i? +41-—9=8 +41 


dlu, v) =llu— vl 
= y 12- (2—i)P -lo—oP -- IQ 3i) — (1 - 3) P 


swa FOTO 
= 3/449 4/13: m 


6 mali) la, b] = 10, Jo] f(a) =" Am Y f(2)9 TEnorm)$ Fò 
| eg 
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mle 


1007. = YA Tein aa) 


1 


= Jemen T al — Va = 


UOU-UUUU 0000 ULL 


ZE] 9.2.1 
Salat V 9] dall ag u, vel daia digo] gar 


(Lou vəl zlullvl ` (#mAl-Guke 254) 
(2) llu+vll < llull +lvl aca) 
uu wae suo 
u— 0olu |<u,v>|=0= lul l vll eJzz A Woe] AUS JA uz Oo] əkir 
| < v, u> 
p= proj-,>V, W= v- pel Sak 13H, < w, px — Del p= “Tul uo|Ex Y 
u 
20] yaaa 
P 
U € «W, W>=< W, V—D>=< W, V> —< W, p> 
=< W, V>=< V-D, V>=<V, V>-<D, V> 
<v, u> 
= (vil -icm = İİ “ual y> 
u 


der İl vil?” lull? > <u, v><u, v>=|<u, vö İ”eolE 4 Mo] NBS m 
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ağ) + WE] u=(1+,0,2-i), v (2, 3%, i) 9] dela e EL dja. 


(D #295 YA <u, v>, lul, lvl, luc vl +57. 
(2) UY v7F Slap sem EA, 


(1) <u, v= (2)(1+7)+04+G )(2-4) =24+2i-2i4+7 =] 
lul= Jibt+eP+e—-iP= /24+5= V7 
vl= Vl2? +182 P +e P= y4+9+1= vi 
lu+vI = (345,3, Dll= v3 +i P +182 Ë + DP 
= 43 +1 4-3 +? = 
(2) 499 Let o, 8 € CA Tote] au + Gv = 00]2] ölü 
o (13, 0, 2—i) -- 8(2, 3i, i) = (0, 0, 0) 
> (a+28) +ai=0, 38120, Za +[(PB=a)i=0 


olma o = 0, 8 = Dot, me us vè elapsalolcr 


GENG) = = — (1-3, 0, 2—/), v=(2, 3i,i)o] dispo] 24]-mp22 RSA 


ol 7- Stol ögg, 


|«u, v>|=10]1 llull will = vos »10]E=, A06 = 


SA 
F5 Hi 
məh lutvl= 23 x V7+vi4= llu|+|vlo]2= 4247540] dəri. 


a D M 6 (la, b], C) AAA FA -FHABZ PSA] 


(D) alm 449] 4939 q 529434 C^ 9] | HE 


ol) Horo 


mle 


~ 
¡Ms 
is 

e 

co. 

T 
00“ 4 

no |= 

.— e, 
dn 


b; Mar) = İluli vil 
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O u = f(z), v- gla) € E (la, b), Caan MÉ oo) qas 


SEKR 


kas O a 


= İlullilvil 
olmus aA- 2540] Yash, 


peça) E) MINED o, 201 uae zizi nara 


(DWE Waw II VE Ga WE a. qiero 42S AJO] BEL. 


1 


lu vl = > la, +b, al 


= llull + lvl 


(2 u = f(z), v= gir) € € (la, 


f ire +ala)Paz | 
E f TOE [oras J 


= [ull + lvl 


bl, C) ol) Tato] Aus AIO] 
1 
hu v | = ` 


ci sou tse =° ?7|= 
z7]|ol| Chet HS} 3 metem 
E 222?! 506-1871 
HERS chi six) a 
22 x kü 103 a gs df. 
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< İyi d 2» b, 


= YA ras TI vos P 


JN 


JIN 


[Uii (Isomorphism) 


sh se: ə //youtu.be/Y2IhCIDOXS8 
6 AlolE: http://matrix.skku.ac.kr/knou-knowls/cla-week-14-sec-9-3.html 


To V> W 7k Week VAN WE oe te TAS User TS VAN Wee 
ABAZ linear transformation) 9] 1 A SJ. 


A, ci YAYA Aron, u, ve SAS V qe] 416191 Helai, 


e HES V= wold 49 AJAH TE AJANA linear operator) stu. 


mel 9.3.1 


deb T: V — Wz quo 


(1) 7(0) =0 
(2) T(—u) — Tlu) 
(3) T(u—v) = 7(u) — T(v) 


st 7T(v)- v= Apa ol məl ges. = Haha m”. She Art 
(identity operator) =} Şirk, M 
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mé) T :V— VA TO) =kv (kE Arpa JAFA TE ABI = ope] = 


430] vessel. 


(1) 7(cu) =k(cu) =c(ku) =cT(u) 
(2) Tlu+v) = k(u+v) = ku+ kv— Tlu) + 7(v) 


o| di 0 < k «IA TE “e(contraction)ölek 31, k > 19]H BAHdilation)°]e}+ 


SICH 


E) < € (R)o| RAM ANA mi qızan Fo ggz VE m 
-—..”... dx... 
öhd, De ABARI o|& vee} giri, 


a 4 :: VA 1 ale "legt USSR ETA E(R)Y HER E d 
5 WE 40) = J FO de ia Je APAR a 


UD DU 
2) [00001 


ges T: V > Wel daka 


ker T= fv € V|7(v) =0}, InT ={7(v) E W vE Vi 


A] 


L 


= 44 T9 (kernel), x]4(range)o|=+ stc. 


T:V> WA dulelolui, ker T= Volz, Im T= (0) ot, 


mu 
mO 


T :V— VA JEANA eA, ker 7— (0), Im T= Volt, 


9.3 | 


iz co, 00) Hol 


bb) ol 


r Do dete] ker Di 


UM) ma... elg D()-f'e ERA 
AA 4SBLEA AR olm, Im TK “ASRA dəh E Cont(- 00,00) 
d. š 


00 DOU UU uL 


ESL V. W °) ER Jo. 


«uses ker TY Im TE 44 


T: V o W7 dg ths + Yale A Ba lola. 
(1) 77] HAMSI olm. 
(2) ker 7— 10) 


U U U U 


AGUA T: V> WA YA] ANTE JE FAKKisomorphism)o]2t 5} 
x, If VE WA 530] Sith, sizi V= W AAA, 


Fole 


O 


ME, nA9 AWS Sze Rak 
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ə Asst R AAA BIS) BE aae ABESA 
CANA IE) BE nag FAM n 


ua) +- galang des Ge SUMA 


= 
= 
n — m KN 


n 


DL 
oH 
Nou 
(lo J 
Ge 
E 
oki fle 
oğli 
Ecs 
Eu 


pz 
og EL 
Bu. = == =, 
o O mo 
T | 
E E uA 
— "Bow ok 
re FX wu zs vali 
` Geert? sel We RE 
a w. CE x daaa M 
+ Sex =E Sëller A N TR. 3 
m EL BE — o”) 
ge, Kee L 
TS ni "m ER MO He 
V En DN = ke ` E 
CI wt — "o OE 
- a ai - mr gr... 
= E Eed, 
e a fa wi - 
-— eh | Wi E a 
A y Im ET Nm 
= r L ^ 


ICME-12 


12th International Congress on 


Mathematical Education 


hi il "İlicme LA Ud 


[Al 2AH SAS CS] http://www.icme12.org/ 
http://matrix.skku.ac.kr/2012-Album/ICME-HPM.html 
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Chapter 9 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


CH qv z == 1139 sum 22018 923 gol 498 d. R == 
Mt HOA ate Bape AFA 


(1 (a,, as) + (b, bi esa: +b; do, +b, ), k (a, ay). = (ae 0) 


(2) ECH do ) t (b, b, ) = (a, ün də — by ), k (a; as) = (kaj; ka, ) 
a, a b, b a, Tb, ab a, a ka, ka 

(3) veo po Dea 517:::- 1 "də 
da dul |b; b, da Da a, tb, Az Q4 ka, ka, 


(4) lè Hu : F +b. iis | dé M. pa M 


As Q4 da +b3 a, T b, da Q4 kas ka, 


bs b, 


o ID v] een] 

> ([ al [ee] 
a (ie al ja+a=o) 
dz... 


MB) P.2 ele) pli) 26? FE 3: F YA p ü) sË +t-1, pt) s +t+1, 
pş (t)= € +2t+49] eapaste Weg 


E ° 
A 
(ue 
A 
oN 
Shy 

o 
A 
Vd 
(ix. 

A 


MANI) 9214 SIA 3H So] SIA 22904 CHER 
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So] ak, 
() “5.77 x, = (0, 12, —3,.— 2), 


x, = (19, — 2: 5. 0). 
X, = (=: 3, 1; 4) 


TENE. |. [ 1-5 |. [3 —1 
o M insi à ol xəz [5 4 
(3 Pi: p, (t) 2 t? - AC —2t+3, p, (t) — € +6t? —t+4, 


pz (t) = 36” +8t” —8t 7 


MANY Hair 930 393]9 JE 2249332 COA 22 Yao ep. 
u — ? 


d 2s i), V — (i, ERA i) 


”— 


(D <u, v» £ FIAR. 


(2) llull, vil lu + vll 738. 


CHD 2203 <u, v>=6u,0, — 24,0, duo +3u90,2 JAA YAA date 
Wee zoa (ek u =< uy, w >, V = (W, və)) 


(1) <u, v»-v'Au& BSE 2x2 JAJA A 
OUSA 1/51, sanl 


(3) v = (4, 3)9] 27] |vil 


<u, V> 
nın”. 

© r “Aza ııı As od E ıı oY ALA ALE 
“in... 


O T : Pi Polo) = zp(z) 


(07040 
(3 T : é la, 6] >R, TE (2))= | f (x) dz 


(4) T :M, R, T(A) = tr (A) 


(5) T : P Ps, T(p(z)) = p(z) 


(0 T :V  R, T(x) lxi 


© [0 92 s əbə) ad 3928 47 Fò, 


O T : P> P,, Tot) = z p (z ) 
(2) T:é[0,1]— R, TÜ (x) | f(z)dz 


CRINE v. m7 3822 va rezo MOM Vol 223492 səs 
det, 


er am Mia e 23804 WE as SAL RE ıı 
a 
W — İx € öla K H, Hs HBSS uos. 


JANM) sar uaa Be maz Cau = (i, i, i), uy = (0, d, i), 
= (0, 0, i) & Gram-Schmidt HAL 0239 47431743 sels. 


AUD coax zo] roz dular TM M.S] 82332 sel. 
—” ta put 
A21 A22 aja — 203, də? 
T : M,(R)— M,(R)oe|] dëst VA, 7(A) — A- AT opa Ago] AB 
ehe moz dai A 


(io 
iz 
d 
Li 
ol 
-& 
oi 
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Chapter 10 


Jordan #£Z2iwith Sage) 


10.1 HEHE o|&39t Jordan #3” Tè] 

10.2 Jordan ESB Vests) 1598 

10.3 Jordan ESB dare] $- 

ASEN] 

aas GZS: saper oya det AYE ESH AERE ojo] AN ME A qlz: ANRA 
qE 39, nJERAAS SAL elt ES YA ASE ia EASY Lo] tekak Ee 248394, uj 


e wu Nds SpA ue 748 AMA xA mE ssepe vi) nilm Sadi, 14 EE Y 


0000 DOU Jordan DOU 000 


E3 ə Eu 324 http://youtu.be/NBLZPCWRHYI 
e Se http://matrix.skku.ac.kr/knou-knowls/cla-week-15-sec-10-1.html 


oa Belo] GZS Ess} 
2512277 
AL oke, e| depu 


ARE SESI Jordan BEES Fe WHS ae. 


d ol FE TAS PBS] AE YA 
4 sid. 194 RE quo] pps 


A do 
E, 
2 
oğli, 
(usi 
H 
ek 
dlo 
is 2 
= 
+š 
p H 
oğli 
(usi 
E 7 
RJ 
a i 

o 


@ Zİ 000000 00000) 


L np VARIA A} AB azini AA nei EUA wees 
scht Aoc, 

2. AM AFIAYBY(AA'=A'A) BAFEZAL AP} 208 dlee ald 

, asp ARO] AE Aizispisèt JAL AWA 

4, Wa AN disse, 279 Wego] qe 2822 MINA) HACE 
FRIO] A UZ] (HEA) SBS} Zelt ee}, 


Co 


e uzs7HPser Ye sw niz FART BA(block diagonal matrix)¢l 
Jordan Zem w-E(similar)o] JES VS F AHA 10.1. D. 


wäi NEE ao Ut! 
Haa Ra 
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eres" Jordan DUT (with Sage) 


342] 10.1.1 


nA] gaze At < t MAS epe WHS pq AL des Ve 
JA J, 9t (SUE) welt. 


3 U'AU- JA 2088 88 UY SARC. OVA 


En 7520425755 057 m 5 n 


ol. og AS A9] 29% À,9] RALE 539] Jordan blocko]et əlin, JÉ A Jordan E 
CF, Jordan canonical form)o]2+ SH. 


A9] Jordan 3HESIUCF)g- VHA S 13 02% ol Jordan block FL GAA 
Boz ZE block WIZ B+ AH, Z dalal qa AL ad) pale] JCF 
eH block WWE sepe] eo eile]. 


Y 


£3 AT! Jordan block] 00 


1, SHA BRB] GSES Jordan blockA ASE "ell SBE, S AAFAA UH MES 
°] AZA AR, 
2 


| Jordan block9] zr Asks XL] det 1.60959 29] spo] az]? AZA 
ch wl ase Ye 1 190 wet FER uu. 


3. uel YY 49 BE 1449 AFA Sees daa 


Jordan block& 3717+ 1 16) AB, 1 ASE 


7134 2859 = 99 2859 Y= Yao] A 


digo] sib > 92443980] sin], ol 497 digig Belo] A daşma 
(ol YES Simple Wolak WAP. 
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0 0 
0 0 
0 U 
0 0 
3 1 
0 3 
0 0 
0 0 


2 gygy ez det(A— AZ) = 
9] Jordan Egor. 


ZT aS SEE JS FU wen ALS) ATE AV AS FE 
SAL, AA AL 2 47], 32 274, 02 27h Siu. < ZT méin APA SSE 
oL qa disse BE Jordan blocks 2) 2719 Een AGS SAJI F AA. 


ZT Tá Saez Jordan block ZAFE 4 TAS 7104 eue. E 


mp) ::- BAYS A7 ASE 59 WHA A SHAS RI Ae] SSE AGUA 3 
MAE d pp Beta AY Jordan 3e ga} Sch. 


Hora A 9] ds MAS sh eE Jordan blocko] A sol: 
ace [ER - 


Jordan 000 000 UL 


ə ala AE M, 7k kM AS GE RAL Ass ... AE Eth! SE A, A9] Jordan BEB J, 
= cest Zo] Yepa + giri, 
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TOSS" Jordan DUT (with Sage) 


A, 0 -- 0 

A : 

J, = x an 4 
0 0 A, 


ə INA Y Ae 244 A, o AR 719 Jordan block EI block AZA BB], JA 
= JAN block FÈY Zo] IA, opa] saar AZA TL A; AT 


dio 0 0 
4 = O Aip, : 
2 : 0 
0 7 


°] zw ebd 7,8 YA TES JA Ad. LE FI oup ME SAE Spat 


e ŞA ZEX,(E— 1,2, ..., k)el deia A; stal Jordan blocks] HE l; (1 < i x k)A 4249 


J p E M, S) 37] p, (1E t€ L) PR NAAS SAR SI SLES xi) XS ..., X, 
eb eu, HSS tes) ep] TA TA 349] Atal HIT A MNT ASA, LE 
lole} SPA 


ə 1430] A. el Zİ Jordan block9] AF lI} 2242] block9] FI] Pi, pə, ..., DESL ATAL AA 
ASAS Ales Aktèta LITO, URNAS GA Ip, > p, > --: > per A 
IAR ASH Ie] chèk aka 240 15H SEDA 13 p, = 01839 A;z BA FI S WE 
ASS) IZ LHES epu. oJE HEX(dot diagram) PEt}, ASHE ope} Ae FAO 
= AZA. 


SEL 000 00 


1 duit IM] BA Topo oJIFAZIKE, 172] Jordan block). 


2. UMA FX Pr Po so Prè OR giel LEA 2EROR RASI oper Zo] URS 


AS IAA ol mazol ¿ul do) qas Lis SIA biz (A— AI)" 
(x, —0 HE A dad kol). WA x zh ZBA BY qil ope] old, 2 d ge 


(A— AL)" '(x,)e] USSR dol girl 2 dəl GA = daal BL (AA? 
(x Ja desta 
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ə aka A, ASS la oper eu. 


e (4—31)" (x) e(A-AD* (x) e (A—AI)" '(x,) 
e (AAD? (x) © (A-AD)™ “(x,) 


. : e Xi 
° (A — AI) (xi) ° x, 
e X, 
e SN X, Xə, o XENA TESE GAYA DAME Sole}, YA rji AERA] ¡UA Bol 


ao] Are epa, rj 1x1 0/42 219 Jordan block9] Nº], ré 2x2 oS) 37]2] 
Jordan block] Fel, r, pi Xp; 


Pi 
O ol 2> o 
p, E > == 9] " 


CL 32) 10.1.29 10.132 zs ep] ej 53194 Stach 


o9] =7]°] Jordan block9] rot uh 
İr 1 dmm 


mA) >» aa 4,= 1 Fº] Jordan block? AF lI} Zh Jordan block9] 37191 
: Dp Po o Doll Sel LHASA] au AS Hol] Se (= 42 en 
pi = 8, Po = 3, pş = 2, p, = 1olel ela, DAS block9] 27] AJO] utet 


A 
T 
JOU 
= 


= SAA 2390, QAJ HEES PAPA 1=4,py=3 pa =3, ps = 2olu 
pi lolm Mol) dét GEES ojoh VA. 


(Jordan block9] HF: 4) 
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(eiTe Jordan DUT (with Sage) 


332] 10.1.2 
Ae per AE in exp dl nu cel «mc Mino — S| qızıdı AE 


(4 — A,1) 2] nullity) 47, 


[] nullity (A = Ay - nullity (J, ES asi) o| T+. 


Yal 10.1.3 
Ya AEM, (CA dieta r;& Ad diet dare] ¡UA Yo LE AA APA aa 


(1) n, — n—rank( A— A, J) 
AA namba AN D) en ram EE 


DE az] 10.1.29] JA, 


ri trj Fecr, — nüllity ((A—-A7)) 2n—rank((A- AZ) (8, jèl) 


müz r = n —rank((A— A, 1)!) ol 
= (r, Tr, əsanı) = (r Tr, m. 
— [n —rank((A— A, ENN — [n ^ rank((A—A, DD] 


—rank((A—A,7) !)—rank((A—A,7)?), j >1 


(Zt Yo] AS] AF re jx j 182] block ASS Ya š 


e =] 10.1.3 AT Wet dx YA AA Soo TAS] da HARO, 
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Asmatrix(4, 4, 12, =] 0. 1, 0 98 1 0 0, 1, 1, 0:0, <L r 3) 
print A. charpolyO.factor() 
print A.eigenvalues() 


(x — 3) ” (x — 213 
I 2 x 21 


olu, 4,2 1x1 Jordan block 17], 2 A, = [3] 09. E, A, oll PLE ger? 
712] Zhu. "2910 


E-identity matrix(4) 
print (A-2“E).rank0 
print ((A-2“E)”2).rank0 


0-1 01 
0/92 r=4-rank(4-27)=4-rank : qe g =4-2=2 olm, 
0-1 01 
— 2 EN — 
r = rank(A—2/)—rank |(A—2/7)^|] =2-1=1 alt 
qe Aş cil diet Sima "zı 27. 


n —2: e  * (Jordan block9] "A: 2) 
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AAA Jordan DUT (with Sage) 


A 
e du 7 


0 A, 
sage] U http://sage.skku.edu HE http://mathlab. knou. ac. kr:8080/ 


Amalı, 12 0 95-9 04310 40.9) 
J-A.jordan formÜ # Jordan 3 


print J 

[310 010] 

[-+--+-] 

1012 110] 

[010 2101 

ə 

1010 0121 E 

GENG) FA YE A 9) Jordan EBS öz, 

2 —2 —2 -2 

_|-4 0 —2 —6 

m 2 1 3 3 
2 3 3 Y 


A ol ENRAS det(A- AT) =(A-2) (A — 4 )”olur, ad 49 = 219 NE 
CHE WEBS 44 SER) 291 A, =49 Ay = 20]0. A, = 49] dieto] 


ri “ 4—rank(4 —4/)—4—3—1 


o|u (5. 17]9] Jordan block) r,= Loch: 49 4 2 = 1 4 (1)). 
qe A, cil dier itm CS du. 


ri—1: * (Jordan block9] 7]: 1) 
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Paz 1 : 
wn alti 


Ao = 20] coa r, —4—rank(A—27)—4—2-—209]uz(5, 29] Jordan block), 
re O 39 af 2=2+(0)). & Ao dist Bas Gen gu. 


T,—2: ++ (Jordan block9] 7İET: 2) 


5, ESI 9 
4100 

elm 4º] Jordan 432 J, = dos E 
0002 


Sagel] [] http://sage.skku.edu = http://mathlab. knou. ac. kr:8080/ 


A=matrix(4, 4, [2 -2 -2, —9, -4 0, -2, -6, 2, 1, 8, 3, 2, 8, 3. 7 
J-A.jordan formÜ # Jordan 3 
print J 


[4 11010] 
[0 41010] 
[--+-+-] 
LO 01210] 
[--+-+-] 
10 010121 m 


€ Em Jordan 000 0000 


e http://matrix, skku, ac, kr/2012-mobile/E-CLA/10-1, html 
e  http://matrix, skku, ac, kr/2012-mobile/E-CLA/10-1-ex, html 
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AAA Jordan DUT (with Sage) 


\ Jordan ponn 0000 0000 


1 0 7 e Eu 58%: http://www. youtube.com/watch?v=yJ7nOicjt NA 
e Se 


APIE: http://matrix.skku.ac.kr/knou-knowls/cla-week-15-sec-10-2.html 
http://matrix.skku.ac.kr/sglee/03-Note/GeneralizedEV-f. pdf 
http://matrix.skku.ac.kr/MT-04/chp8/3p.html 


10.139]4] P 'AP= Az) FE JE Toe JE PAS ups. e| 
AW: P'AP= JÉ TER PE Zelt dag IEA ol 330] 
^| Qui AJE og, 


— 
O 
~ 


dan [DOU 000 UI 


ə Eu SAL. http://youtu.be/LxY6RCNTEEO 
ə AIS ALO[E: http://matrix.skku.ac.kr/knou-knowls/cla-week-15-sec-10-3. html 


AIA] = 1717) 1021 JAY Jordan HEJS Top] JaME 102141 SAYA 
49 22 Tao SKE], JE dota HE 29 3422 AE AL EN EH 
UL BU Se 10x10 JAJ FEL ASA dem TOA SGL At 
= ròb] ANA = Book SZ Gauss SAY SS] Ola ANAL s sJ 
Aòk= At} HLINPRACe|u MATHEMATICA EE MATLAB, 55] 29 
BALA] AREA ARES F JE Sage °] TES Fè) AZEYAE esr 
= 2161 #79. 


TH RSs We 
239 ela ens omg + giri 
AHU 1506-1802 
xo BRE) az) 
nu Mü 705] 


394 


0000 


http://matrix.skku.ac.kr/LA-Lab/index.htm 
http://matrix. skku.ac.kr/knou-knowls/cla-sage-reference.htm 


CM 54 422928 47 22x 52 x22 AWS zx, AT d 
ıl A 9) Jordan 239 STE Tapa. 


AMEN LS. Jordan FI JAM WA GSS Pè, 


JA = 


O O O O > 


1000 
A100 
0A10 
00A1 
0004 
(1) Ju XJ 
(2) (J, — AD? 


EE E EE E 


(4) (7, — ADA 


[EA] 3 - 24] 8] HE WAS) Jordan 242392 reloj. 


CT Or Or Or CO 
Cv Ov Ot Ot O 
Ot Ot Ot OT Ol 
Ot Ot Ot OT Ol 
Cr Or Ot Ot O 


Jordan DUT (with Sage) 


Chapter 10 
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- Lili gogo DOU DOU DOUD 0000 OU Jd - 


http://prezi.com/zOhgrvvSaövvql/define-math/ 


FAKE LH STS) LAS 2014 SA! AHlihttp://matrix.skku.ac.kr/2014-Album/ILAS-2014/ 
ILAS 2014 58% A - 531} Bhhttp://youtu.be/asJf RFEYWPrk 

ILAS 2014 58% B- UY : http://youtu.be/bidJNagmRXQ 

ILAS 2014.32 C-HB e : http://youtu.be/10fDqWA-vVA 

ILAS 2014 E GS D - SA APA! : http://youtu.be/6llS8U6i SE 

ILAS 2014 SS& E - Sta] #H| ` http://youtu.be/UMwLCtSGByl 
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eiTe" Jordan DUT (with Sage) 


0138 
mbak Rad, VEI 1522-2005 


Tİ pz ın m de pie 1 
LUIS IRE SESEL 19490 pam N 

2 as ER Zack, hz 
ka bb. KA 


[O|SISH AAOH esee F/O] SHO] ASHE Ree =(Ree group) S “A 


http://matrix.skku.ac.kr/2011-Album/ReelmHak-v1.htm 


http://matrix.skku.ac.kr/KMS/KMS-Ree-1996.htm 
http://article.joins.com/news/article/article.asp?ctg-12&Total |D=1129961 


2014 FRIFSIZE CHS] (ICM 2014, COEX, Seoul), BZS 4^4 NE 
http://matrix.skku.ac.kr/2014-Album/2014-ICM-SGLee/ 
https://www.facebook.com/SEOULICM2014 
http://www. icm2014.0org/en/vod/videos 
http://www. icm2014.0org/en/vod/public 
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Appendix 


Ui 
D 


) 


[EP TA. 
o p 
FEE TEMA 
C OU Of NE < 
bei eds s 
SE  — 
N mH O gy 
MES 

CY) ah 

e 

N 


1. UU DUD DULL 


[5294] https://www. youtube.com/watch?v=VOxJvW-YjWs 

LS dal Soll http://matrix.skku.ac.kr/LA-Lab/ 

[524 Zoll http://matrix.skku.ac.kr/2012-album/2012-LA-Lectures. htm 
[CAS] http://matrix.skku.ac.kr/knou-knowls/cla-sage-reference. htm 
[EMEB http://matrix.skku.ac.kr/2012-e-Books/index.htm 


1. Sage 1111 (Notebook) 


P= Sage rEZS 08594 corset məb Ara Sado + gu E ABITE Bop] 
NA WA) 430] US A, oh IA D2 DSH E E AI lo] TE? TES 
SAL 2099391141914 LA SI] Sage LES AVA (http://sage.knou.ac.kr)°]U}, 9JE 
oölg-ekol E el^ Sage TEES oo FR WHS ABI, 


— İl ir” Se 


B xt) AWE TAHAN hee 


(ad 1) nmgpelzte|X| Sage Notebook ATH 


MOO utu 

(D Sage? 22H0] FL FE https://www. google. co, kr/chrome/browser/ 3% He? 
AE 4| E http://sage. knou. ac.kr FE http://sagenb. skku. edu/º] XSST, Sage TE 
= AS ziel HES 3954 Cd 2)2+ do] Sage LES API Yo] SHAS SAL = 
SEL, 
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(DUU 


A em. emie: mum geg ba a ^ me wes, E I bi 


Sage LEE Xu SS (New 
Account] 


MEM ül El US (Croale a ubinam] 


N 685 Nr Uydu SAN RR REV BRIS rm 
BE e na. 
im rm um Sum um ıı i Li Sees 
Be: = = E zu... 


ARO P| eS (Cain a gend parra] 
e tm 


EHH mo 002 (ISe hape your Free 


BL BIL wess = LEN i 


(ag 2) Sage KES AS 7121 


o) ZAE Jo = MA YA (Create account) Hee 


Q) ASAL ED), ASA AB, ANY FLE 


FER ASS BIS += YA, JA BRIS ID, PSS 91839 MI ABS 0184 < 9, 


(2) Sage D HD 00 00 
AAA BI DA YSS JE F soa 


de S18 4 aid, 


SHA Clg 33 42 Sage TESS mel s 


| Tani ni 
ür Ọ uersa 
EE LET I EL. 


Rü... a... HER nn 


EE I GOD | dee mum P 
i nbg K 


E" e 

| axes mes viunuz 

mu Bü günü siz asa 
LİLL 


RR: op An OME 


FIRE R TRY N 


EFEO CASE LYS: EE ET A A Ai dikdi we Se HER LEEF RES + Dee 


(isl 3) Sage Notebook |?! et 
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O $2 ue AH 


E: Sage LES mol sj 


e H 20] 


e zz ASAE: DEl YJAJE sol 
ə dA: APSA eie ASA di AS 
e SOK: Sage EE BE 


e Al HUAJE: Wes YAJJE ZH 
Q AES. Sage HAJE IL (sws SA!) Geo 


[CHESS |. MES Sage LME CH22E(sws 


SA) 


(3) Sage TO OO 0000 OU 


ol AES AVIES Le) Ja A ASAE = FER C19 099 Do] JANE o| 
SS UAH BS BAJ + gu. ole] AFA JIJE SS Yaa >. 1015 A) YE 
= SoH (14 5,9 40] Sage SBS PRA MAA + She Sage LES YINE 
SHAS RIV HA. 

És en 4 = HE Im 
“QO... ES AE "hu co =s 
e ume ooa hr = | 
= burnun Lage luctu Lage a. tor da r Lage harın pa | Lipa ar é T Lë anme dr s Lage Due te io = 
I rim HA | Ri zik nq ZI Kul Sew! Bess) mo. 
by, TAI 
| Fa nu JUL SA, BED da 
vae opp up] a 
əkə 1 na c 5 
DIR 3215 
(17 4) Sage LES nl?! StH 
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(DUU 


| ZEN 


vr pajoe 


d. E JAM hü, ul dh a. nada 


ED ET CA LEN (223 UD KET 


(72! 5) Sage LEZ JIJE StH 
o 49 Hil 47H 


© zz HOME: Bye Yade si 
€ SE: AS YE LANBI BE SA 
- FIO: Sage EZ Be 


° Mersin Sz]: 934E NE YANE HE = ER 
ASAE MES ol Veale SE 


+ TH. İl: sws nil YES, Al SUIS HA, BM NE GERE, 
ola, NE 018 WAPI), SSA SA; UNE AMI 
ə (53. e 


AA ZH] BR JANE AMAIA ASAE HE € SE, 
Sage 4209 MH Sai But 672], Bat 0/7], Bat MI 


"HOI [=]: Sage LES Anal (ESE) 213 nie! zm 


e [sage [*|: Sage, GAP, GP, Python, R 380 Sei As 


. EET. am saves htm oz 2H 


(4) Sagell OOO 00 000 
(IB 6» Zo] AKE 2204 Sage YY]E JE HES red - ay 


olah = oleh 
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[plot sinto) 7 plati sintx) ) 


al tt 
| | 


(13 6) Sage 3301 Set AN, SU SS) 


JA 0928 AN opo] GANA (18 DA del RAY AS Bela + geni, o) 
dal AS UA ga umo gələli Sage PIS YAW + AE ASS ACeS Z 


elet( siniz} |) 


CK: 


= 


(ad 7) HSS. Sage A! 47} 


= YUM AS Shift HES TE dE ço YE HESS So Cr 8,14 do] 


HTML 482 SF + YE YAE BAS A Qe} ol YAE ai nent Malah 


ABS EG lek, (ESO) MES Seo JU 9955 spo] ul 
g 


& wEez Bes vp] BAS SAS 39 ul 
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DOUDOD 


05 


üs 1 


-.—.5...5...1n 


1 ü 


La 


(121 8) HTML #88 57% 


plot? 
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File: /root/sage-5.11/local/lib/python2.7/site-packages/s 


Type: «type “function = 


Definition: plot(funcs, exclude=None, fillalpha=0.5, fillca 
(0, 0, 1), adaptive recursion-5, aspect ratio-' automatic 


Docstring: 
Use plot by writing 
plot6x > 


where X isa Sage object (or list of Sage objects) 
returns a GraphicPrimitive object. 


There are many other specialized 2D plot commar 
Arrow, type sage.plot.plot? for a current list. 


Type plot.options for a dictionary of the default o 
reset to the default options. 


ploti sin(x) 3 
we 

L ¿wankuman 

1 5. 
Fur Jag ap m Egni Perd = Eonia 
MWEN üm 
Path: ñ 
Hasr nis 


Sage Bad SH 1 xo] sel 


“HZ H: 


T E oq 


help(plot) 


Click to open help window 


(nd 9) Sage 4201 SE 


We 4 girl, öl: 71 
gel qe 


10,34 Zo 


plot” 93 NRS} 


plot loglog 
plot semilogx 


plot_semi logy 


plot_slope_field plotkin upper. bound 
plot step. funct ion 

plot vector field 

plot vector fieldad 

plotkin bound asymp 


(12! 10) Sage EIA xs HS JIS 


THF 3D HA BAUS sero] FS AL Java Mot Gildo] AAAA, oa 139] 1 
aaa uen AJE enr SAR) HES zd. 


0| SE HS ME SSSSSOGLHUA? 
AHSAISI Java HÃO oxı 20 Det FIXAS A09) A) 
nz BE uz-Hul gü Ati SAB uc SOLLI. 
FLA: moy motah, hou. ec, kr: 3060 


hipy mahlah (anou, ac kr ' 
MEA VE MESA CAS BE 23270 aus une eie ara] Sa 


WII HE) 812] uzu nr ReAl XIETEICICI 
ELI 


s IGG Maine ORM OTE 21H (GUE FECAIS, 


S0000 80 0 00,00 


Sage AMES PIAR, LAT HESS S85 9 


SNES xw PANES ZENA $ Sid, E ES Sesok 11) 
42) WS UGS AZ 19) A Zo] HTML FASE YYA PANA 4 AA. ol BH AB 
E HE9 Sage LER Appel 21212 spa] Bore 4] $49] ANO BAS Sb 4 A; 
19 SAA zz FA http://math1.skku.ac.kr/pub/ YA Sele + AG, 
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mm | & | da nun | BIJ | dz SAW dii gans 


Y SAIS 
as RA — 


ni El as El ün Bluz EO hom EN [usas EE] KERİ 77772 ENİ EH 


(a8 11) ASAE 7H 


Hi adan naqağ ENA a SKS e Tas rs 
75- -7 seng kee d kr; ro pb déi 
JE MAMAS bles È Tapi ashka a a. È Lapa Bare tari. Z Mp Rate la Cipriani > Mp Kee ek, ` 


"TİL: za LESS ag 3 LE EE | 


214 302121 


BEN o Hü 


| [eiei ital 1 


«13 12 HA SIME TALE 
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2. Sage Cell 10 Ú 


(1) AS Je FÃ AL JAVA ES 23140] Sra, e 2199 (AAA 
YA Kal ASE et BYR) HES FI 


ül 28 x 18& 9385/2151 97 
| AIST Java HÃO S215192 201 0FH FINA MESA 
YE EK 22980) 28 Bt 23% Site Sg IC, 
31]: Mo: /matilab krou Ar kre B000 
HRH / fm nhdab, krenu ac: kr 
EH Ee 1 RES e Cera] wa 


zo nou dəl "ER TM OF gələ ləl 
A e ms Mainan na ana enn cae SEA, 


(2) 1422 Sage Cell S VLE JAL Sa 47, 
O HJ (Evaluate) HES SH olm) FAA AF TA dist AE su. 


“ya 199449 Hü. Agee. zin. EMA 


ununu FEM SHN. opge, GRE, gan 


va ag raji]. "Hor nas xey, sn 
2.1. 


Sé TEN va. ül, i geh 204 


" Ms 
BÉ dau 


Porn ni, Cho Temporary Led 


409 


DOUDD 


e 


Hee EX A] SA HE BES 44951, AA(Evaluate) HES FY 


Alo dist 834% sitate. 


e 
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sm) Qe ASMA ETES FA TES] AWS HALT, Update HI 
AUS Sola 4 şiri, 


Ò 


— — 


= 


vee aan x (1,0), y = Dog MO x yl zalı 1999 EDI 


MET LL. 
- NOTE 


9 "iti x. yil HERRI Urdale nB Bu 


Pid Yard s 
Dick Vecke = y 


Geen Ve iça: wg obey 


IL, Bñ 


a xc. KI 


bad Pre 


Hiua Verke = W 


a TEH kor. 


urer okap 193 Lo] 938 AlZlo) ZAN Update HES SUS 4 QUA, Refresh 4 
Es 


as Vector nx 


Dios ‘vector w y 


Gr Weck = y 
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DOUDOD 


3. 0000 Sage Ill 


http://matrix.skku.ac.kr/Cal-Book/Appnd/index.htm 


var( x ) 


HIE] < 1,2; 3 


IE SI 


(2) jelek ae 


HIEJO] 37| 
HEJO] LHZ} 


119] 214 


me 


a, bl Ol] HE 


(2 — 5t, 4t, 14- 3t) 


det(A) 


vector([1, 2, 3]) 
vector([2-5%, A*t, 1+3*t]) 
matrix([[1, 2], 13, 41) 
a=3 

f(x)=x^2 


a.norm() 
b.dot produci(a) 


b.cross product(a) 


len(A) 


A.eigenvalues() 


RIE] A eigenvectors right() 


diff(f(x), x) 


integral(f(x), x) 


integral(f(x), x, a, b) 


5 


integral(integral(f(x), (x, 0, 1)), (y, O, 1)) 


3 


integral(integral(integral(f(x), (x, 0, 1)), (y, O, 1)), (z, O, 1) 


plot(f(x), (x, —4, 4)) 


OHHH St=+(2D) parametric. plot((f(x), g(x)), (x, 0, 2*pi)) 


412 


5 


282D) implicit plot(f(x, y)==0, (x, —2, 2), (y, —2, 2) 


L 


ME(2D) line([(1, 1), (2, 2)], color=red ) 

eire (3D) plot3d(f(x, y), (x, —2, 2), (y, —2, 2)) 

DH7HEH=+St=+(3D) parametric. plot3d((f(x), g(x), h(x)), (x, 0, 2*pi)) 

S23D) implicit plot3d(f(x, y, Z)==0, (x, 23, 3), (y, “3, 3), (z, 23, 3) 

ME(3D) line([(1, 1, 1), (2, 2, 2)], color='red') 

Contour Plot contour plot(f(x, y), (x, -1, 1), (y, -1, 1), cmap-hsv, 
labels-True) 

HIEJElNE(2D) plot vector field((x+y, x), (x, —3, 3), (y, 23, 3)) 

HIEJEE (3D) plot_vector_field3d((x*cos(z), —y*cos(z), sin(z)), (x, 0, pi), (y, 


O, pi), (z, O, pi)) 


(5) «iet 
aol A] =! limit(f(x), x=a) 
ak S aet limit(f(x), x=a, dir= +) 
aolA] zer limit(f(x), x=a, dirz —) 
+ co LG) zəl limit(f(x), x=+oo) 
— co AJO] zəl limit(f(x), x=-oo) 
(6) Z|E! 
SAL 30] solve(f(x)==0, x) 
zx > p(n) sum(p(n), n, 1, +00) 
HA ae] gt HOİZ?İ print a 
Joa S f El?) show(f) 
AAS if AZ 
statement(s) # 287101 Trueo|H “ater Oo 
else: 
statement(s) # 287101 Falseo|H Son meo] 
dS for i in range(10): 


print i # i=0°9 DEI is == 
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DOUDD 


2. [] [] (index) 


EE YA 13 “lun 218 
(GAS) MARIA 18 Area 34 
AIN KC 18 anra 126 
RAS) HERA] 18 ans 132 
CBH) ISA 19 E] 126 
(geo) EAA 19 

block 443a 355 AENA 17 
Gauss AH 42 AE 66 
Gauss-Jordan SA 43 TEA 36 
Gram-Schmidt 97/4/1238 239 7|2F 3) AkereEi(RREF) 37 
Hermitian BA 309 714] 204 
Jordan ##(JCF) 309 7154 c 277 
nara s 8 asa 337 
point-normal #34 19 MER 12 
Ga 244 MAL 181 
Rank =] 229 GAME 15 
Sarrus "PY 102 7 ES 1% 
Schur 78] 313 kama Kk: 98 
Simple YY 300 uu 270 
Vandermonde YY 122 qayga 87 
Wronski] Test 335 ue 61 
719838 63 azi beet BS 271 
AF dai Guer Method) 148 Uta SS 277 
He] 12 49 AZI 128 
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82 
110 
110 


] 


E 


EE 
Ò 


eje AN 


39 
29 
183 
310 
39 
99 
gg 
18 
19 


BHHermitian YY 


Tl 
Br 


En 


326 


216 
328 
169 


MN 


Zi) 


166 
304 
340 
340 

72 
100 


97 


ay 
"o 


63 


284 


op 


15 


340 
312 
312 
415 


gue] aze 


gue: 
gue] gë 
ue] aya 
SLE 


16 
90 
74 
75 
75 
44 
28 
167 


4H (spanned) R” °|] 


Sal Ba dell 413] 


A TH 
ITAMA 
AAE] 


aba 


416 


28 


29 


81 


81 


44 


181 


269 


60 


22 


327 


237 


15 


Ələ 


33 


21 


245 


33 


288 


15 


280 


280 


15 


86 


177 


18 


99 


Sun (shear) Hö 
AH 

ECK 

aes 
PE ES 

SA= MEE xr 


BEE 


“oa 
=o]gkEoll(SVD) 


(HU) 8lEl(vector in plane) 


16 


16 


176 


98 


66 


304 


308 


291 


205 


171 


90 


189 


169 


13 


180 


Blackout Game 


consistent 


206 
219 
34 
86 
234 


234 


33 
153 
166 
101 

99 
142 


29 


— Mé 


http://matrix. skku.ac.kr/2012-Album/2012-MathinSeoul.htm! 


inconsistent 
isometry 


Jordan block 


left singular vector 


nullity 


right singular vector 


SSES 


183 
33 
37 

216 
79 


39 


29 
177 
300 
295 
213 


295 


417 


3.00 00 (index) 


DR 


DIE 11 oao] aal 26 
2014 MS MALES] 23 O JAH 
1957E 3872} Y 25 sate Se 


20] 


“delisi with Sage ^DIEZ 
elo Ri 46 50 
orz(App) 
SH SHE 
nn 71 SEAN 96 
ojaa 79 04141171 
E STAT 86 2014 MS Alle SICH) BAR 
Yo] MAS! 
ATI 
Kia SAKS BLA SIS] zu 109 THAF ZE SAE 193 
ATLAST project 114 ome 140 
əl--əkşl— ASH] Destrs 
[cH 5755 Hirs SJ SEYÈ] j7 IET 
Combinatorial Matrix Theory 
34H SH AQ AlzsmilO El 147 zəli 164 
Tere gu 163 “əli EH 


418 


6L 


jenasi tt 
20128 Mer STS E = 


ım 


yi 


H}O|Oj ERA 
ə 


25:0] 


BI 


CPIS BRE ct ASRS} 291 HE EE 


SAME, PEO ake 


ORE! 


Issai Schur 


179 
188 
193 


218 


268 


2/8 


294 


308 
314 


336 


345 


363 


417 


Sage £7| TE HAAS 


20024 AA HSS [ete 


Maths is For Ever 


xot l| 


LSS 


siet Apel pla 


Xİİİ2AT == 0112] 


199 
202 


243 
291 


258 


317 


323 


324 


349 


366 


419 


4.0000 


lon 000000 001 

JE o MYL ee AVES Ajaja] get GARE NTE IS AY qada 
olehke GET ge] səp FAZ “FE Z AE sas d dala "elt o| 
YET FE 204]7] FWA PRA 2545) WSO mur SAMU ABUSO] HAL 
apà-xsp-xpspiel mob SHIS] RO] dat: E 2130] SHU E APAE 
AQHA] WA] gt zm. UR AAA 499 94489] diste] ech 


ABUSES AA, SAKE, API US, BISA, Jajan AA, Ade] = 
zu urges EAST LE E UE YES Siow O 
duq 27 gto. 

[2] http://matrix.skku.ac.kr/2013-Album/2013-S-KSME-KSHM-talk-SGLee-v1. pdf 


LD D D D O0 (Google) 0000] 
+= (Google) | ANAL AA Holz Larry Page) AEA] #A(Sergey Brin)o] 3 
^| 20% Erro] 19954 719 GA dll] xoda AJAA Che AMEN Suë MM) 
ıl Alam GU ES AAA Soll WAKI. ioll (PageRank) g Ee ol es 
7| YAP |EZE HAL Sls ARES BEng QZISFA 712 FAS Ho Box] o 
AE JAE WS] AVIA E CEI AS AL US the ás TH ÍA = 
TIA TIALE Aerei, ANA AE RA SAE Wale TE ST E daaa 
= SSA, sepu AA AAA TE Amo BAJ ANE LAS Sw 
1 AAA E ep] AA eol (Hyperlink) VSS Wrest JAY 7p uim 
SS AANA ZFÈE wwe APIESS oO, FSS e| o ol AY SFA 
HN? Power Method A€ Ala) HCAS AAAS Soho, OS eel) As 
astral] Hil ABAFIA NA sel BS Sol] del org SR S — Su. A 
JA ae IARA AV AA ASA 27421 Al AYE AS, 
[Æ] http://matrix.skku.ac.kr/2012-e-Books/KMS-News-LA-Google-SGLee. pdf 


Z °| 
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[0 0 0 (Matrix Theory) HB UU O] 
arg 439439 sep uses xol BASS uet sm) aeu. 


[SE] http://matrix.skku.ac.kr/2010-Album/2010-MT-all-Solution-v1-sglee 


lou 00000 00001 

ol ae. qlar SS] FE A AAA JYL st AS O 
m, Gajah 20489] Ye HS 902 Zelt ald, Pa] 
o] JOJA E HA FAE WA Le ARGS. API A 
= TU dese] HA ope =e NAHE apo] ASO 
= ada ALE RS, BA ee dai 204810] opu 
NA, TA BRS AA, Tema] Sista EA gll uns ura 


ALA opa Ao], 


LAL o] AL Sal EP] AMA THESE wake NAJA) FI Halle 


ol 228 AS ALA, UEG DUB AA YRS] AA UL op 
JES NALA? A BO ALO] TA PS BS + YA AO EL WI 00-99 
Ò 


= OLE 
= nw 


IN] dx PS BRS AME MSc ES = Y UE AM. 
[+] http://matrix.skku. ac. kr/K-Math-History/index. htm 


http://matrix. skku. ac. kr/2008-Album/KJHM-sglee-070824. htm 


LD D OO 00] 
H&S ask 4323) 29] PA SAY AE SAE ajo] spe] MES MAY: 
a Miro AAS DESDE TEA AAS ABS. 
[351] (Hal Y) http://matrix. skku. ac.kr/mathinseoul/ [E 
224) http://matrix. skku. ac. kr/mathinseoul/Math-In-Seoul-SGLee. pdf 
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>. 0000 


Hae SSH erm "MATLABS 0|88 uoe, | ŞAL 2003. 

det, des 9| "MATHEMATICAS o|&st Mars, , w Ak, 1999. 

ME oldu 9| "Aere SS, , SEA, 2004. 

?eHe-H[AH| TAA MES 9| TSS. (HESSE, 2004. 

old, "Am MMS with Sage, , SEAL, 2012. 

olam, ABH, [out Nacho ADEs SAA Marah SS, ERRERA AS Volz E 
(BERKE MCE, , Ml 278 xil 2S, 2013. 121-134. 

olam, 


“ANE, HAS, 'SageSk GeoGebrag O|g&et Mare 70199) Visual-Dynamic ^| 
ME 2S, PREPA All E ERES AX, X 278 Al 155, 


2013, 1-17. 
H. Anton, R. Busby, Contemporary Linear Algebra, Anton Textbooks Inc., 2003. 


Duk-Sun Kim, Sang-Gu Lee, Greg Markowsky, Mobile Sage-Math for Linear Algebra 
and its Application, Electronic Journal of Mathematics & Technology 4 
(2010), No. 3, 1-13. 

Kyung-Won Kim, Sang-Gu Lee, Shaowei Sun, Modeling of Mobile Sage and Graphing 
Calculator, Journal of Modern Education Review 3 (2013), No. 12, 
918-925. 

Jin Ho Kwak, Sungpyo Hong, Linear Algebra, Birkhauser, 1997. 

Sang-Gu Lee, Kyung-Won Kim, Jae Hwa Lee, Sage matrix calculator and full Sage 
contents for linear algebra, Korean J. Math. 20 (2013), No. 4, 503-521. 

Steven J. Leon, Eugene Herman, Richard Faulkenberry, ATLAST: Computer Exercise 
for Linear Algebra, Prentice Hall Inc., 1996. 

Steven J. Leon, Linear Algebra with Applications, Prentice Hall Inc., 2002. 

Gilbert Strang, Linear Algebra and its Application, Thomson Learning Inc., 1988. 
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6. 00 00 U 


MIST Soll http://matrix.skku.ac.kr/LA-Lab/ 

SAA 29] http://matrix.skku.ac.kr/2012-album/2012-L A-Lectures.htm 
CAS] http://matrix.skku.ac.kr/knou-knowls/cla-sage-reference.htm 
Sage EO] http://matrix.skku.ac.kr/Cal-Book/Appnd/index.htm 
FAH] http://matrix.skku.ac.kr/2012-e-Books/index.htm 

agl SIK DIES 013)] 
https://play.google.com/store/apps/details?id=korean. mathematicians. ko 
LOMI! SSAKA EE 018] 


Oh 


| 
| 
| 
| 
| 
| 


r 


http://www. 1mobile.com/asia-mathematicians-ko-530538.html 
[REL FSITKAD:EZ 0121 


https://play.google.com/store/apps/details?id-eu.mathematicians.ko 
[u|giziel eh DIEZ 013)] 


http://www.appbrain.com/app/U|eixzi?l S&A usauk, mathematicians.ko 


| de Juh M U* Rar hermana | a Asian Mathematicians 
| 


M um gota W args" W usa E suma? 


Ln Hui BA) 220-285 | 


a 


a 
= 
H 
= 
- 
d | 
8 
š 
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7. pago (0 0 00 00) 


[1990] US USA ¿2? 


4 Mia 
L. 2 d 
— X Z 


P(x, y) 0121 AA y=mx(x+0) 


yom gw, [ x.) = Aİ 


xol 


P(x, WE PC xq, yp = At, 


y= mx À PAOL Ax ye AUS ANT y=- 
* — e 
ou, P'(x, y ) E yz mest yo Luo aal DABS cesi DAS 


E x 
PEC 5, ae Lat H + y 014 


m 
2 
“Sü... "r. T— E. 1 
G ELT mö o SS mi m2+ 1 
m 
L i dä x = “ 1 x | T+ 
sues (5) pur am [shores 2) və 
a A a 
m2+1 mêri 
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[1994] à (x,»)& 4 (ry, xx) = PIE gama FALE 
(xsin8+ »cos 8, xcos8 — »sin8) € SE da 


e, TS LEME üs RE düs) Fe? 


(D 2r(cos8 + sing) G 2r(cos8 — sing) 
(S) rsiné A) 2rcosóà 


¿Ë SL 


ë| +] € ronem tö pi - | sin 5 cos d de 


y x cos 8 — ysin 8 cos $ — sn 
oe = 
(g. | t] [ a da r)(*) = Í y cos 8 dos ANE 
y cos 8 — sin8 y Ü? Ly — xsn9 rcos8/1y 
OL, Mel APA YS 2rcos golt ga 


f d X. = 4 “y Gu : 
[1996] 3x3 BE A= E 1 oja ABRE |n ao fy HEA 
Po d a Gan Ga 
Gi + ay A w=? 
O —2 @ —1 © 1 ( 2 
«oll» 
l1. L 3 | 2 2 SE E 
SCH 1 o|- Jo =D Sib at si =5-6=-1 
i1. Y a ü yde zu 
an == |! 2|-1 232 = — i : - 271 + het LEO 
[RARAN] uzu) 20] BIA BS 49 BHO] Top] Att AAS? 
xi bi 
- E ti 
5 Loud. S 3 
E d. ES 
O x+1, 3 © x*-1,3 O x=*1,—3 @ xı —1.—2 
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DOUDOD 


[1997] AA] 271 Z oj] À] S] He a ol) dao] ABA 
T(p-—axpt(p*a)a (p € R°) 
7 ASA HE] aep a77} V2 AM, 79 242 rəh, TA IRL 212388] 
2 HONS, F#uxvY4#u.vE 22 He u, ve] SA(cross product) WA(inner 
product) HEFa, (548) 


DO] 
Tal =axa+ (a - aja= lal ?a-2a o]uz 
am QDS TIME ZE MBE o -oee€—————————-- JA 


(+, a7} Tel qz Sl2]elo] ASS AA MR "Le 
T 7} 2 9099 1442 ANE 1 SLE} ası + 
= p S 1999 1253048) spa 
pe a=0, T(D)=AD EE 33 
T(p) = ax p= Ap olx] 
0 — (axp) * p= 7(p) * p» AB: p=Al pl” 
olHE A=0 CL pHO ), W 0E JHE,  e-———MMMÜe€é 48] 
olx], ax p= 0. 
qua WE] a, p 4142 0 (EE och 


Iş pe a= U olL AA a, pe] Aİoİz) 2 AS 53 E 


[1998] 22161 op xxt 44 4(0,0), B(1,0), C(1.1)91] AABCE A'(1,-2), 
B (2,0), C (3, DI AA'B'C' E SIE RAL TENS, (58) 
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[1999] P ' À PZ) 9880] YES aget GAYS PE ALO, YA 


= UWSP IL, (64) 


Oo] 
Wa A el VOWS xal opa 
saga Ar A= [^75 TÉ |= oo (44-5)0.— 10) +54 = 0913 
A — 534 — Dol 319% A— 1 BE A — Aalt 


Xe 191 LEME p, A=4Y d 27988 p, ek spa 
ql 


i) A=-19 uJ, p, = S oja) st 
zəlil Qa an ua Q= Ü 


ole} spa 


ü) A — 49) uj, p, Jn 
Ya 


eh 


DAN P= | 


1 
unun 
& ex [P| > 0022 JAAA 


wa P”TAP- (DO) ola, m 


101 
[2000] 3 x33)4 4-[a 2 oja ue A ol izt843keigenvalues)xkt SH 
0.0 3 
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DOUDD 


(eigenvectors)$ EF ələl, (54) 


Ave Av JA 

OI A)v- 0, v40Q00]EZ peso 
A-1 0 -1 

det (A7— A) =|AJ— Al= | 0 A-2 0 |=09]EH 
0 0 A—3 


Ae A, = 1, A = 2, A; = olm of al o] of) 
Vis Və, v, oleT olu 


0 0 — 141 0 
A. 0-1 o jas e [en Eo = 43 0o|rT. 
da: 40 


10-1( Yi 0 
A 24 uj H 0 Ju. [op y; = y, = U OIC 
00—1 : 0 
0 0 
n Yz = Ü EN 
0 0 
20— INA 0 
A; — 38 U ni NE -ojan 25000 OİL 
000 ZA 0 
&1 24 1 1 
p Zə = 0 -foh 21 z 0 Ea s-[n 
23 224 
1 0 1 
a d Zal: Zal. A-Y. BE al 
0 0 


2 
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TOME} v (va 0)o]aj spei 


dza: 


E PAM ays 


qua A" 9 MAR 1”, 2 "olu olo) şəh unu 
1 

0 x, 

0 


0 1 
n ol , (z, y, z= 0 ond 
0 


0º 
Jo, 
Jo, 


apo. m 


, JE ere] X= X(1) E FIL. (538) 


DO] 

N = ANO) ESJ= X—e"v (vE Des) olu X”— Ae”v E X'= AX d 
Jota (A7— A)ve — 0, ve Doll, e“ + 0olHaz 

det (AJ— A) = sot UN d 0 olar (4—1)(4A—3)—8—0 AA, 


" M—4A—5-209]4 A——1 E A—5 
1)A-—-19i ug, 15A v, ojek ep 


ii) A — 591 ul, 3rgsle voler Spa 

| 4 7 ZO OH 

—4 2 Wa) 0 

dei] $94] u]|gHEHA]IS] bee 
=) l 1 

X(t) =c,e Í J^ se" [1 


z(t) ce T L ce? 
ylt)=—ce '+2ce” 


x 


dd day — 2r, = 022] v, = |), 


[2001] 2? ol = 7|X (basis), a =< Vi, v >, B—« u,, w > el Het 
Ya = OT). Vo = (1,0), Ui =). Us = (2.9) 9] uj 


cH xS] PIS, (5: 43) 


1, d gus f: g^ R^, f(vj)-u,, f(v)) = uş £ Ge FE AS delude. (223) 


429 


DOUDOD 


Q 


Ho] 
Ay =u, Av, =u; olumu 
1 


o = | d AGGE 
“İəsl ss) o] 
nın... 


- 


A 


2, ol NBA AJJAJAA P(— 10), QU,-1), R(2,3)e] izle BS AA P, 
RAGE A p ORY TIE FIL. (24) 


Ho] 
P” = AP:, Q” = AQ", R" = AR” olHE 


xn. 
50. 

— P'=(-2,-3), Q” —(1, 5), R” — (7, 0) 

olm, P'R'= y90=3y10, 


<> a 00—7—00 ES 


PR 
: "ə İ1—15-—Tİ 21 
ki P R DA = — olel Ü 
Q AX FA] Me FG Tio 194] 
1 21 63 
AP R” 9] HAL —x34/10x ——- tol. 


qa AP'Q'R' 9 ae. old, 


— 1 63 
7: l-zl-7T-5-21- 2 E 


= , I Ly 1 m 
Hal APQR = 65: 


[2002] VS W7 n2F ¿me ¿tl SA ŞAFI L:V — Wa ota 
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ker £ = 10) olm LL 53 xHHisomorphism AS Ho]i]e. (54) 


DU) 

ATS AL EF Lo] AA ASAT HS gold sim, 

Llu)= L(vy, u, v € Vol Z(u—v) — 061441 Keri, — (0) alp su — v—09]o]A] 
alir 

“I(u)= L(y), u, veVodu-v 

olHE ABA LE ul. 

m dim V= dim W= n3} 

ZA KerL= {0} A] dim (Keri) = 0019% 249] FA 

dim V= dim (ImZ)+ dim (Ker L)-& o]-gòkm 

dim (Im Z) 2 n = dim W ej 954 MBAH Le At BAN] old AGA L 
2 oup MASI ABAS Saeg. m 


[2003] ANA m AY BAZ VA deia Wi, WE Vəl BRP SA 
V= W+ mA, YI v € Vel HEA v= w, +w, (WE Wi, wE W,)= HUSA 
HOG dezscae MAMM = (0) diz Serle. 52) 


[So] V=W+W elek e. Yee ve V A deje] v=w,+w, (vv) € 
VV,, v, € W)z eləbil) xau Bt Z df wr=v=s+t, 


(w,s € W, r,t€ W) then vr and set) 


Let vc WAW C W, + W, = V. aie dwQ€ W, and JWE VA, such that 
wtw =v. Deel w KW, € V/ w, + w, € W, (Wi +w, = v€ WN W). 


Wi = Wi t Wo wi M Wa W, 
Wi t+ wa = (wt w) + 0 — — (iw twee woe m, and 
hypothesis) 
E ( ) YY.” JW E Wi, we W; 
Wit wo = 0 + (Wi T Wo ) > Wa = Wi + Wi 0€ W, w, + wx W, and 


hypothesis) 
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< W ZO, W = Ü 
— V=W, + W> = 0 
“WN W, = io O 
(=) Suppose W,N W, = {0}. 


If v— vit w, and v=ws+ w, (Wi, vv, € W, 
, Wa) Wa M), 


Wi Ws WA, Wi — WE W, 
Wi W3= Wim Wo 

—2W4- W = WA” Wo = WA W, = 10) 

— WIT Wa = Wo —V/— 0 


> Wi-— W3, Wo— Wa WA Wi W3=0 ; Wo Wa —0) 


. v= W+ Wa (for some vv, € W, and w, € W) = &9lepj xeu. O E 


[2004] + JBA ig eigenvalue)2H 153% Heigenspace) TS 2. (E 54) 
1 1 —1 
02 0 
00 2 


Te]. 
0 = det(A — ££) = (1—t)(2—t)” 
1 


depa AS] IEA t= 1 EE += 207, ell Mezi t= 10] ASE eB 
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1 01 
[2005] AZA T: R? > RPE a 4=( 0 1 Ja ələk Fort Z xe Riol d 
—1 1 


St 7x— AxAJH, TA A(kernel) Y AHd(dimension)Y TA AH image) A IAS 44 Y 
SHALL, (54) 


UL 10) 329 124% 98 9 22 SAAS LE FA. 


101 
0121. 
000 


med dim ( Im(7)) = rank(A) = rank( B) = 201. 
Gi) dim Rº= dimKer(7)+ dim Im (7) == AAS o]gèahn 
dim ( Ker(7)) = dim(?))-dim(Im(7)) — 3 — 2 — 16lrl E 


TRA els B= REF(A)= .rank(A)< 2 


[2006] ¿IF ILS Golot SEAL ABAZK near transformation) L: R” > RIL R” 
9] ojo] = Ax y eg y) zm el AR (1-t)x+ty | 0 < t < 1) R" ol EEN 
2 


m (= AO BYE AS HolAİS, [44] 


DO] MA -t)x+ty)= 0—t)L(x) +t L(y(teR)o]ug E—-((1—t)xty | 
0 x £ x 1)olel $r uj] ze 392 LLE 101—t )L(x) Ft Liy) 10 < zt x 1) olu, 


cosÜ —sin0 


[2007] JA A= 
VE A sinó cosé 
Ba PE of} Zeta 


7 WB mola, IS E 


Hü149) 5448492 


2-0 e STA 


x... 
o wee O + (— 2cos0)t + 1 


433 


oa IRA LL A, = cos0 +isinô, A, = cos0 — isin0 


A Aş 18 49 IR], opu REYA = AGREE v, = (1,0), vy = (0,1) 
10 - 10 "C 
p wet P= (1 Üla, tape (1 DI in Ag az} Reel 
(ii) 0 = (2n— 1)r (n€ Z) $1 AY 
M= Aş —— AS) ESG ol AAZYA = eE v, = (1,0), v, = (0,1) 


dd, wey P= [| D AP-[ T HI ga Ag asesor 


A = AJ} S AE NE COE = ARE AS LE Heth unu. 


nr 


v = (L-i), y= (Lö ola vi, nè spe], deki P= (1, Loja 


- 0--isinğ 0 " T 
P 'Ap=| QUU og ising VE AE TEE m 


2008] 24231 R AS AEISII 


P, = {at bx+ cx* | a, b, ce R) 


oj Wa 435 linear transformation) 7: P, —$ P,7] USS W440 SA. 


TA + x) = 1 + x? 
T'(x + x?) = x — x? 
T + x2) = 1 + x + xš 
ol mi, T(4 +2x+ 3x*) S F52. Wa 


col 
1 U 1 d ki 1 5 
all A dll] A el] = |2913} FE, a= 5, 327, c= HF O|BE 
0. AU 43 Je 2 2 7 


4 + 2x+ 3x° = 2.14) +T (z+ 2) +21 + x12)0]0H, 


TLS L 33) Z. TO 3) + TG!) Z TO 4 52) 
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[2009] FX WASA VI] 22225 WOW= VO Ass SEMA PER VA 
WE °] HA (orthogonal prolection)olel sti Pal Bet BB Z SA 42 A=? 
D BLD = WOH, 


G Ker DNA W= [010] Q 

© 299 we Wo] Mod Pew) = w og, 

O 299 se Vol) USA PC P(s)) = Pis) oo, 
© PE UWS B32 ?14352201m, 


xl 
P= ASOBE OO s (€ VIZE EMMA P(s) = 00104, 
Hey P= 1-10] YO, QYPE PE 79880] 0990, Ge 


15. 24 aze) Apa] 4x4 ala Asl szzlieigenvalıe)6) 
l, —1, 2, 44 A, YE AN SYLE PE FÈ ae W» 
Ja ET xü At? 158] 
eu 7]> 
, AS) 134] (determinant)£- — Sejuk, 
, AS] AA (trace)}= Gole}. 


, AS WA) S (symmetric matrix)o] eh 
, AS) AR raid 4e]ct. 


dva DE E DO :15-0 
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DOUDOD 


[2010] Saa R AAA 29H ?lEDE2H Ro BAD cH7]-9] Ba SSS AS 
BE DE AS? 


CR 2]» 
BI gol UA q?z RA FEST. 
=((x, w z)lz=x+5y)9 Wo RYL YY va 
Z|S(direct sum) YO WA YA zz Sid PEZA WA EM. 


SEMA T: ISR, T(x,wz)-(x—», 2», x— 82)01 Mèt 
TA (kernel) ker (T)2 ABMS 1910. 


@ 1 gu G c O cau Ge: E 
xol 
1. (1,1, eq? 2t sha. 0] uj, 4224 V2 € Rol USA 
42,1, D = (2,72, 2) € Q? 
şeq3 ke R?) EMMA gre gle? qe AA RES opu. 


m 


15. AFA R ANA 291581 ue] zz 


> jab 
d SE 


abo JER 


ək qa A= Uu al dakı pi vo vs 


L(B) — AB— BA 
x dsl ys] 342 subspace) 


im(Z) = (L(3)|B € V) 
2 34122 


DO (2) 1 3 2 d 3 ( 4 
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16. STA m aal AAA (square matrix)el] Hat dr g. SS 


ARE cW A g 12 zie? 
CH oz» 
1, JAAA dp sp PA diagonalizable»35Hc). 

MA 49 42480] apre A= psp. 


GA T:R”— R” T(z, y, z)]= (z, ety, yüz) 


el p 3°] 3:57] (standard basis)e] "lab Bas diziap 
sakeh, 


DJ üz v. $ E 
dü + E (5) E 
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[2011] ] 


14. AFA R AJ AFA R a ME de YA 
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Up Ug Us Uy Uş X SAE BATA 
V = (t, üz Up Up Us 7 
e| dea FÈ ARS APAA YE dE we AP? 
<4 7]» 
Za V 2) R” o] 53 (isomorphic)o] JE 4AF nº] 
EA kisa? 
AY buy, vg, vg Vy vpt VA 71% (basis)! 


Up Uz, Ug Uy UQ7B EMA, 


>, dim V= 29! YE] o, vo, v4, Uy VIZE EM 


(D (2) E D, - 
d)u c Ir Te t. zə 
@ 
15. 24) R ANA 419141 ezz2t 
v= (1% apode sl 
cd 
əb ala A - (Lo aset 4949 L: vo VE 
L(B) = AB— BA 


95th Lal AE Hsubspace) 


Hu 


im(L) = 1L(B)|B € V) 


HO] VA WH na AWE Sao et ABNT L: V — Wo oto 
ker L= {0} olu Le 5$3xHHIsomorphism AS 89]^] 9. 


Oo] 
ASA Lol SEUS Hoi AA 11011 MATE Hoy. 
(U v, z € Vol) diete] LO) = L(w) et $" ul 
0 — Li) — LOW 
— L(v— w) 
= v—w € ker L = (0) 
— v—w=0 
— U — 10 
old Le mld. 
(2) (TA 1) 
dim(kerL) =0, dim V —49|2z dim ( ker L T dim( L( V)) = dim V 
+= Akelellzl dim (LCV)) = nou. 
"aka LCV) WO Fes dim(L(V)) =n dim ( HD ol G.S 
L( V) = Weg. 
x pe meer. E 


1—2-0 0 
| MN s = 
[] [] ] Find bases for R(A) and V(A) of the matrix A= Re ae 2 
20 18 6 6 
Also find a basis for C(A ) by finding a basis for R(A ^). 
Ho] 
(1) Find basis for 2(A ) 
100-23 
. UU —1010—10 
By Gaussian Himination on 4, we get a REF form U = 001 1 O|: 
000 0 0 
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1 0 0 
0 1 0 
<. A basis for R(4):41 0 1,101, |1|} (= 2R(4)=R(0) ) 
= = 1 
3 0 0 


(2) Find a basis for M(A) 


The equation Ux — 0 takes the following system of equations. 


Li m: Ərş = 0 
Lo E = 0. 
La d+ 44 — 0 


The basic variables are z,,1,,12; and the free variables are r,,x,. Let s = x4, t = ms. 


2 —3 2 —3 
1 0 1 0 
Then x= s|—1|+t| 0 | (Vs,t€ R) ~. A bassfor V(A):{/-1], 0 |) 
1 0 1 0 
0 1 0 1 


(3) Find a bases for C(A ) by finding a basis for P(A ^). 


1 2 02 
m am 0 
A*=| 0 —31518]. 
0 —210 8 
ə 6 0 6 
10100 
01-50 
By Gaussian Eimination on A 7, we get the a form U= |00 0 1], 
00 0 0 
00 0 0 
1 0 0 
* Abasisfor C) A pake | s |o 7 CARA D-R(U)). m 
0 0 | 
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xiu DUDU: 


var('a,b,c,d) # uo 

eql=3*a+3*b=12 # equation! HO] 
eq2=5*at2*b=13 # equation? Hol var(x, y) # ROI 
solve([egt, eq2], ab) if Solve FRIA] 


vector([3, 1, 2]) # HEO] 


f = 7x 24 4”X”y + 4y2-23 

implicit plot( f, (x, —10, 10), (y, ^10, 10)) 
# EHH Plot 

plot3d(y^2-H —^3-x, (x, pi, pi), (y, —pi, pi)) 
# 3x12! Plot 


A=matrix(QQ, 3, 3, 13, 0, 0, 0, O, 2, O, 3, 4]; 
# SG) 
Aechelon for) # RREF 
A inverse) # Seta 
A det() HEN 
A adjoint() # adjoint matrix 
A eigenvalues() if US 
Aeigenvectors_right() # TRIE] 
A.rank() # AO] Afè 
Aright nullity) if ASI nullity 
PLU=ALUO # LUEeli 
# (P: Permutationeti / LU: SE Feed) 


var(t) 4 ue (OHH PSA) 

x—242*t 

y—-3"t-2 

parametric plot((x, y), (t, 10, 10), rgbcolor=red') 
# SİNİ Plot 

A jordan formÜ) HA2] Jordan FASS sic} 


(Sage Linear Algebra YE Halo) eJ» 


I. 20 x 17 = 341) 0000) or GOOF) D 000. DON 4EM,xn (RI, 


tv Sr, 
LOT) YA AY GHZ ES raus, Col(4) = Col(44 ^)o]u. 
2. (T) RY BAIA) o = (xy xə, ..., X A Wet x9] AE] [x] VI TOS. 
3. (T) S [xy o x,j7F Rr NAANI AF nA} SUBA (4x, ..., Ax, R" S] 714] 
o|tf. 
4. (T) nxn BA AF 790] A '= ATolu 49 SHE} RA 3742100148 Ed. 
5. CF) (1,2), (0, 1), (2, 1))= R° °) zizlolri, 77” T 
6. CT) $— (0,1, 1), (0, 0, 1),(1,0,0))= RS] NAAF. — iim VA 
T: CP) WISE. Til) Fèl =r Fr Gs) | Nada 
o|ur 
8. ( T ) p= proj,v— tn= LL n 
nen 
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a lr, 9x, 10 0 3 
- : x Əm, Page Di ——. S 4 — 0 
22 33 H əl 21 |— 1 2 °| 9] vao = ol 
9. (T) AH T E o al = 1 o p |= 
Za 0m dy di ol 1 ==] 
10 03 100 3 
3 4 —2 0 177 010 101 cae E _ ò 
3=1 D — 00016 


10. ( F ) RENA et AAS A= AA Hee] BAS T(x)-proj.,x-Px öl) Uso 
Trade) Aranka 2019. 
11. ( T ) WAS] AF (G, 0,0), (1, 1,0), (51,1)) 9 R`A AAA. 


Or, — (do TOU a 


XXL oo BHAA) 
12. (T) SA tr HO OT O i 


a fez] AAS 2011, 

13. ( F ) UU a= (4, aş, 5 850,4:50,43)7H RS] 3 epd Hera dim(a~) =nº]t. 

14. ( T ) "Il AF) mxn dom, rank7] kel, dim (rov(47A)) = k, 
dim (row( AA 7 )) = kelt 

15.(T) Zir, xə) =(3z +£» x) —2x,), Təlaq, 2,) = (72, 52; +25) 9] FUEL 22 

e AL En] JANE 

16. ( T ) mo ES eu e= 1(1, 0, 0), (0, 1, 0), (0, 0, 1)), 
B— ((1, 1,1), (1, 2, 0), (0, 2, —3) yel) deta [x] = Pix] [x] =P [x] A FAN 9 
d. 29 else 499 AE (15) “717 id 

17. ( F ) 29 HE BA a+dy+32z=09Y APL 16İTİ, 


ll. (39 x 42 12/11) State or Define 
okeh S EA] Be Mo] =°] Md 47] SE} Lo) ©] aH St HH opa] 9) tel] gp FSH 
AESA GL 
(00001 [2step] 000 test], [10 001,110 0000 DOCUO span) [10 00 
(Linearly independence) |, (10 00 (Linearly dependence) 1, [Vector[] [] ], [Vector [] [] [ 
O O (basis)1, [Vector HÜR UT (dimension) 1, ED D 0 000 (row space)1, [000 00 


(rank)],[ T 0 [| (kernel) 1, [Z2 $9 (shear) 93, [Schur 321, (0000 (Isomorphism)], 


[Jordan +3], 
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Il. (3pt x 10 — 30pt) Find or Explain: 


1. (Mid) ABIVZRKABAAXH T : R^— R'E RPI delal le] x & cd o] FO] 0 
(1 AAS AJE AAA 4434718 AAV ASB 49/34), 1821 FAA WS Tol] Sor 
iude Pott spa, o] ep BO] of xta Pyx— x= > (Hx x) YAS du e| 


< abs 24, 424 AA TE ds BARA A= 6000077 mas 


sino. = 60827 
PE FAA, 


y 


y— (tan0)x y 


` Y=(tang)x 


[=H] 712717 091 Ael dst AZAEH SAGAS AA 


1 
(Sol) 5 z ART x) =) 
1 1 1 1 1 
ai + cos20) E 20 
1 2 SE J d cos”0  sinÓOcosÓ 
=? fo = 3 (Ho t) = Lb 1 — |sin0cos0 sin?0 
—sin20  —(1—cos20) 
2 2 
E 


2. AAA YA x € gol] dispo] AHS AHAL ri OE Zo] 991 el 3443417] 
= WS T: R” > R'A Tod 


umur... 
Ans Px -x = 5 (Hx —x) > Bx = + (Hx + x) > Px= + Dx 
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DOUDOD 


cos”0 sin0cos0 h uoc aa zi 
“ə, a | CS ea Ms s 


9 — 


dio Ld i > es YS E ə. pu 


94- vi 
H 
3. AGUA Tr, yz) = (xw y+z2, zte) (ESPN dei FEA) x99 [TE 
Tè. 
Ans T(e,) = (1,0,1), 7(e,) “ (11,0), Tle)=(0, 1, 1) 
110 
[7] — | 7(e,) : 7(e,) : 7(e,)]= |0 11 
101 
x b—a a+b z de m ə m 
4. ES b+ b o) Al nl ay =f ol a, Du ja em gres Sheh 
a a— 
b-a a+b|[b-a b+al 12(a” b) 0 m 
Ans En 7 au -| 0 2(a* +b’) d 
Img a +b — 0.5ölölok Sth 
E 
5. ESSAS 98301 92 AGUAS sz İ7İZ Topo 
T(z, y, 2) = (8x +11y— 231z, 511: -8y - 1z, — 18: 4- 731y — 2) 
Ans T(x, y, 2) =(8e+11y—231z, 511: +8y+1z, — 18r +731y—2) 
8 11—231 
T(e,) — (8, 511, —18), e pee 8 1 m 
T(e,) — (11, 8, 731), —18731 —1 
Je = 5052) 
D BE x=(1,3,0,4),a=(1,0,2,-1) Y v] x9] spantaj=<a> AZ FAS 
10 2-1][1 —3 
| l r . 1100 0 0/3 110 o oles HERE 
proj.,,x— -zaa x E op dedo) “gi = Se Asta 
10-2 114 


T(x) = proj ...x °] Hell PE 4Lelojur 
Ans ANA o US x am 


H ES 


BE doz ARS, 
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T(x) = pro) < , X= Px 


Ans T: RP? >R E SA MAS We Afe daag, h | 


1 


ve zəl) Wale] USA damar: [Dl aan AIM us 


dii 
100 
T:R'omu TA WAS WHS spen, yz rol dee] delen 
ad, 5232 AAA] = use 
E 
0 


THI nun e 


00 
8. HA 47 4x7 719 ge] stat AN rank(A 7 ) “-nullityt 4 7) A 42 FANE 


Sol) AY IA 4xX 7AAFFA, A*9] AME 7xa49]u. 
". rank AT ) --nullitytA 7) 24 ki 


9. Lë vrai JA EMSS AF o]E=z Ta Zon, JES AFA. 
{v = (1, 1, —5), 2 


Ans v, Wa = 0, v, * Wa =0, v, vy =0 > Jupo VA Bolt. 


(Vis və, V3} 9] ATA HAL Io z» alt Sa [z Z Za} - 
Vi Və V3 elu 
vill. — | val | 
(ell V31, ||w||=2v70, | [ws] |= v29 o] x 
77 dies L =5) Ser FR 8,1), 2 = ə (478 0, 2) 


445 


DOUDOD 


3 | 
peu — 
10. x-[lününcv-| 2, 3 (0000 1:x1u2 
55. 
Ans U U=INON | x | 2=< Ux,Ux > 
=x U Ux =xx=| x] ?= (vil? + lol? = 1. 


IV (3| x7= 21] ) Bolan or Fil the blank. 


BEEZ] ofS abdapejep 


1. (Mid) AGUA T: R">R"o] VI, MTE R" a 


ND 


(Pf) vw,w,c€ImT7,3w,v,€R" > Tlv,)=w,, 7(v,)=w 


1) (Show RAA AA BA 2114) Show w, + w, € Im T | 


> w,two= Tlv,)+ Tlv,)= Tlv,+v,) (1 pt) 


> 41v +v € R° 3 Tlv,+v,)=w, +w ER” (1 pt) 
w + vv, € Im T 
2) [(Show 2459] Wal Bò] AD) Show kw, € Im T | 
VEGA kw, Ki) gu (1 pb 
> Ikv ER” > T(kv)-kw,€R" (1 
pt) 
kw, € Im T 
(1 pt) 


. Im(D)E Rº9 PEZ, 
El 
2. RA AA g- (1, 1,1), (1, 21, 1), (1, 2, 2)) 9] ead y= (6, 11, 9) 91 AEE 
M 


Ans y = c,(1,1,1)+c,(1, —1, 1) +e,(1, 2, 2) = (6, 11, 9) , (ec, =R) AA 
Gr 0 
a Fè, 26, = 9 
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=> Ci =A, Cy — l; Ca =3 ou. .. ME = (4, Gei 1, 3) ET 


3. a = fu, uş), B= ivy Vo} 7F RAAT NEGO Sal, 
u, =(1, 2), us — (2, 3), vi = (1, 3), v = (1, 4) 2 ül, 714] aol AA [wl 2 (1, 1) m. AE 
01230] [w], = ZİL Iw], 2 Tel. 

ms Wiwel DL : 

4. dada T(r, y, 2)= (z, y, z)O| Mod ESHS} SAIA 
e= fer, e, e$ a={(1, —1,1), (1, —2, 1), 2,1, = 1)) Se TE we 

1 5 
1 1 2 3 Í 3 
Fi -1-2 E [j^2|0 -1 -119 IC [1122 FAN 
1 1-1 DM 
3 3 
Ans [HS [H° m 


5. UE VAS WA apod) WARS "ai, JE ol Seto] P IA P= DE W 
Se 1948 PAY ald DE aja. 


_ [6-4 
SE: = 
— AO 4 _ KÈ o i Ó = Ò 
Ans  |Ab-A|-| g 19 [A 4312006108 + AJ AZ GE mrg 
kend. pes (Sek "e 712] SAS 191 L YE] 
1-4 i 1—i 14: 1—i 
0. M” zi. aep] P=| 2 2 pol 
1 1 1 1 
1-00 — 7:P: o) ül P”14 P= Dolch. iH 
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DOUDOD 


: 1 02 
6. del del ATAA AAA 44 BA A= 0 10 LA TLE], däs. rank 
0 4 03 
nullity, JCF] Fake 232 HINA EPA JWA FWA Step'Y= dite] SABA 
AESA EF. 
Ans 


1) Step 1: (oll) SEIO Solo] http://matht.skku.ac.kr = ost 


2) Step 2: ID= skku, PW = matha dust HSC. 

3) Step 3: “AM HAJE” WES GEL 

4) Step 4: ^ Hm} lol] CDF ei4jlez Ha AS HEZİ zo] ojoh 
Acmatrix(CDF, A 4,14,1,0,2,0,—1,2,0,0,0,1,0,0,4,0,31) 

5) Step 5: = Hm loll eigenvaluesiz Tək“ 220] A eigenvalues0E lel 

6) Step 6: Al Hm “oll eigenvectorsz “Fok BZH A.eigenvectors id 

7) Step 7: H Hm Mol] ARES Tot gelo] A.inverse()& 22 

8) Step 8: EA! Hai oll rank& “Yok 320 Arank0E oa" 

9) Step 9: AA Him oll nullityE Pote 2201 A.right nullity)E 

10) Step 10: Y HIM Voll Jordan HAAS ok Gol Ajordan form 


7. WAJA) Ta” +day + Ay. — 23 =0 9 (x, -4, 9% (y, -4, 4) AAA ap AB 
Y Sagez 143}, 
Ans 
# 9º] Step 1), 2), Do ole], Po 
var('x y) ` | UN 
f = 7*x°2 + 4”x”y + 4*y^2-23 | MN) 


implicit plot(f, (x, —4, 4), (y, -4, 4) 


C Ea 


(a'y -HEFL vy- ARES AAEL 63.435” HE SAR So], FAA ALA 
JEZE opa aro] ëch) S 
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